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IIPEAUCIOBHE

W3noxenne Teopum BEpOATHOCTEHR M MaTeMaTHUYeCKoM cTaTH-
CTMKH cpa3y B cTporo (opMajiM30BaHHOM BHJE Ha OCHOBE Te-
opvM MepHl He criocobcTByeT BoipaBoTKe y UMTATENA MPABUIAL-
HEIX MHTYMTHUBHKIX ITOHATMIA, CBA3aHHBIX C BTUMW AMCLMITIMHA~
mu. CynrecTByeT CBOEro pojia BEPOATHOCTHOE MEIIIJIEHNE, KOTO-
poe HpopMUpYETCA MODTAINHO, IO MepPe YrNybJeHUA B 3T CBoe-
o6pa3Hkle pasgent MaTeMaTuky. [loABIene qanHOTO yuebumKa
NPOAMKTORBAHO >KEJIAHWEM CO3IaTh KPAaTKUN KypcC TEOpUM Bepo-
ATHOCTEN M MaTeMaTUJECKOW CTATUCTUKHU, B KOTOPOM MaTepual
6rin 661 M3J0MKEH Ha JOBOJILHO CTPOI'OM yPOBHE U B TO K€ Bpe-
MsA Onial OBl NOHATEH HIMPOKOMY KpYyry umrareielf. DTo Npeas-
ABJIsteT KecTkue TpeboBaHMA K 0TGopy MaTepuajia. B yueb-
HUK BKJIOUEHhl OCHOBOMNOJaralolulie pe3yibTaThl TE€OPUH Bepo-
ATHOCTEH M MaTeMATHUYECKOMA CTATUCTUKY, IUIA CTPOroro HOKa~
3aTeNbCTBA KOTODLIX He TpebyeTcA CAMIIKOM I'POMO3JKUIA aHa-
snrndeckntt annapar. Msnoxkenme corpoBoskiaeTcA 60JILUIMM
KOJIMUECTBOM TIPUMEPOB .M 3aJ]a4, KOTOPHIE CHAGMEHEI penieHy-
AMH.

B xoHue Kaxzaoro naparpada npusomurca Habop 3anau ana
CaMOCTORTENBHOr0 petreHnd. 3agaud nogobpaHb Tak, UToOH
NPOMANIOCTPUPOBATh NpPUMEHEHWE 3HAYMTENLHON YacTU Mate-
pHala, MaloeHHOro B mnaparpade. B koHie yueGHMKa AaHb
OTBETHI, a AJNA HauboJsiee MHTIEPECHLIX 3ajad JaHO YACTUYHOE
MJIH 1I0JIHOE PELIEHHUE.

Y yeBHHMK MpeAHa3HaYeH B OCHOBHOM IJIfl CTYJEHTOB HEMaTe-
MaTUYECKHUX CIENMaIbHOCTEN U TeX, KTo pemun npuobpectu Ha-
YyaJibHbIEe 3HAHUA JI0 TEOPHMU BepOATHOCTell M MaTeMaTHUecKoi
cratucTuke. OH Takke MOKeT GHITH NOJE3HRIM MpEnoaBaTe-
JIIM ®JEMEHTAPHOTO Kypca TEOPUM BEPOATHOCTEN U MaTeMaTH-
YecKOU CTATUCTUKUA IJIA CHCTEMAaTH3aUMM MaTepHala.

Tperbe M3faHWe B YaCTH TEOPETHMUECKOr0 MaTepwana He
CHJIBHO OTIIMYAETCA OT IIePBOro. Y BeJIMYEeHO KOJUUECTBO 3a4ay
AJIS CAMOCTOATEALHOrO pelieHUdA. Y CTpaHeHH 3aMeUeHHbIE OTe-
YaTKU, B 3HAUYUTeNbLHOMN cTemeny 6yiaroapa MOUM KOJJIeraM, 3a
yTo 51 UM npu3HaTteneH. I ocobenno bnaronapen A.JO . 3atueny,
M.A .Koanosoit 1 B.H.CynakoBy 3a oyeHb Mnojie3Hble 3amMeda-
HUA, CllocoGCTBOBABUIVE YAYUYINEHUIO yUuebHUKA.
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Yacth 1
TEOPUA BEPOATHOCTEH

Teopusa BepoATHoCTe#l — BTO MaTeMaTUYECKaA HAYKa, U3yda-
I0IaA 3aKOHOMEPHOCTH CHYUYaKHRIX ABJIEHUMA.

§ 1. DIEMEHTH KOMBUHATOPUKU

KoMm6unaTopukoli Ha3pBaeTcs 061acTh MaTEMATHUKN, B KOTO-
pOii M3y4YaloTCA BOMPOCHL O TOM, CKOJILKO Pa3JIMUYHBEIX KoMbuHa-
HMi, HOAYMHEHHBIX TEM MM WHBIM YCJIOBUAM, MOXKHO COCTaBUTh
Y13 3aTaHHKIX 06HEKTOB.

Onpenenenmne 1. MHOKeCTBO (COBOKYMHOCTD BI1EMEHTOB)
Ha3LIBaeTCA 3aHYMEPOBAHHLIM, €CJIM KaXJI0MY 3JIEMEHTY 3TOr0
MHOXECTBa CONOCTABJIEHO CBOE HATYPaJbHOE YUCIo (HOMep) OT
1 xo n.

B cayuae, Korjia n ABJAETCA KOHEUHEBIM, TOBODAT, UTO MHO-
KECTBO COCTOUT U3 n dieMeHToB. ECcnu n = 00, TO MHOXECTBO
Ha3LIBAETCA CUETHERIM.

Insa KpaTKOCTM 3aHYMepOBaHHLIE MHOMECTBa TaKke 6ynyT
Ha3LIBaTbCA HabBopamm.

Koneunoe uiuM cUeTHOE MHOMKECTBO HA3LIBAETCA YHOOPSAIO-
YEHHEIM, €CJIM KAKIOMY BJIEMEHTY COMOCTABJIEH €ro I0pPAIKO-
BhIli HOMep, T.€. HOMEDP MeCTa, Ha KOTOPOM OH PacCHoJioXeH.

B cnyuae, Korma 3aHyMepOBaHHOE MHOMXECTBO YIOpPAIOUe-
HO, CJeAyeT Pa3nudaTh WIAeHTU(GUKAIMOHHLIA HOMep PJeMeHTa
M ero HOPAIKOBEIA HOMED.

Oupepgenenune 2. Orimualomuecs Apyr oT Apyra HOpAa-
KOM HaBOpEI, COCTaBJeHHKIE U3 BCEX DIIEMEHTOB JaHHOI'O KOHEU-
HOIO MHOYKECTBa, HA3KIBAIOTCHA MEPECTAHOBKAMM BTOT'0 MHOMe-
CTBa.

IIpumep 1. MHoskecTBO, cocTosIee W3 TPEX BIEMEHTOB
{1,2,3}, umeer cneayoume mepecramosku: (1,2,3), (1,3,2),
(2,3,1), (2,1,3), (3,2,1), (3,1,2).

Yuciio BCeX NepecTaHOBOK MHOMECTBA U3 N BJIeMEHTOB 060-
3HauvaeTcA Pj.
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Teopema 1 (0 umene nepecranonok). Yucao nepecmanosox
MHOMCECINEA U3 N IaeMenmoa onpedearemcd no fopmyae P, = nl,
2den'=1.2.3.....n.

dokasarenncrso. OrBedem 1A Pa3MeLIEHUA BNEMCH TOB
JaHHOTO Habopa n 3aHyMepoBaHHHIX siveek (mect). IlepBoe Me-
CTO MOMCT 32aHMMATh 3JICMEHT C n106nM u3 HoMepos 1,2,. | n.
Ilycts, HanpuMmep, oTo aiaeMcHT ¢ HoMepoM 1. Ha octanbunix
n — 1 MecTax MOTYT CTOSITL DJIEMEHTHI ¢ PA3JUYHBIMU Habopa-
MU HOMEDPOB U3 yucen 2,3,...,n, oTaMyalomuecs APyr oT Apy-
ra JiMies MOPAAKOM. UMCIO BO3MOMKHBIX TaKuX HaBopoB pasHO
uucay nepecraHoBok P,_;. Takum o6pasom, uMcio pasnnuyHeX
HabopoB, COCTOAWMX U3 N IEMEHTOB, Y KOTOPhIX Ha IEPBOM Mée~
CTe CTOUT 9JIEMEHT ¢ HoMepoM 1, paBHo P,_1. Cnyuaii, korna Ha
ePBOM MECTE CTOUT BJIEMEHT C HOMEPOM 1, HUUEM He OTIAMYaeT-
CA OT CAydas, KOrJa Ha NEePBOM MeCTe CTOUT BJICMEHT ¢ M106hM
ApyruM HoMepoM. Clie 10BATENLHO, YUCHO PA3JIMUHBIX HabopoB
¢ OUKCUPOBAHHLIM MEPBBLIM dileMeHTOM paBHO P,_1. Ilockoibky
Ha TIEPBOE MECTO MOXXHO TIOMECTHUTBH 7T PA3AUYHEIX BSJIEMEHTOR
¢ HoMepamu oT 1 A0 n, TO UUCIO BCeX OTAMYAIOUMAXCH APYT
ot apyra HabopoB MHOXXecTBa M3 n BiieMeHTOoB Oyaer nP,_;,
T. e. P, =nP,_;. ©T0 paBeHCTBO CnpaBelavBo A moboro n,
NO3TOMY MOXHO HalMCaTh LENOYKY PABEHCTB

Ppo=nPi1=n(n—~1)P,_2=
an—1)(n—-2)Pa_z3=---=n(n— 1 n—2)...2P,.

Il

OcraeTca nuwb 3aMeTUTh, uto P = 1.

3agaua 1. CKOILKMMYA pa3sNUYHEIMA MapHIDYTaMM MOKHO
PA3HECTU KOPPECNOHAEHIMIO B § agpecoB?

Pemenne. 3anymepyeM anpeca muppamu or 1 mo 5. Ka-
KIOMY MapUIPpYTY MOMKHO COMOCTaBUTb OJUH U3 HaBopos, co-
CTOSAUMX U3 3TUX HATH UKMp, Hanpumep, (2,5,3,4,1). Takoii Ha-
Bfop o3HauaeT, YTO cHayajla BRIGUpaeTca BTOpOU anpec, 3aTeM
NATHINA, TpeTuit, yeTBepTHIA M MepBHIA. Beero pa3nuyHux mapi-
PyIoB, T. €. OTIUYAIOIMXCSA NOPAAKOM HabopoB natu uudp Gy-
netr 5! = 120.

3anaua 2. In¢per 0,1,2,3 HanucaHKl Ha YEeTRIpEX KAPTOYKaX.
CKOJILKO PA3JIMUHEBIX YETHIPEX3HAUHBIX YMCEI MOXXHO COCTABMTh
U3 3TUX KapTOUYeK?
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Pemwenue. Yucno paszamuHelx koMbunammit M3 4yeTnlpex
ur¢pp pasHo 4!. He Bce ot koMBUnauuMu ABJAIOTCA YeThIpeXx-
3HAYHBIMY YMCJIaMU, T. K. €CTh KOMOMHALMM, HauMHAIOIMUECH C
nyna. Takux xomBunauumii 6yner 3!, u ux vyxkno uckmouutr B
pe3ynbTaTe UMCIO Pa3fiMUHbIX YETHIPEX3HAYHBIX UKCEJ paBHO
4! — 3! = 18.

Onpenenenue 3. YnopanodeHHnle HA6OpLI, COCTOAMME U3
k pa3suyHEIX 27eMeHTOB, BhI6panHhIX M3 JAHHKIX I BJIEMEHTOB,
Ha3LIBAJOTCA pa3MEeMIeHMAMM U3 7t BJIEMEHTOB 1o k.

Pa3memenus MoryT oT/iMyaThCa APYT OT APYra KaK ajleMeH-
TaMH, TaK U NOPAIKOM.

IIpumep 2. PazanuunbiMu pasMelleHUAMM MHOMXECTBA U3 TpexX
srnementoB {1,2,3} no mBa 6yayr mabopm (1,2), (2,1), (1,3),
(3.1), (2,3), (3,2).

Yucno Bcex pa3MellleHUit U3 1 BJeMeHTOB no k o6o3naua-
erca AX. lipu k = n yucno pasMemenuit coBmazaeT ¢ UNCIOM
NEPECTAHOBOK.

Teopema 2 (o uncae pasmemernuit). Yucao paameusenuil ua
n ssaemenmos no k onpedeasemeda no gopmyae

!

AE=n(n—1).. . (n—k+1)= ﬁ
HdokaszaTenbctso. OrBeeM IUA BIEMEHTOB pa3MellleHUA

k 3anyMepoBaHHEIX MecT. IIOCKOJNIBKY pa3MelleHUA yropsaiode-
HBI, TO y Ka)XXKJOTO 2JIeMEHTA €CTh HOMEP MECTa, Ha KOTOPOM OH
pacnonoxeun: 1-ii, 2-#, ... unn k-ii. Ha nepsoM Mecte B pasme-
LUEHUU MOXET CTOATh BJEMeHT ¢ JIo6rM U3 ItoMepoB 1,2,...,n.
IlocTaBuM Ha mepBOe MECTO, HANpUMep, BJIEMEHT ¢ HoMepoMm 1.
Ina Tore, 4ToBHl NOAYYUTh pa3NUUHLIE PA3MENIEHUA U3 12 BJe-
MEHTOB MO k, y KOTOPHX €IUHMIAa CTOMT Ha NIePBOM MecTe, By~
HO U3 OCTABIIMXCA N — 1 BJIEMEHTOB COCTaBUTL BCEEO3MOMXHLIES
pasMeiienud no k — 1 syieMeHTy U NoCTaBUTL UX Ha cBo6oaxnle
k — 1 Mect. CrrenoBaTesIbHO, YNCJIO PA3JMUYHRIX pa3MelleHuil ¢
e uHUIEe Ha nepBoM MecTe 6yneT pamHO A::l. Ha neppoe me-
CTO MOXKHO IIOCTAaBUThL TaloKe J1060i Ma eeMentos 2,3,. . uau n,
M KKIRIA pa3 YUCJIO Pal3MYHREIX pa3MellleHui ¢ GUKCHpORaH-
HhIM TIEpPBLIM aJ1eMeHTOM 6y ReT paBHoO Af,:i. Tak xak Ha nepsoe
MeECTO MOYKHO [TOMECTUTb 1 Pa3/NMUHLIX BIEMEHTOB, TO YUCIO

BCeX pa3MelleHUil M3 n 3JeMeHTOB no k Gyner nAf‘:i, T. e.
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At = nA*l 9Sr0 pasencTso BepHo AnA MOGHX k,n Takumx,

yto & € n. Hcnoubsys oToT $akT M oueBMIHOE COOTHOHIEHHE
1 —

A,,_,H_1 =n—k+ 1, moxyuum

- - k~(k-
AE = natT) = n(n - DAE 2 =n(n-1)(n-2)... 4507 =

=nn—1)... A} _=n(n—-1)...(n-k+1) = _—”CT

3anaua 3. CtynesTaM Halo caaTh 4 sk3ameHa 3a 8 mHel.
CronbkMKn criocobamMy MOMXKHO COCTABWTb pacCHMCaHUE CHAYM
BK3aMEHOB? .

Pemenue. 3aHymepyeM JHM CAAYM BK3AMEHOB HMUPaMM
1,2,...,8. CocTapasare pa3iuuHLle PACIMCAHUA MOYKHO ClIeAYIO-
wuM obpazom. CHavaja BuiGepeM OHM IJA CHAYM BK3aMEHOB,
Hanpumep, (2,4,5,7), a 3arem mopanox caauu sx3ameson. Takum
06pa3oM, HY)KHO COCTABUTEL Pa3sIUYHEIE HAGOPEI UETHIPEX YMCEN
Y3 BOCbMM, KOTOPEIE OTIUYAIOTCA JPYTr OT APYra He TOAbKO BJle-
MeHTaMu, Ho ¥ mopanakoM. Takux HaGopos A =8.7.6.5 = 1680.

Onpenenenue 4. Heynopanouenunie HaGoprl, cocTOANME
u3 k 3/1eMeHTOB, B3ATHIX U3 HAHHKLIX 1 BJIEMEHTOB, Ha3HIBAIOTCH
COUETaHRMAMM U3 N BIEMEeHTOB 1o k. _

CoueTaHusa OTAXYAIOTCA APYT OT APYra TOJALKO BIEMEHTAMM.

IIpumep 3. s maoxkecTtBa {1,2,3} coueranmamu no 2 ane-
menta asasmorca {1,2}, {1, 3}, {2, 3}.

UYucno Bcex coueTaHmif M3 n pJIEMeHTOB o k o6o3HavaeTCA

Ct.

Teopema 3 (0 uncae couerammii). Jucao coxemanutl us n
sseMenmoa no k onpedeagemca no Popmyase

Ck n!
"= Rn-Rr

Ndoka3zatenbcrBo. PopMyny Aiadg YUCHAA COUETAHMA mpo-
Ile BCero BEIBECTM, OCHOBLIBAACH Ha (OPMyJIaX AJA UMCia pas-
MellleHNiA ¥ nepecTa”oBoK. Jlna monyyeHus sroit dopMyin 3a-
JaauMCS BOIIPOCOM O TOM, KaK MOXHO 06pa3oBaTh pa3iU4HbIE
pa3MellleHUA U3 n BJeMeHToB No k. Mox#Ho cocTaBuTe pasiny-
HblE COYETaHUS M3 7 DIEMEHTOB No k, a MOTOM B Ka)KAOM M3
CoueTaHWii pa3jHUHRIMM cnocofaMu NoMeHATh MmopaARoK. Ta-
KMM 06pa3oM, UTOGH MOJYyUYUTh BCEBO3MOXKHBLIE pa3MelleHNA,
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HY¥HO A Kaxkaoro m3 CF coueramwmit ocymectsuts k! nepe-

cranoBok. Cnenosatensho, AX = C¥ . k!. Orciona nonyuaem
. 1
Ck= Akt = .

n=An/ F(n — k)!

3anaua 4. B xokkeliHoM TypHUpe yuacTBYIOT 6 komanna. Ka-
KAAA KOMAHAa JOJUKHA CHIFPaTh C KaxkAoW onuy mrpy. CKoJIbKO
Wrp CHI'PAHO B TypHupe? .

" Pemenue. Paznuunnle napbl KOMaH[ 06pa3yioT coUeTaHUA
u3 6 1o 2, TOCKOJBKY MODPANOK CPEAM ABYX KOMAHJ, UrPAIOLIAX
B oamolt urpe, HaMm GeapaznuueH. Clle10BATEINLHO, YACHO UI'D
6yner papno C? = 5% = 15.

3anaua 5. IMeeTcsa npAMOyronbHMK, pa3bUTHI Ha KIETKHU.
IIpu 8TOM BAOJEL OMHOW CTOPOHEI N KIETOK, 3 BIHOJbL APYroik —

m.

n
Puc. 1

" Mycts MOXHO NBUTraThCA TOJNBLKO IO CTOPOHAM KIeTOK anMbo
BupaBo, au60 BBepX. CKOJBKO CYIIECTBYET Pa3jINUHBLIX IIyTel
M3 JIEBOr0 HVPKHETrO YIJja B NpaBbli BepXHWAT

Pemenune. ConocraBuM XoZaM BHOJb KieTok uudper 0 u
1. IIpn sToM 0 o3HauaeT, UYTO MHEI MJEeM BNpaBo, a 1 — BBepX.
Toraa KaKIoMy NyTU COOTBeTCTByeT Habop m3 m + n uudp,
nanpumep, 00110...10, B xoTopoM 6ymeT pOBHO n HYJNed U m
exuunn. .CKONBKO TaKUX pa3nuuHbix HabopoB mudp? Bceero B
TakoM Habope MMeeTcAa m + n IO3UIMH, ¥ Halo CPEeOU HAX pas3-
MECTUTh ™ E€AVHMI|, a OCTaJbHEIE MECTa OCTABUTb IJA Hylel.
Bribpate m nosummit cpemm m + n moxuo Cpt,, cnocobamu.
CTONBKO CyleCTBYET Pa3JNYHKIX MyTe#.
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Kosdduumentn C¥ HasnipaloTcs GMEOMMANLELIMU K02 $dR-
IMEHTAMM, TaK KaK OHU BXoIdAT B Gopmyny Guuoma HrroToBa

n
(a+b)" =) Ckatom=*.
k=0
CpoiicTBa koadppunuenton CF:
DY Chi=2%  AC=CH 3 Ci=Crii+Ciy,
k=0

rze nonaraem 0! =1un CY =C? = 1.

ITepBoe cmoiicTBO caexyer uz dopMyan GmHOoMa HhloToHA
ipu @ = 1,b = 1. Bropoe CBOH#CTBO HeENOCPEINCTBEHHO BLITE-
KaeT U3 GopMyNb! JUISL YMCIa COUYeTaHMIA C:. Tperse cBoiicTBO
MOYKHO INpOBEPUTH CJEAYIOIMUM oGpa3oM:

(n—1)! (n=1)t
(k=1 n—Fk)! " kK(n-k-1)t

_ (n—1)t 1 1y (n - 1) n Nk
= (k-1)!(n_k—1)!(n-k+i) = D)= k=i =Rk = Cn-

k-1 k
Cn 1 +Cn—1 =

Tperbe cBOHCTBO NO3BOJNIAET NMOCHEAOBATENLHO BEIUUCHATL OH-
HOMuKa IbIEe Koadouumentt C¥ ¢ nmoMommio Tak Ha3kIBaeMoro
Tpeyroasauka [lackans:

c 1
c? ¢} 11
c? ci c? 12 1
cy ¢ ¢k c3 1 3 3 1
cy ¢t ¢ ¢ ci 1 4 6 4 1
cd ¢t ¢ ¢ oct ci 1 510 10 5 1

3aeck Kaxaoe UMCII0, KpoMe KpaliHUX eVHWL, ABJIAETCA CyM-
Moii IByX BHILIEPaCHOJIOMEHHRIX.
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dopmyna Crupsunara (6e3 qokasarTenbcrsa):
n
nl= \/21{'1).(%) (1 + o;—"),

rae |an| € 1/12, a e &2 2.718 — ocHoBaHuc HATYPAJILIOLO Jiora-
pudpma. : .

Dr1a dopMmyna sABxsercA nojesunoil npu Goasmmx n. Haupu-
Mep, U3 Heé caexayer, uro In(n!) ¢ Tounoctsio mo 1/(12n) npu-
61mKaeTCA BhIpaXKEHUEM

—;--ln(27r) + (n + %) nn—n.

Paccmorpum Bompoc o umciie KOMOMHalMii ®JIeMEHTOB, CO-
CTaBJICHHBIX U3 3JIEMEHTOB pa3jnunbix rpynn. CuuraeMm, 4yro B
CcoCTaB KOMOVHAIMM BXOIUT II0O ONHOMY BJIEMEHTY M3 KaKA0M
rpyNisl ¥ NOPANOK BJIEMEHTOB Ge3pa3sivtieH.

Teopema 4 (o uncie koMburanuit). Yucao pazrunnnz xoM-
bunayull snemenmos suda (a',a?,...,a"), 20e a' - nexomopui sae-
amenm I-i zpynnu, cocmoawell 43 n; saeMmenmos, paeno nyny ... n,.

Jloka3zaTeabcTso. JlokakeM CHaualla TEOpPEMY JULA KOM-
Gunaimit aementoB Buaa (a', a?), cocTaBleHHBIX U3 BAEMEHTOB
IBYX TpPyMN, T. €. pacCMOTPUM cHauana caydait r = 2. Cocra-
BuM n3 nap eaementos (a},a?), i =1,2,...,n1, j = 1,2,...,ny,
ITPAMOYTOJBHYIO Tabauuy (MaTpuiy), COAEPKALLYIO Ny CTPOK M
n3 cTonbuos, Tak uTobu napa (af,al) crosna Ha mepecevenun
i-}# cTpoxm M j-ro cronbua: '

(a1,a}) (a},6) (ai,a)) ... (a},d},
(aha}) (aha}) (alal) ... (a},ai,
(aili; a?) (a:}]s a%) (ailia ag) see (a:liﬁ a?l;
(azl\’ a?) (011)1 H] a%) (a}ll ) ag) e (a'7111 ] a?lg‘)

Kaxaaa un3 map (a},a?) BCTpeyaeTca B aToil Tabnuue onuu
pa3, M YMACIO TAKUX Map paBHO HPOM3BEIEHMIO ni1ny. TeM
CaMBIM, YTBep)KIE€HUE TEOPEMbl CHpaBeLIMBO Hpu r = 2,
Iina cayuad npou3BONBHOrO YMUCJa FPYNI dJeMEHTOB ¢opmy-
a0 umMcie xoMbuHaumii - fokaskiBaercs no wHAykumu. Ilpexn-
MOJIOXKUM, 4TO OHa BepHa AJA r = k ¥ JOKaKkeM ee 1ad
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r = k + 1. IlepBrle k oJieMeHTOB MOXHO paccMaTpHMBaThb Kak
onuu anemenr suma b = (al,a?,...,a*). Tlo npeanonoxe-
HUAIO YUCJIO Pa3iMUHBLIX BJEMEHTOB »Tol 06beAuHeHHONW rpyn-
ORI paBHO m = myny...ng. JlioGoil saement (al,a?,...,a**?)
M3 rpynnu, cocroamei#t 3 k 4+ 1 aireMeHTa, mpelNcTaBMM B
Bune (al,a?,...,a*¥t!) = (b, a*+'). Ucnonbsys nomyuenuyio
bopmyay And uncia pa3sIMYHBIX BJIEMEHTOB, COCTABJEHHBIX M3
ABYX CPYII, OJNYYMM, UTO YMCJIO KOMOUHAIMIA 8IIEMEHIOB BU-
na (a',a?,...,a*t!) onpensenserca pamenctBoM N = mngy; =
= niny...nxNgy1. TeM caMuM, popMysia 0 UUCIHE BJEMEHTOB
sepHa quda r = k+1. Wuayxumonnmii nepexonorr=k kr = k+1
3aBeplIeH, a 3HAYMT, JOKa3aHa U TeopeMa 4.

3anmaua 6. U3 Tpex KiaccoB CIOPTHUBHOM IKOJLI HY»KHO CO-
CTaBUTH KOMaHAY IJIA COPEBHOBAHWIA, B3fiB MO OJHOMY yuYeHU-
Ky oT kiacca. CKOJNBKO Pa3fMUHLIX KOMaHJ MOXKHO COCTaBUTh,
€CXU B OJHOM KJiacce yuarca 18, B apyrom — 20, a B TpeTbeM
- 22 yuenuka?

Pemenue oueBuano: 18 - 20 - 22 = 7920,

3AAYN

3anaua 1.1. IMeeTca naTh BUIOB KOHBePTOB 63 MapoK U ue-
THIpE BUAA MapPOK OJHOI0O AOCTOMHCTBA. CKOJBKMMHM criocobamu
MOKHO BHIGpaTh KOHBEPT C MapKO# IJIA MOCRLIKY mMchMa?

3anaua 1.2. B xopn 10 uenosek. Tpoe rosocyiot 3a, ceme-
po — npotus. CKOILKO BO3MOXKHO KoMOGMHaumit npy rosocoBa-
HUA?

3anaua 1.3. I'pynna ctyaentoB u3 30 yenoBek peumia o6-
MeHATbCA dpoToKapToukamu. CKOJNBLKO GOTOKAPTOYEK MOHANO06H~
I0Ch AJsA 9T0T0?

3anaua 1.4. CKoNbKO Pa3IdUYHKIX BADMAHTOB XOKKEHON Ko-
MAaHAL MOMXHO COCTaBUTH U3 9 HaNaAaIONIMX, 5 3allUTHMKOB U 3
BpaTapeif, eClii B COCTaB KOMaHJH! JOJKHE BOWTH 3 Hanaaao-
mux, 2 samyuTHMKa ¥ 1 BpaTapn?

3anaua 1.5. CKoJbKO NIPAMEIX JIMHUHA MOXKHO IIPOBECTH Yepe3
8 Todek, U3 KOTOPLIX POBHO 3 JeXaT Ha OAHOI mpamoii?

3anaua 1.6. CkoJbKO CiiOBapeil HY>XHO HU3AaTh, YTOOHI Ie-
peBoAuTh C¢ JoGoro U3 9 A3KIKOB Ha JI000# Apyroit M3 eTHx
fI3LIKOB.
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3anaua 1.7. Ecth natnpa3panaeii mugposoit 3amok. Kono-
BO€ YCTDPOMCTBO 3aMKa COCTOMUT U3 HATYU BPAAIOIUXCA TUCKOB,
Ka« bl M3 KOTOPERIX MMeeT miecTh 1udp ot 0 10 5. Tonsko oxHa
KOMOUHALMA M3 NATU 1P NMO3BOJIAET OTKPHITH 3aMOK. CKONBKO
TAKUX KOMOMHALMHAT ’

3anaua 1.8. CkoJbKMMM croco6aMM MOXHO YIIOPALOUYUTH
MHOXecTBO {1,2,...,2n} Tak, yToBK KaXKI0€e UETHOE YUCIIO Me-.
JI0 YEeTHRIA HOMep? A

3anaua 1.9. CkoibkuMu crocobaMy MOMKHO YIOPAAOUYNATH
MHOXecTBO {1,2,...,n} Tak, yTobnl yncna 1,2,3 croanm psaaom
U B NOPAIAKE BO3PACTAHUAT

3amaua 1.10. Kakoe kKoJINYeCTBO Ppa3dWYHBIX CUMBOJIOB
(6ykB, uMcen M T. &.) MOXHO NepelaTh He Gojlee YeM NATHIO
3HakaM¥ Kolla Mopae, ucnoasayiouiero Touky (-) u mupe {—)7?

3anaua 1.11. ABTOMOBUIILHEIE HOMEPa COCTOSAT U3 Tpex OYKB
¥ 4deThipex mmM¢p. Hality uMciao Takux HoMepoB, €CAM UCIOJb-
3yrorca 32 6ykBul andaBuTa. .

3anaua 1.12. CKOJIbKO IECTU3HAYHKIX YMCeN, BCe MU PLI Y
KOTOPLIX Pa3jINyHLI?

3amaua 1.13.(ckaska) YKun-6u1 crpannsii npaBuTens. Pe-
IDAJT OH CBOMX MOJIAHHKIX Pa3jM4aTh He 10 MMeHaM, a 10 3y-
6am. CeGe Bce 32 3y6Ga ocTaBMII, Kak U GELIM, GenpiMu. Bamkait-
IIKAM 110 JUTAHHEIM IIOBEJIE]] OAVH 3y 0 Ha pa3sHBLIX MO3UIMUAX OKpa-
CWTh B YEPHRIA 11BeT, YTOOK UX oTanyaTh. [lasiee uim Baccaibl
C ABYMfl YyepHLIMU 3y6aMM Ha pa3HEIX MO3ALMAX, M TaK Aajee,
B caMBIX HM3MIKX CHOAX BBLIM JIONM C OJHUM OesbiM 3y60M Ha
Pa3HBIX MecTaX, ¥ OhJI 0 MH TONbKO ¢ yepHEIMU. CKOJBKO BRIIO
HOIIaHHRIX Y OPaBUTENA?

3anaua 1.14. CxroJIbKO MaIMHHKIX (Pa3JIMYAIOMMXCA 110 Ha-
MCAHWIO U He 06A3aTeIbHO MMEIOMMX CMEICI) CJIOB MOMKHO CO-
craBurb M3 6ykp caosa KOJIOKQOJI, n3s 6yks caosa BOIO-
rPOn?

3anaua 1.15. CKOABKMMU CIIOCOBAMM MOMKHO IOCAAUTH 3a
KPYTJIbIA CTOJ 7 MYXYMH ¢ T MeHUMH TaK, YTOOH HUKaKue ABE
KEHIIUHK He cCuaenu pAIoM?

3anmaua 1.16. Croiibkumu ciocobamu 9 0AMHAKOBEIX KOH(ET
MOKHO Pa3JIOKUTh 110 MATH PA3TMUHEIM MaKeTaM, eClA HU OIUH
U3 [TAaKeTOB He HoJKeH OhiTh nycthiM? ToT »ke Bonpoc, HO nake-
THI MOT'YT ORITH IYCTBIMU.
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§2. CAyYAJHBIE COBBITUA

B ocHOBe TeOpUU BEPOATHOCTER JEXMUT ITOHATHNE CIVUaliHOrO
SKCHEPUMEHTa. DKCIIEDUMEHT CUMTAETCA CIYUAMHEIM, €CAM OH
MOMKET 3aKOHUUTHLCA JIOGLIM M3 COBOKYIHOCTM M3BECTHBIX pe-
3yJbTATOB, HO JO OCYILIECTBJIEHWSI BKCIIEDUMEHTa HeJb3s Npel-
CKa3aTh, KAKUM MMEHHO.

IIpumepn ciayuallHOro akcnepuMenTta: 6pocanue MOHETHI,
Opocanue WrpaiabHOil KOCTH, NpOBeNEHME JIOTEpPEW, a3apTHHIE
Urpel, cTpenbba Mo neaw, MOCTYIJIeHHe 3BOHKOB Ha TeJedoH-
HYI0 CTAHLMIO.

Pasznuunrie pe3ynbTaThl BKCIIEPUMMEHTA MBI OyaeM Ha3wBaTh
MCXONZMMU.

Onpenenenue 1. MHO)KeCTBO BCeX B3aMIMHO MCKJIIOYAO-
LMX MCXOJOB BKCIEPUMEHTa Ha3blBaeTCA NPOCTPAHCTBOM 2JIe-
MEHTapPHLIX CODBITMIN.

BaanMHo uckmoualommue UCXOALI — BTO Te, KOTOPLIE HE MO-
ryT HaCTyOuTb OJHOBpeMeHHO. B naibHelfinem mox TepMuHOM
“pcxoa” o APa3yMeBAIOTCH TOJNBKO TAKUE MCXOALI.

IlpocTpaHCTBO Ba€MEHTAPHBIX COORITHMA Mul OyaeM o6o3Ha-
yaTh GYKBO# (), a ero McxoAnl — GYKBOU w C Pa3JIMUHLIMU MH-
JekcaMM ¥ 6e3 HUX MM APDYTHMM IIOHATHLIMY 13 KOHTEKCTa CUM-
posaviv. Tepmuubl “sjeMenTapHoe cobuitme”u “ucxon” 6ynem
CUMTaTh CHHOHMMAMM.

Onpenenenmne 2. IlpousBoibHOE NOAMHOMXKECTBO IPO-
CTPAHCTBA 3J1EMEHTAPHBIX COOBITUIA HA3KIBAETCA COOBITUEM.

CobbITEe MOKET COCTOATH M3 OTHOIO WM HECKOJNLKUX Blle-
MEHTaPHBIX CODBITHH, a TakKe COCTOATL M3 CUETHOrO MJIM He-
CYETHOTO UMCaa BAeMeHTapHbBIX coburTnit. Coburtua 6yayt obo-
3HAYaTHCA 3arJIAaBHBIMU JATUHCKUMU WM PyCCKMMM GykBaMu
AB,C,..., T)P,Y, ..., nan 3anuCHIBATHCA CIOBAMU, HAIpPH-
Mep, {BBINANO UeTHOE UKCIIO OUKOB Ha UrpaibsHoit koctu}. Oco-
60 cuenyer BHLAEANTHL cobbITHME, HE colepkaliiee ucxonon. Ta-
Koe coOBbITHE, COCTOANIEE U3 NYCTOr0 MHOMXKECTBA MCXOH0B, Oy-
neT 0003HayaTHCH CUMBOJIOM &.

I'oBopsat, uTo coOniTMe A HACTYOMJIO, €C/IV DKCIEPUMEHT
3aKQHYMBAETCA OJHMM U3 UCXOJOB, BXOAANMUX B cobriTue A.

Tpumeps: 1) Bpocaune monern. Ipenmosaraem, uro Mo-
HeTa BOCTATOYHO TOHKAA WU NpU OpocaHMM He BCTAeT Ha pe-
6po. HpocTpaHCTBO 2JIEMEHTAPHBIX COBBITHA COCTOUT W3 ABYX
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ucxonon: I' = {Bwmnan rep6}, P = {snmana peuetxal}, 1. e.
Q= {I,P}.

2) Bpocanue urpanbHOl KOCTH, T. e. KyOuKa, CAeJaHHOro
U3 OAHOPOAHOI'0 Matepualsa, TpaHy KOTOPOro 3aHYMepPOBAHBI
uuppamvu 1,2,3,4.5,6. Yncno oukon, BumMagiee npu 6pocaluy
urpaiablioil Koctu — uMbpa Ha BepxHelt rpahu Ky6uka. Ilpo-
CTPaAHCTBO sjcMCHTapHKIX cobprtuit = {1,2,3,4.5,6}. CobuI-
e Y = {BLINaN0 YeTHOE YMCAO} COCTOUT M3 TpPeX HCXOoLoB,
T. e. U = {2,4,6}. Cunraem, uto Y HacTynusio, ecid BHIIAJIO
numbo 2, mbo 4, aubo 6.

B zaBucumocTy 0T 3azaud B OOHOM M TOM JKe BKCIIePUMEH-
Te MOXHO F0-Pa3HOMY BbLIGMPaTh MPOCTPAHCTBO 3JIeMEHTa DHEIX
coGpiTuit. Tak, npy 6pocaHny UrPaNLHOM KOCTH, €CAN HaC UHTe-
pecyeT AMLL TO, YTO BHINANO0 YETHOE UJIY HEUETHOE YUC IO, MOYK-
no cunrath ) ={4Y,H}, rae U ={uetnoe uncno}, H ={neuernoe
umcio}.

Iipumep HellpaBUAbHO BLIGPAHHOIO HPOCTPAHCTBA dREMEH-
TapHsix cobeituii. [lycts npm Gpocamum urpanbHoit Koctu Y
={uetHOE uKco oukos}, T={umucmao ouxos, kpaTHoe Tpem}. To-
raa Q ={4,T,1,5} cocraBaser BCe UCXOMABI BKCNEPUMEHTA, OX-
Hako ucxonsl U u T MoryT HacTynaTh oXHOBpeMeHHO.

Iipumep npocTpaHCTBa ¢ HECYETHBIM YUCJIOM BJIEMEHTA PHBIX
cobrruit. IlycTh ecth MpoBosoKa ANWHON, HanpuMmep, 1 metrp.
M1 pacTsArMBaeM €e 3a KOHIbI, B PE3YJbTATE UEro NPOUCXOANT
pa3pniB B Kakol-10 Touke. MHOXKeCTBO UCXOL0B — 9TO BCE TOUKHU
Ha NPOBOJIOKE, KOTOPhlE MAaTEMAaTUUECKN MOXKHO 3a1aTh OTpe3-
kom [0,1}, 1. e. Q = [0,1], a KaxaAOMYy MCXOLYy W COOTBEICTBYET
KOODAUHATA TOUKH paspbiBa.

Onpenenenne 3. Cymmon asyx cobuituit A u B (o6o-
3Havaetca A+ B) nasniBaeTcA cobblTHe, COCTOANIEE U3 BCEX MC-
Xom08, BXogamux ambo 8 A, nnGo B B.

Hpyrumu caosavu, nox A + B mnonumaleT cileaylodiee co-
BbiTve: npousouino unm coduitne A, nuu cobuite B, unun oun
fIPOU3OILUJIM OAHOBPEMEHHO. I. e. TIPOM30LIO XOTA Bbl 0MHO U3
cobrituit A niu B.

Onopenenenuve 4. IlpousBenenuneM Anyx cobuituii A u
B (oBosnauaertcit AB) HaseBaeTCH COBBITUE, COCTORIEE U3 TEX
MCXOLOB, KOTOPbIE BXOUAT Kak B A, Tak u B B.

UnsiMn caoBamy, AB o3nauaeT cobsiTve. Npu KOTOPOM CO-
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6eiTHA A 1 B HacTynaloT 0JAHOBPEMEHHO.

Oupcaencuune 5. Pasnocrvio anyx.cobuituit A v B (oGo-
3HauvaetcA A— B) nasuBaeTcA coBLITUE, COCTOMILEE U3 UCXOIOB,
BXOJALIMX B A, HO He BXOAAIIMX B 5.

- Cmpicsl cobritus A — B cocTouT B ToM, UTo cobuitue A Ha-
CTyNaeT, HO NpYU BTOM He HacTymaeT cobepitue B.

‘Onpenenenue 6. CHAMMETPUYECKOM Pa3HOCTBLIO IBYX
cobrituit A m B (oBosnavaerca AAB) na3suBaeTca cobniTHe,
COCTOfIIIEE U3 UCXOAOB, BXOAAIMX B A man B B, Ho He BXoas-
myx B A u B onHOBpeMeHHO.

Cwmpbicn cobuitnsi AAB COCTOWT B TOM, YTO HACTYNAaET OXHO
M TONBKO OAHO U3 cobmituit A u B.

Ounpenenenne 7. IIporuBononosxnemm (aomoaBUTEND-
HEIM) 1A cobuitua A (obo3nauaerca A) HasbBaeTCA. coBHITHE,
cocToAIee U3 BCEX HCXOJOB, KOTOPHIE He BXOAAT B A.

Hactynaenune cobertua A ozHauaeT mpocTo, uTo cobmrtue A
He HACTYTNJO.

Hpnmepnr. Hycts npu 6pocanum wurpaibHoit koctn A =
= {pobimano uerHoe umcno}, B = {Brmano uucno, xparHoe
rpem}. Toraa A+ B = {2,4,6} + {3,6} = {2,3,4,6}, AB =
= {2,4,6}{3,6} = {6}, A—- B = {2,4,6} — {3,6} = {2,4}.
AAB = {2,3,4}, B ={1,2,4,5}.

Ecnu cobrtya n3obpaskaTh MHOMKECTBAMY HA TLIIOCKOCTH, TO
pPe3yJIbTAT ONpeAeNIEHHRIX ollepaluii HaX coBLITUAMY BHICTAINT
cleayiomuM obpa3oMm:

A+B AB A-B

Puc. 2

CobriTue {2, cocTosilee U3 BCEX UCXOAOB BKCIEPUMEHTA, Ha-
3BIBAETCA HOCTOBEPHBIM cobbiTHeM. OHo 06A3aTeIbHO NpOUC-
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XONUT, TAaK KAaK OKCIIEDMMEHT BCETAa 3aKaHUMBAETCA KaKAM-
HUGYIb MCXOJOM.

IlycToe MHOXXECTBO MCXOAOB BKCIEpUMEHTa HA3LIBAEICA He-
BO3MOSKHBIM COGRITHEM U 0603HAYAETCA CHMBOJIOM .

IIpumep HepoaMmoxkuoro coburruna. Ilpu 6pocanuu urpayinrHo-
ro Ky6uKa Ha pOBHYIO IOBEPXHOCTb COBEITUE & COCTOMT B TOM,
4yTo KyOHUK BCTall Ha BEpIIMHY.

Onpeneneuune 8. Cobrtua A u B Ha3bBaloTCA HECO-
BMECTHBIMM, €CJIM HET UCXOIOB, BXOAAMMX KakK B A, Tak U B
B, 1.e. AB=2.

DT0 03HauyaeT, UTO COBLITUA HE MOTYT HACTYHaTbh OAHOBDpE-
MEHHO.

Onpenenenue 9. I'osopar, uro cobrrue A conepsmrca
B coGuiTum B (o6o3navaerca A C B), eciv Bce MCXOABI COBRITAA
A BxoaAaT B cobrtue B.

WHpIMM cIoBaMM, BKJIIOUEHUEM A C B ofo3nauaeTca Takaf
CUTyallud, 1Ip¥ KOTOpoOli HacTyleHue cobrntua A o6sa3aTenbHo
BlleyeT HACTyIJIeHUe cobnitua B.

CphoiicTsa onepanui HAX COGBITMAMMNA.

1)A+B=B+A; 2 AB=BA; 3)A+A=Q;

4)AQ=A; 5)YABCA; 6)AA=2; T7)A=4

8) A~B=AB; 9)AAB= AB+ AB;

10)(A+B)C=AC+BC; 11)A+B=ABR;

12)AB=A+B; 13)(A-B)C = AC - BC.

CsolictBa 1) — 9) HenocpeACTBEHHO CIEAYIOT U3 ollpelelie-
HMSA oIepalif HaX COBRITUAMMU.

IloxkasaTenbcTBO cBojictBa 10). Bo3abMeMm mpoussoin-
HEI Mcxon w u3 coburua. (A + B)C (6yaem obosHauath BTO
caenyomuM obpasom: w € (A+B)C). Tornaw € A+BuweC.
W3 sriouenus w € A + B cienyet, 4To w NPUHALNEKUT XOTH
651 oanoMy caaraemoMy. IlycTs, Hanpumep, w EA. U3 w €A m
w € C caenyert, uro w € AC, u, cnenosatensuo, w € AC + BC.
Takum o6pa3om, mob6oit ucxon cobmurua (A + B)C saBnsderca
ucxonoM cobmrua AC + BC, 1. e. (A+ B)C C AC + BC. Ana-
JIOTUYHO MOXHO IT0Ka3aTh, uTo JNoboit ucxoxn cobeitua AC+ BC
ABNfgeTca ucxonoM coburrus (A + B)C. Orciona caenyer cBoi-
cTBo 10), Tak Kak COBHITHA ero JeBol U NpaBoit yacTelt cocToAT
M3 OJIHMX M TeX K€ MCXOIOB.
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HdoxkasaTtennctBo ceoicrra 11). IIpunannekHoCTs MCX0-
Aa w cobuithio A + B 03HayaeT, YTO OH HE NPMHAIIEKUT COBLI-
TvI0 A+ B, TO ecTb He npuHaninexut uu A, un B. He npusayie-
XUT A, 3HaUN'T, IPUHALIEKUT A, He npuHaIEXUT B, 3HAUMT,
NPUHALIEXUT B, a 8To BIeYeT TO, UTO W NPHHAIAASKUT A K
B OIHOBPEMEHHO, T. €. w € AB. Cnenona’remaﬂo BRINOTHAETCH
skmouenne A + B C A B. Paccyxiaaa B 06paTHOM MOPAIKE, MBI
nonyuum Bryrouerne A B C A+ B. D10 A0Ka3LIBaeT PaBEHCTBO
11).

HdokasaTenncTBo cpoiictBa 12). IIpumenum cBoitcTso

11) k coburtusam A, B Bmecto A, B. imeem A+ B = AB=AB.
Bo BrOpoM paBeHCTBE MEI BOCHOJL30BAJIUCH CBOHCTBOM T).
B3sas nononHenme K JeBOMy M NpaBOMY COGHLITMAM BTOrO pa-
BEHCTBa M CHOBA MCIIOJIb3yA 7), NOJYyYNM cBRolicTBO 12).
HMokazaredbcTBO cBoiictBa 13). Bocnonnayemca cpoii-
cysamu 8), 12) u 10). Torga nMeeM LENOUKY PaBEHCTB

AC - BC = ACBC = AC(B+C) = ACB = (AB)C = (A - B)C.

Onepammy Hal COOGHTHAMM MOXKHO IIOCHEAOBATENLIO OCY-
LIECTBJIAThL HeCKOoAbKo pa3. Tak, HanpuMmep, 110 Olpeseeduio,
A+B+C =(A+B)+C n ABC = (AB)C. B cuny cpoticts 1) u
2) NOPAAOK OCYLIECTBIEHUA ONEPALMA CIOMEHNA U YMHOKEHUA
n

6espasnuuen. Cobuitne A; + -+ A, = Y A 3akmouaerca
k=1

B TOM, YTO NPOMCXOIMUT I0 Kpal¥sel Mepe oaHo U3 con’mﬁ

Ay, Ay . An_y wm A,. Cobritne Ay Az. .. Ay_14An = H A

k=1
COCTOMT B TOM, UTO BCce cobrnitma Aj, A, ..., Ap—1, As HacTyna-
10T OJHOBPEMEHHO.

CuencrBusamu csoificrs 10) ~ 12) ssnsloTca ciaeayioumme

cBolfcTBa onepaumif Hax cobwmTHAMMN:

10%) BiAk = ZH:BA,,; 11" zn:A,, = f[E;
k=1 k=1 k=1 k=1

12) f[Ak = Z":Z;
k=1 k=1l

DT paBeHCTBa BEPHHl K JJIA N = 00.
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3anaua 1. Monerta noabpacniBaercd Tpy pa3a moapan. Mc-
XOA0M KaxKA0r'o GpOCaHNA CIYXUT BelnafeHue “rep6a”- I' unm
“pemerkn”’ — P. OnmcaTth NpOCTPaHCTBO 3JAE€MEHTAPHBIX COOBI-
THA JAHHOIO BKCHEPUMEHTA M OmMCaTh cobuiTue A, cocrosiuee
B TOM, UTO BLIIAJIO He MeHee ABYX “repGos”.

Peumenue. McxonoM aaHHOro oKCIEpHUMEHTa SIBJAETCA IO-
Apnenne ambo Tpex “repbos”, ;mmbo Tpex “pemerok”, aubo
kombunanuit “repbos”u “pemierox”. Dru ucxoau 6ynemMm 3amm-
ChHIBaTh cieAylomwimMu Habopamm cumsonos: I'I'l’, PPP, I'PT*
u t. n. Hcnoansya st 0603HaYEHUA, NPOCTPAHCTBO BJEMEH-
TAPHBIX COBRITHMH @ MOXKHO 3amMcaTh CJIEAYIOIMM OBGpPa3oM:
Q= {CTT, TP, I'PT, PI'T", PPP, PPT, PI'P, I'PP}. Cobritue
A coctout u3 uernipex ucxogos: A = {I'l'T’, I'CP, I'PT", PI'T}.

3anaua 2. /Isoe urparoT B maxmathl. Cofutue A o3Hauaer,
YTO BEIAI'PAJI NEepBIil UrPoK, cobrrTe B — uTo BHMrpaJj BTOpoik
urpok. Yro o3HaualmoT coGuITUA

a) B; 6) AAB; 8) A+ B;r) B~ A; n) A- B?

Pewmenue. Hyxuo yuectr, uro AB = &, NOCKONBKY 0X-
HOBPEMEHHOE HACTYILIEHUe COGhITUYA “BRIMIpaJt nepBHA” U “BhI-
urpaJ BTopoii” HeBoamoxkuo. Torna ykasanunle COOGRITHA O3Ha-
YaloT, UTO

a) MepBEIX UCPOK BRIMTPAJ WIHN CHICPaj BHUYLIO;

6) mapTUA 3aKOHYMIACH BHMUBLIO;

B) BO3MOXKeH 0G0 MCXOA IApTUH;

r) HapTUA 3aKOHYMJIACh BHUYLIO;

1) NapTUA 3aKOHYMUIACHL BHUYLIO.

3AMAYU

3agaua 2.1. H3 Tabauunl yucea B3ATo oaHo uuciao. Cobel-
Tve A - BHGpaHHOEe YMCIIO AeJUTCA Ha 5; cobbitue B ~ maHHOE
yucyo oOKaHuMBaeTcs HyjeM. UTo o3nayaioT cobbitua A — B u
AB?

3amaua 2.2, Cobpitue A — X0TA 6L OAHO V3 UMEIOIIMUXCA Ue-
Thlpex m3amenwit GpaxoBanHoe, cobuite B — GpaKoBaHHHIX HU3-
Renuit cpexy HUX He MeHee LBYX. YUTO 03HAYAIOT NMPOTHBOIIO-
noxusie cobutua A u B?

3anaua 2.3. Koraa BoaMoskunl paBeHcTBa: a) A + B = A;
6) AB=A; B) A+ B = AB?

3axaua 2.4. CoBmecTHn: iy coburrua A u A+ B?
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3anaua 2.5. Bpocalot Ape urpaabHbie KocTd. Ilycts A —
CcoBRITHE, COCTOALIIEE B TOM, UTO CyMMa OUKOB paBHa MATH, a B
— cobniTHe, 3akiOYalolleecs B TOM, YTO XOTA Obl Ha OIHOU M3
KocTel BhImana emmpuua. Omucars cobritna AB u AB.

3anaua 2.6. Bpocalor ase urpansuuie koct. Gobuitne A -
BHIIaJIa YEeTHAfA CyMMa OYKOB, a B — XoTA 6Kl Ha O4HON KoCTU
BEINaJa niecrepka. drTo o3nayaer cobuitne A + B?

3amaua 2.7. U3 xonoanl BuITackumBaloT ase KapThl. CobriTue
A — ofe kKapTH MKoBoit MacTH, a B — uer Ty3oB. Uro o3nauvaer
cobritne A — B? '

3anaua 2.8. Pa6ounii narorosna n aeranei. ycts cobrirne
A;, 1 =1,2,...,n, 3aKJII0YaETCA B TOM, YTO i-f U3rOTOBJECHHASA
UM neTaiib uMeeT nedekr. 3amucaTth cobrITHME, 3aKIIOYAIONIEECA
B TOM, YTO: a) HA OJHa W3 AeTaljell He umeeT AedekToB; 6) x0Ta
6u omHa nerTalb MMeeT RedekT.

3anaua 2.9. Cofutue A — CrOPpTCMEH NPHICHYJ Aajblie T
MeTpoB, cobbiTe B — MYXUMHa TPHITHYJ HAJbIIe KEHIIMHEL,
coburtne C — »KeHINMHA NPHTHY Ia fajbue 7 MeTpoB. UTo o3Ha-
valor cobrrrua ABC, A— AB u ABC?

3anaua 2.10. IIycts A, B,C — Tpu OpOM3BOJIBHLIX COBLITHA.
HaifT BrIpakeHMs AJd COORITHI, COCTOAIIMX B TOM, YTO M3
A B,C

a) NPOM30IIIO0 TONBKO Aj;

6) npousoman A u B, Ho C He npousoo;

B) BCe TPM COBHITNA IPOU3OLILIM;

r) mpousomJo o KpaliHel Mepe OJHO M3 BTUX COBLITHIA;

Z) NpOU30LLIN N0 KpaliHelt Mepe ABa COOHITHUSA;

€) IIpoN30ULIO POBHO OJHO M3 BTUX COOHITMIA;

K) TIPOM3OLLIO POBHO JBA M3 ®THUX COGHITMIE;

3) HM oHO cOBKITHE HE IPON3OMIIO;

M) npowsomno He Bolbme ABYX coORITHHA.

§ 3. KIACCUUECKOE ONPEJAEJEHUE BEPOATHOCTH

BeposTHOCTb COGHITHA XapaKTepN3yeT BO3MOXHOCTh (LIaHC)
OCYIIECTBJIEHNA CODRITUAI B XOJde CAYy4YallHOrO BKCIEPUMEHTA.
CMEICH BEPOATHOCTU PaCKPHIBAETCA B cIeAyOImMnX TpeboBaHu-
AX, HaJlaraeMEIX Ha BepOATHOCTU cobrrtmii. BeposaTHoCTh cOGRI-
THA BRIpPAXKAETCH JNOJIEH OT HEeJoro, I. €. ABJIAECTICA UKUCIOM OT
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HyJA 20 eavHMILl. IIpyM BTOM BEpOATHOCTL HACTYIJIEHMA AOCTO-
"BEPHOr'o CO6GRITHA, T. €. COGHITHA, KOTOpOoe 06A3aTENIbHO NpOo-
KMCXO T B X0Jl€ PKCIEPUMEHTA, IPUHUMAECTCA PaBHOU eauHuMIle.
BepoATHOCTN HEBO3MOMKHEIX COBLITHIA CUMTAIOTCA PABHLIMU HY-
mo. Ecay B3ATH NpON3BOALHLIA KOHEUHBIA MM CUeTHBIA Habop
co6hITHi, TAaKMX YTO HWMKaKWE JgBa U3 HUX HE MOr'yT NPOU30ATH
OZHOBPEMEHHO, TO BEPOATHOCTh HACTYIUIEHMA XOTHA OHI ojHO-
ro U3 8TUX cobuTuif HoikKkHa OHITH paBHA CyMMe BepOATHOCTe
®TNX cobrrTuii. UukiMu croBaMy, IIaHC HACTYIIJIEHAA CYMMEI I10-
NAapHO HECOBMECTHHIX COOLITMII paBeH CyMMe HIAHCOB KaXKAOTO
¥3 cobnTuil. Yka3aHHEIe TpeGOBaHNA HAJIAraloT KECTKUE Orpa-
HUYEeHUA Ha YMCIEHHBIE 3HAYEHUA BEpOATHOCTE.

Briuncnenmne snauennit BeposaTHocTe# cobhITUM B pa3qUUHBIX
CIy4alHEIX BKCIIEPUMEHTAX ABISAETCA IIPEAMETOM TEOPHUM BEPO-
ArHoctell. OKa3nIBaeTCs, YTO YMCJEHHOE 3HAUEHME BEPOATHOCTH
TOr0 MJIM MHOTO COORITUA NpPOSABJIAETCA clleaylonmM obpasom.
Ecmun cayuaitlumii eKcriepuMeHT MHOI'OKPATHO HOBTODUTH NpU
OJHUX M TeX e YCJHOBUAX M BRIUMCIUTbL YACTOTY IOfBJICHUHA
KOHKPETHOr0 COBHITMA CpeIM BCeX NPOBEMEHHBIX BKCIIEPUMEH-
T0B (QACTOTA MOABJIEHUNA COBLITIA €CTL OTHOMIEANE YUCIA, 110~
ABJIeHUHA COBLITHA K UMCIy BKCIEPUMEHTOB), TO NPM HEOT'paHM-
YeHHOM BO3PaCTaHMM YNCJIa BKCIIEPMMEHTOB BTa YacTOTa B IIpe-
Zeine DyneT coBNaNaTh ¢ BEPOATHOCTHIO coOrTHA. Ilpn onpene-
JIEHHRIX MICXOJHKIX IPEINOJIOKEHUAX T€OPUM BEPOATHOCTEH BTO
~ cTporo AoKa3aHHoe yTBepxaerue (cm. § 16). OcHosHoil 3ana-
yeli TeopuM BEepOATHOCTell sABJAeTcs pa3paboTka NpaBuUil Bbl-
UNCNeHNA BEPOATHOCTE CoGHITHIA, NOABIMOMMXCA B CJIOMKHAIX
CnyqyalHEIX BKCHEpMMEHTaX, IO W3BECTHLIM BEPOATHOCTAM CO-
GriTuii Gonee mpocThiX BKcnepuMenToB. W3yuenme ocuoB Teo-
p¥M BepOATHOCTeH# MBI HauHEeM C PACCMOTDPEHHMS NMPOCTHIX CIY-
YaliHEIX BKCIIEPUMEHTOB, MMEIOMMUX KOHEYHOE UMCIIO MCXOOB.

IIycTh NpocTpaHCTBO BAEMEHTAPHEIX COORITHII KOHEUHO:

Q= {w1,. ..,w,,}.

ByneM roBopuTh, 4To Ha npocrpaHcTBe {} 3anaHEI BEpOAT-
HOCTH, €CJIN KaXAOMY HUCXONYy w; CONNOCTaBJIEHO Heb'rpuua.’renb-
HO€E YHCJIIO p(UJ]) TaK, YTO BHIIIOJHEHO YCHOBHG HOPMHPOBKHA

n
plw) =1

=1
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Onpenenenue 1. BepoaTraocrbio coOurrna A =
= {wi,,wiy, - . ., wy, } Ha3uBaeTca yucao P(A4), paBHoe cymme Be-
pOATHOCTE BAEMEHTAPHBIX MCXOJOB, COCTaBJAUMX cobniTue

A T e
P(A)= ) plw).

w €A

PaccMmoTpuMm mpocteikinyio Moaesb TeOPUMM BepPOATHOCTENA,
KOTOPYIO YacCTO Ha3LIBaloT “kiraccudeckolt cxemoin”. Ilycts B
CUIY T€X MAY UHBLIX CBOMCTB, OBLIYHO CBA3AHHLIX C CUMMETpPM-
elf, KakIblA dNeMeHTApHRIA UCXOL IdKCcHepUMceHTa UMMeeT CaU-
HaKOBYIO BO3MOMHOCTh OCYWIECTBUTLCAH (MCXOALI PRBHOBO3MOMXK-
Hul). B Takoif cATyauMu BTUM MCXOXAM €CTECTBEHHO COTIOCTa-
BUTL oJMHakoBhle BepoaTHocTu. Iycts Q = {wi,we,...,wn},
U BCe MCXOIH Wi,Ws,...,Ww, paBHOBo3MoXHbI. Tornpa mnonara-
em p(wi) = plws) = = -+ = plwy) = p. B cuay ycnosusa
HopmupoBkd np = 1 umm plwi) = p = 1/n, rae n — un-
cno ncxonoB skcnepumMenta. na nioboro muoxkectBa A cum-
BosoM card A (kapauBEanbHOe uMcio MHOxecrBa A) Gynem
o603HaYATh KOJMYECTBO BIJIEMEHTOB BTOr0 MHOMXeECTBa. Vicxo-
Jnl, COCTaBAAIONME cOBRITUE A, HA3HIBAIOTCA GIAroNpUATHEIMKA
and aToro cobrrtua. Toraa B “kiaccuueckoii cxeme” MEI UMeeM
cardQ = n, p(w) = I [=1,2,...,n,m
card A
cardQ’

P(A)= ) plw) =pcard A =

wi€EA

TakuM 06pa3omM, B caydae, KOTJa BCe MCXOAbI PABHOBO3MOKHHI,
BEpPOATHOCTL CoBuTMA A paBHa oTHoLleAMIo umcia 6iaronpu-
ATHBIX MCXOZIOB JUIA COOHITHA A K 0BIeMy UMCy MCXO0LO0B BKC-
MmepuMeHTa. DTO — KIACCHUECKOE ONpeAeeHNE BEPOATHOCTH.

IIpumeprt. Ilpn Gpocamvmu mpasunbHOlM Monernl P(I') =
= P(P) = 1/2. lipn 6pocaunu urpaasroil koctu P(1) = P(2) =
=...=P(6) = 1/6, P(rinayo ueTHoe yucmo) = 3/6 = 1/2.

B ¢opmMynmupoBrax MHOrMX 3ajad Npu clydaiiHoM BriSope
yero-n1mbo 6yAeT ynorpebiAThcA cioBo “maymauy”. DTo cio-
BO O3HauaeT GecnpucTpacTHEIf BHIGOD, DU KOTOPOM BCE KOM-
6UHAIMM BJIEMEHTOB, KOTOphle MOryT 6nITh BuIGpaHhl, paBHO-
BO3aMOMHEI. MHoraa cnoBo “Hayaady” GyleT 3aMeHATbLCA DKBU-
BaJleHTHLIM BEHIpasKeHHMEM “clriyualtHEIM oGpasom”.
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3anaua 1. Jlaa yuacrtust B jgorepee, Ha KapTOuKe, COUEP-
sauich 49 uuceds, HyKHO0 0TMETUTEL 6 umcen. 3aTeM BTU YuCia
cBepAoTcH ¢ 6 uuciaaMur, 0oTOGPAHHBIMU Cjay4dalHEIM oGpa3oMm.
I3 3aBMCHMOCTH OT YKCJIa COBIIABIIUX HOMEDPOB BHINIAYUBACTCH
BRINCpLI. KakoBa BEpOATHOCTL YrajaTh B AoTepee 6 yucesa ua
497

Pcmenue. B e1oit 3anaue () — COBOKYIIHOCThL BCeX codeTa-
wit m3 49 uncen no 6, u cardQ = CJy. Cronbko cymecTBy-
€T pa3/iMyHbIX BAPUAHTOB 3AIIOJHEHEUA KAPTOYKUA, U KaXKIbIA
M3 HUX MMeEeT OAVHAKOBLIA UIAHC CTATh BLIMIPHIUHEIM. Baaro-
NPUATCTBYET BHIUTPLULY TOJbKO OJHO COBLITHME: HOMEp Ha Kap-

TOuYKe coBrnas ¢ orobpannnM. IloaTomy P(yrazarts 6 ua 49) =
1 1 1

= s, ~ 13983816 ~~ 14000000

3anaua 2. B ammke m Geanix 1 n yepHuix wapon. Ilapn
THATENLHO NepeMenialnl. Haynauy BelHMMaloTCA cpa3y ABa lua-
pa. Kakosa BepoarHocTh Toro, uro oba mapa Gennle?

Pemenue. lllapm MoxuHo ana ynobcrBa NMpOHYMEepORATh
yucaamu oT 1 go m+ n. Ilockoabky HaM He Ba)KHO, KaKoii 1Iap
NnepBLIf, 3 KaKoOii BTOPOM, TO BO3MOXHBIMM MCXOAaMU BKCIEpPH-
MenTa 6YAyT pa3JsiMuHkle coueTaHUA U3 m+n uucen no 2. Torxa
cardQ = CZ,,. Cobmrmo A = {o6a Gennie} oTBeUalOT JMUIL

couetanus u3 m uucen no 2. Cnenopatensno, card A = C2, u

P(a)= Gn o o
m+n (m+n)(m+n—'l)

3anaua 3 (ne Mepe). Eme B XVII Bere ¢ppanuys [lesanne
Ae Mepe 3a1ajica BOIPOCOM: Kakad CyMMa OUKOB MMeeT GoJabliie
IM2HCOB BHIACTL NPU GpocaHUM ABYX HMrpajbHHIX Kocteit — 11
uan 127 Cymmy 11 MoryTt cocTaBUTh JMIb ABa Yucjia — 5 u 6,
a cymmy 12 Toxke msa uucna — 6 1 6. Ha nepBniif Barnaa waHcwl
y oTux cobrTuii pasupl. Tak am sT0?

Pemenne. Byasem passimuath wurpaibable koctu. Iycts
MLICJIEHHO oAHa Byaer KpacHoW, a apyras — Gesno#. Paznuu-
HEIX KOMOMHAIMHA OYKOB Ha Pa3HOLBETHHIX KOCTAX COrJIACHO Te-
opeme 4 o umcie xombBuxauuit (§1) 6yuxer 6-6 = 36. Cueno-
BatesbHo, card Q = 36. Cymma 12 Brmanmaer nvuub Ipy oxHoHK
KoMOUHAIMM, KOrja Ha KpacHo¥ KocTv 6 M Ha Gesoit 6. Taxmm
o6pazom, P(12) = 1/36. Cymma 11 prnajaer npu AByx KoMGu-
HalMAX, KOra Ha KpacHoi 6, a Ha Gesoil 5, u HaoGopot. Torma
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P(11) = 2/36. CnenoBaresnHo, cymMma oukoB 11 mmeer B 1Ba
pa3a 6oJblle MAHCOB BRIIACTh, UeM 12,

O6paTuMca enle pa3 K ob6Cy)KIAEHUIO MOHATUA BEPOATHOCTH,
MCIONR3Y S yKe PACCMOTPEHHEIE HAMH IIPUMEDH BKCIIEPHMEHTOB
€ KOHEUHELIM YnciioM ucxoaoB. C MaTEMaTUUECKOH TOUKHA 3peHUs
BEPOATHOCTL — HEOTPHMUATENBLHOE UUCIO, KOTOPOE CONOCTaBIIA-
eTcA ciaydaliHoMy MCXOLy BKCIIEpUMEHTa, IPH BTOM CYyMMa BceX
BEpPOATHOCTEN, OTBEUAIONMX PA3NUUHEIM MICXOJaM BKCIIE DUMEH-
Ta, paBHa €IMHULE.

A6CTpaKTHad TeODUA 3aHMUMAETCA B OCHOBHOM pa3paGoTKoif
npaBuJ MepecdyeTa OJHUX BEPOATHOCTeM B Ipyrue, HpeAIIoNa-
rad, 4YT0 MCXOIHHIE BEPOATHOCTH AaHHl W HE HYXAAIOTCA HA B
KaKnX 060CHOBaHUAX MX AEHCTBUTENBHEIX YMCIEHHRX 3HaYeHMH.

BrisicHeHMIO UMCIEHHBIX 3HaUYEHMIl BepoATHOCTEH B pai3indy-
HBIX KOHKDETHHIX BKCIIEPMMEHTAX MOCBAIIEHa Apyrad MaTeMa-
TUYECKAA QUCLMITIUHA — cTaTUcTUKA. CyIUecTBYIOT TakKe BKC-
HEPUMEHTH, B KOTOPLIX aIpHopy ACHO, YeMy PaBHEI 3HAUEHUA
BeposTHOCTel. TaKOBL, B YACTHOCTM, BKCIIEPMMEHTH C PABHO-
BO3MOXXHEIMM MCXO0JJaMUu, B KOTOPHIX MCX0JAaM CONOCTaBJIAIOTCA
paBHule BeposaTHOCTH. [lo cymecTBy 8T0 3a/10'KEHO B CAMOM IIO-
HATUU “paBHOBO3MOMKHOCTH . Yalne Bcero BRIBOX O TOM, KaKue
MCXOJB CUMTATh PABHOBO3MOXKHEIMM, OCHOBAH Ha cOOBpaskeHn-
AX, CBA3AHHLIX C CMMMeTpuelf 1 oaHopoaHOCThIO. Ecnu, Hanpu-
Mep, MOHEeTa CUMMETPUUYHA U CAeJaHa M3 0JHOPOIHOTO0 MaTepU-
ajla, TO HIaHCH BEIIaeHUA repba ¥ pemIeTKH COBIAJaloOT, T. €.
BEpOATHOCTH paBHHI 1/2.

Kakoif »xe cMBICA BKJIaJbIBaEM ME II0JCO3HATENbBHO BO (pa-
ay “npu GpocaHMM NPaBUJILHON MOHETH BEPOATHOCTDH BRITANe-
sua rep6a parna 1/2”, kpome Toro, 4To MoHeTa CUMMETpUUHA?
OkasnBaercs, YTO BEPOATHOCTH NPOABIAET cebs, KorAa OIMH A
TOT »Ke CiyJaliHhIA BKCIIEPMMEHT MPOBOJMTCA MHOLO pa3, INpH-
YeM TaK, UTO Pe3yJbTaThl y3Ke OCYLIEeCTBIIEHHMX BKCIIEPUMEHTOB
HUKaK He BJIUAIOT Ha nociexyloume. IIpy eTux ycaoBuax yacrto-
Ta HaCTYUjleHud COBHITHA NpPU HEOr pAHNUEHHOM BO3pPACTAHUM
YMCIIa BKCIEPUMEHTOB CTPEMHTCA K BEPOATHOCTH COBRITHA.

Ilycts mpaBuanHaA MoHeTa bpocaeTcA n pas, ¥ IMYCTb UMCIO
BHINagenuii repba npyu »ToM pasho np. Torla npu HeorpaHUUEH-

HOM YBEJINYCHUN 4YHCJia 6poca.1-mﬁ MOHETH YaCTOTa BhINAJeHW

1 np 1
rep6a GyneT CTPEMUTLCA K 7, T. €. — — = 1P n — 00. DTOMY
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$bakTy B paMKax ONpPeACIEHHON MaTeMaTYeCcKoi Moneam byner
AaHo cTporoe obocHoBaHue B § 16.

OKCIepUMEHTH He 06/A3aTebHO MPOBOANTL NOCJHEI0BATENb-
HO, MOYXHO OJHOBPEMEHHO MPOBECTM MHOFO OIWMHAKOBEIX BKCIIEe-
puMmeHToB. HanpuMep, B JoTepee U3 3axauu 1 yuyacTByoT cpa-
3y mHoro moaei. CumraeM, YTO OJMH UYeJOBEK 3alOJHAET OX-
HY KapTOYKy, B KOTOopo¥l oTMeyaeT 6 uncea u3 49 BO3MOXKHBIX.
Ilpouecc 3anonneHns KapTOUYKMA OTAECIBLHBIM UEJOBEKOM — CJYy-~
JaliHbeIA 3KcrepuMeHT. B pesynbsTate monaA soneid, yragaBmux
6 u3 49, 6y et 6aM3Ka K BEPOATHOCTH, KOTOPYIO MEI BEIUMCIIAJIIN
B 3ana4de 1. Tak, ecid B norepee yyactBoBasio 56 MiH. 4eso-

BeK, TO yragaBmux 6 unces GyaeT ckopee Bcero 4, ImOCKOJbKY
4 1

56000000 14000000
CBoicTBa BEpOATHOCTEM.

1) P(Q) =1 B cuny yciaoBus HOPMUPOBKY;

2) P(®) = 0, nockoJbKYy CyMMa, B KOTOPOil HET ClaraeMIX,
paBHa HYJIO;

3) ecim A C B, 10 P(A) < P(B), Tak Kak BhIpaxKeHMe I
BepostHocT P(B) no cpasrenmo ¢ P(A) conepxur nomnosHu-
TeJIbHble HEOTPULATENbHBIE CIIATaeMEIE;

4) 0 < P(A) < 1 nna noboro cobuitua A, uTto cielyeT u3
cpoiicts 3) n 1);

5) P(A) = 1 — P(A), Tak Kak

P(A)+P(A)= Y plw)+ D pw)= Y plw) =1;

wi€EA W EA wi €N

6) (dopMyna caoxeHUA BEepOATHOCTEM) [UIA JOGLIX COBRI-
vt Au B

P(A + B) = P(A) + P(B) — P(AB).

IeiicrBUTenbHO,
P(A+B)= Y pw)=
wi€A+B

=Y pw)+ Y plw)— Y p(w)=P(4)+P(B)-P(AB).

wi€A wi€EB wi€EAB
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Caencreue 1. Fcau AB = O, m. e. cobwmus A u B neco-
8MECTINGL, MO

P(A+ B) = P(A) + P(B).
Canencinue 2. Ecau cobwmus Al =1,2,...,n, nonapno ne-
cosmecmudt, m. e. AjA; = @ O0ax awbuz | # 3, mo

P(z": 4) = S P(4)
I=1 =1

910 PaBEHCTBO HECHAOKHO JOKA3aTh 10 MHAYKUMY, UCTIOJL3Y A
caencreue 1 u csoiicrro 10°) §2, ua KoToporo cnenyer Heco-

k
BMECTHOCTh COBBITHII Akyr M ) Ay nna moboro k.
=1

Caencraue 3. Ecau CC D mo
P(D-C)=P(D)-P(C).

HeitctBuTeabHO, cobrrtusa D~C u C HeCOBMeCTHR], a UX CYM-
Ma cocrtapisaer cobmtue D, Torma no caexcrsmo 1

P(D) = P(D - C) + P(C).

3A0AUYU

3anaua 3.1, Hality BepOoATHOCThL TOro, YTo HayAauy B3sTOe
JBY3HAYHOE YWCJO OKAXETCA KpaTHRIM 2, nmubo 5, nubo tomy u
ApYyTOMY OIOHOBPEMEHHO.

3anaua 3.2. Kakosa BepoATHOCTL TOro, UTo npy GpocaHuu
JBYX KyBMKOB CyMMa oukoB ByjeT KpaTHa deTnipeM?

3anaua 3.3. B BrnykioM ABaMUATAYTNOJLHMKE CIYYJaAHBIM
o6pa3zomM GepyT XBe BEepIIMHEl ¥ COEAMHAIOT OTPe3KoM. Uemy
paBHa BEPOATHOCTHL TOrO, UTO OTPE3OK ABJAETCA AMATOHANBLIO
ABANNATAYCOMBHUKA?

3anaua 3.4, Haynauyy B3a1 Tenedounnni Homep, coctosmi
u3 Ty iupp. YeMmy paBHa BePOATHOCTHL TOrO, YTO BCe LMPPhI
pasauyusie?

3anaua 3.5. Ha nonke croar 15 kHur, 5 U3 Hux B nepensere.
Bepyt naynauy Tpu kuuru. Kakosa BeposTHOCTb TOr0, UTO BCE
TPH KHUTHM B nepeninere?
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3anaua 3.6. B amuke 20 mapos ¢ Homepamu 1,2,...,20. Ha-
yaayy Bnibuparorca mecTh mwapos. Halitu BepoATHOCTL TOTO,
YTO CpeAM HUX eCThb Iaphkl C HoMepamu 1 n 2.

3apgaua 3.7. Cpeau 100 dpororapTouek ectTh onHa POTOKap-
TOYKa 3HAMEHUTOro apTucra. Baaam naynauy 10 dorToxapto-
yeK. KakoBa BEpOATHOCTL TOro, 4TO CpelM HUX ecTh $oTo ap-
THCcTa?

3anaua 3.8. U3 xononu B 36 KapT BEITACKMBAIOT ABE KAPTHI.
KakoBa BepoATHOCTh, uTo GyxeT xora Ol 0aHa KapTa NMUKOBOMA
mactu?

3anaua 3.9. U3 12 norepeiiHnix 6uieToB, cpeay KOTOPHIX
ecTh 4 BHIMTPLIIHLIX, Haydauyy GepyT 6. KakoBa BEepoATHOCTH
TOrO0, YTO XOTA OBl OJUH U3 HUX BLIAC PHILIHLIAT

3amaua 3.10. Bpocawt nBe urpanbueie koctn. Kakosa Be-
POATHOCTBL TOro, YTO0 CyMMa O4YKOB He Gonee Tpex?

3anmaua 3.11. U3 60 BonpocoB, BXOoAAMMX B dK3aMeHAMOH-
Hble GuiieTnl, cTyAeHT noaroroBua 50. KakoBa BeposAsTHOCTL TO~
ro, UTO BLITAHYTHIH CTyAeHTOM Omier, codepykanmii 18a Bonpo-
ca, 6yner BriouaTh B ce0A NOAr0OTOBJIEHHBIE BONIPOCH?

3anaua 3.12. lna ymeubnieHua obmero Koau4yecTBa Urp Ha
copepHoBauuaAx 16 BoseliGonbHRIX KOMaH I pa3bUTH Ha JBe OA-
rpynmnsl o 8 B Kaxnol. HaliTn BepossTHOCTH TOrO, UTO JABE Hau-
6oJlee cuibHBLIE KOMAaHJE OKKYTICA: a) B Pa3HbIX MOArpymIax;
6) B onuoli noarpymme.

3anaua 3.13. Ilpu naGope TenedoHHOro HoMepa aGOHEHT 3a-
6121 nBe nocaenavie i phl ¥ Habpan UX HayXa4y, NOMHSA TONb-
KO, UTO BTU UMPPH HedeTHHle M pa3uble. Haiitm BepoATHOCTH
TOro, YTO HOMep HaGpaH MPaBUILHO.

3anaua 3.14. HailTu BepossTHOCTB TOro, YTO AHM POXKAECHUA
12 yenoBek NPHUAYTCA Ha pa3Hble MECAUH 0aa.

3anaua 3.15. B amuke 10 kpacuuix u 6 Gennix wapos. Bu-
HUMaIOTCA HAayxauy JBa luapa. KakoBa BepoATHOCTH TOro, UTO
mwapksl 6yayT 0AHOUBETHEIMU Y

3anaua 3.16. Bpocarorca 4 urpanvueie xoctn. Haiitu se-
POATHOCTBL TOr'O, YTO Ha HUX BRIIALET 10 OAMHAKOBOMY YMCIY
OUKOB.

3amaua 3.17. CxoJbKOo pa3 HYXHO OBpoCUTH HrpaJibHYO
KOCTb, UTOBHI ¢ BepoATHOCTBIO He MeHblue a) 0.5; 6) 0.9 xo-
TA 6hl OJMH pa3 BEIIAJA WeECTePKa (WecTb 0YKOB)?
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3anaua 3.18. U3 konoant B 36 kapT BurackusaloT 4. KakoBa
BEPOATHOCTh TOI'0, YTO OKAKETCS NBa KOPOJIA U ABE AAMbI?

KakoBa BEpOATHOCTbL TOr0, YTO OKAKETCA TPU Ty3a M OJHA
ecTepka?

3anaua 3.19. U3 konomel B 36 kapT BuITackupaioT 3. Kakosa
BEPOATHOCTh TOr'0, YTO CPEJM HHUX OKa)KETCSA POBHO ABE KapThI
4yepBOBOI MacTU?

3anmaua 3.20. B amuke 5 Genwnx, 6 KpacHuX U 3 UEPHREIX
mapa. KakoBa BepoATHOCTh TOr0, UTO BHIHYTHIE [Ba, IHapa OKa-
JKYTCcA pa3HOro LBETA.

3anauaa 3.21. Y3 xonoxnw: B 36 kapT BrTackusaloT 3. KakoBa
BEPOATHOCTb, UTO HET TY30B7

3anmaua 3.22. B xuwxHo#t noTepee paswirpuiBaetca 20 buie-
TOB, Cpeay KOTOPHIX 4 BHIMCpRIMIHLIX. Haynauy mokynaioT Tpu
6unetra. KakoBa BEpOATHOCTH TOro, UTO CPEAW HUX POBHO ABAa
BRIV DHIIHEIX ?

3anaua 3.23. KakoBa BeposATHOCTb MOAYUUThL MeHee 11 ou-
KOB, bpocasa aBa UrpaibHeIX Ky6uka?

3anaua 3.24. JIudT B AeBATUSTAKHOM AOMe OTHPABIAETCA
C 4eThIpbMA naccaxupamu. Haiitu BeposTHOCTHL TOro, 4ro Ha
KaXXIOM M3 pTaKell BulineT He GoJiee 04HOrO naccaxkupa, npei-
oJjaraf paBHOBEPOATHOCThL BCEX BO3MOKHEIX CIIocoB0B pacirpe-
DEJEHNSA NACCAXKUPOB II0 BTAXKAM.

3anaua 3.25. B auwmke 2 Genbix ¥ 4 uepHwix mwapa. Oauu
3a JpYr¥M BHIHMMAlOTCA BCe MMerommecA B HeM maphl. Haittu
BEPOATHOCTb TOr'0, YTO NoCHeAHuit map 6yneT UepHEIM.

3anaua 3.26. B Teuenne naTH AHell cayyaiiHniM 06 pa3om mo-
CcTynaloT coobmeHus o GaHKPOTCTBE KaXKAOr'o U3 HNATU DaHKOB,
Ha3oBeM ux ycioBHo A,B,C,D,E. YeMy paBHa BepOATHOCTb
TOro, yro coobuenusa o GaukporcrBe GankoB A u B He cieny-
JIOT ApPYT 3a Apyrom?

3anaua 3.27. VI3 nocaenoBaTensHocTH uncen 1,2,...,n Ha-
yAa4yy Belibupalorca ABa yucia. KakoBa BEpOATHOCTb, YTO OJHO
U3 HUX MeHblie k, a npyroe Gonnwme k, rae 1 < k < n — npous-
BOJIbHOE LeJI0e YKUCI0?

3anaua 3.28. Ha maxMaTHyio gocky u3 64 kieTok cTaBATCA

Haymauy IOBe Jalbu Gejtoro u yepHoro usera. C Kakoil BepoAT-
HOCTBIO OHM He BvavT “6MTn” npyr mpyra?
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§4. TEOMETPUUYECKME BEPOSTHOCTHU

Ilycts B mpocTpaHCTBe 3aJaHa HeKoTopas ofnacTh, Ha-
IpyUMep, OTPE30K, €CIM TPOCTPAHCTBOM CJIYXKUT NpsMas, KBa-
APAT, €CJM HPOCTPAHCTBOM CIYKHUT ILIIOCKOCTb HMIM Ky6, ecau
npocTpaucTBo TpexMepHo. IlycTh peaynbTaToM sKcmepumeHTa
ABAAETCA ciay4dalinbiil BuIGop Touku u3 sto# obaactu. Ilpemro--
JIOXHM, YTO I10 KAKMM-TO COOBparkeHUAM, OGLIYHO CBA3aHHEIM C
cummerpuei amBo 0AHOPOAHOCTEIO, BEIGOD M1060i Touku obaa-
CTH paBHOBO3MOXKeH. deMy paBHEI BEDOATHOCTH COOLITHHA B Ta-
koM sxcniepuMmente? OTBET Ha BTOT BOIPOC CBA3aH C NOHATHEM
reoMeTpUUYECKUX BEPOATHOCTEM.

Ilpumep. OaHopoaHasa ONPoOBOJIOKa DaCTATMBAETCA 33 KOH-
bI. Pe3ym=’ra.'r0M BKCIIEDVMEHTA ABJIACTCA pa3pPhbIB IIDOBOJIOKM
B KaKoif-To Touke. Bcio 06/1acTh UCXOA0B BKCIIEPUMEHTA MOKHO
OTOXJECTBUTh C OTPE3KOM, PABHBLIM AJMHE IPOBOJOKH.

3ajnanuyio B npoctpaHcTBe obiacTth obo3nauumm 2. B skc-
MePUMEHTE, CBA3AHHOM CO CJYYaiHnIM BHIGOPOM TOJBKO OOHOK
TOUKM ¥3 (), MHOXKECTBO ) CHYKUT NPOCTPAHCTBOM BJIEMEHTAP-
HBIX coOnitmii. CuMBoOJIOM mes o6o3naunm Mepy JléGera B npo-
CTpPaHCTBe: AJIA NpAMON B8To0 ANMUHA, JJIIA ILNIOCKOCTH — MIIOIAIb,
ANA TpeXMepHoro npocrpancTBa — o6bveM. Cay4daiinbiMu cobrl-
TUAMU B 9TOM BKCIIEPUMEHTE MOXXHO CUMTATh Pa3JIUYHKIE I10 M-
MHOXecTBa §), AjA KOTOpHIX onpeneieHa Mepa Jlebera. Byaem
rOBOPHUTL, UTO COBRITME A HACTYIMIIO, €CH Ciy4YaliHo BHIGpaH-
Had TOYKA NpurHANICHKUT MHOKecTBY A C 2. Boszaukaer Bonpoc:
KaKas BEPOATHOCTb COOTBETCTBYeT cobritmo A7 B dpasy “Bui-
Gop moGoit Toukn 061aCTU PaBHOBO3MOXKEH” BKIAILIBAETCA Clle-
JAYIOmMiA CMBICI: MAHCH BH6PaTh TOYKM U3 JMOBLIX ABYX MHO-
KEeCTB oAuHaKoBoi MepH Jlebera paBanl Mexay coboii. Pazo-
6neM Q Ha n yacTel oauHakoBol MepHl Jlebera. IlycTs cobriTue
A TakoBO, YTO OHO LIEJTMKOM COCTOMT M3 k Taxux uacteii. To-
rJa SKCIIEPMMEHT ciydaiiHoro BrIGopa Toukd M3 {2 MOKeT OLITh
ONMCaH C MOMOMBIO Kiaccuyeckolt cxemul. Mcxonom 3xeck ciy-
KUT BRIOOD TOUKM U3 TOM MM MHOMK BELAeJIeHHOM yacTy. Beero n
PaBHOBO3MOXHbIX McX010B. IIpy 8ToM BepoATHOCTD cobbITHA A
paBHa OTHOILUEHMIO YMCJa yacTed, cocTasuaoumx A, k obmemy
4yuCcay 4yacreit, T. e. '

k __mesA

P(4) ==

n mes(’
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Cunras, ecam HeO6X0AUMO, N HPOM3BOJILHEIM M TPUMEHAN
npeAesbHBIA Nepexon IpU 11 — 00, MOMKHO IMOKA3aThL, uTo JII060-
My cobrrtmio A, niA Koroporo onpezeieHa mepa Jlebera, coor-
BETCTBYET BEPOATHOCTD

mes A
mesQ’

P(A) =

BeposaTHocTH, 3aaaHHBIe IO BTO! GopMysie, Ha3nIBAIOT reo-
MeTpHYeCKNMM. '

Cpoi#icTBa reOMeTPUUYECKUX BEPOATHOCTEN TOUHO TaKue Ke,
KaK ¥ JUIl BEPOATHOCTel B KIACCUUYECKOM OIIpEAENEHVH.

B npumepe o pa3priBe 0JHOPOAHON IIPOBOJOKA MOMKHO pac-
cMoTpeth cobutue A = {npoBojoka pasopBaJsiach Bamke K HeH-
TPy, 4eM K KoHuaM}. 3xech, UTOGH BRIUMCANThL BEPOATHOCTDL CO-
6rrTna A, MoxkHO pa3buTh NPOBOJIOKY Ha YETHIPE PABHLIE YaCTH.

CobniTnio A 0TReYaeT TOUKA. Pa3phIBa, MOABJIAIOIAACA B OJHOM
2 1

u3 aByX cpenuux vacteit. Caenoparensto, P(4) = - = -.
3anaua 1. Haynauy BRIGMpAIOTCA ABa UMCIa U3 [IPOMEXYTKaA
[0,1]. KakoBa BepoATHOCTH, YTO MX Npou3BeAeHue MeHbiue 1/27
Pemenue. CnoBo “Haynmauy”3nech 03HAaYaeT, YTO MOABIE-
Hue noGoi napul uucesn (z,y) us kaapata [0,1]x[0,1] = Q pas-
HoBo3MoxHO. MHoxecTBo A = {(z,y) € [0,1] x [0,1] : zy < 1/2}
cocTaBAAeT CaydaitHoe cOGLITME, BEPOATHOCTL KOTOPOrO HYM-
Ho Halitw., OueBuano, mes) = 1. MuoxectBo A obpasyioT Te

. - 1
TOUKM KBaJpaTa ), KOTOpLIEe JeKaT IOJ KPUBOK Yy = Py Cne-
JIOBATEJNILHO,

1
1 1. 1
mes A = 2 + / o0z = 5(1+1n2).
1/2

DTo 1 ecTh UCKOMas BEPOATHOCTD.

3anaua 2 (o Bcrpeue). IIBa yesoBeKa B TeUEHUE IPOMEKY TKa
Bpemenn [0, T| ciyuaitHbIM 06pa3oM NPUXOAAT K MECTY BCTpeun
u xayT speMa 7 < T. KakoBa BEpOATHOCTh, UTO OHM BCTpPETAT-
ca? C '

Pemenue. IlycTts £ — BpeMsa nNpuxoha NepBOro YeloBeKa, a
y — sroporo. Torxa (z,y) € [0,T] x [0,7] = Q. Nockonsky onu
NPUXOJAAT CilydaliHBIM oBpazoM, TO Bce ucxounl ) paBHOBO3-
MoxHbl. Cobritne A = {OHM BCTDETATCA} MOMKHO 3aJaTh TaK:
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A= {(z,y) € [0,T} x [0,7] : |y — z| < 7}. MHoxxecTBO A 06pa-
3yIOT Te TOYKM KBaapaTa {), KOTOPBIE JIEKAT MEXKIY HNPAMBIMHA
y=z—1uy==2a+r. Hosromy mes A = T?—(T —7)2. Ilockomnbky
mesQ) = T2, 1o

P(A):i%:l—-(l—%)2.

3anaua 3. Kakoit TOMUMHE AOKHA OLITH MOHETa paavyca
R, yTo6nl BepOATHOCTD NHadeHUA Ha pebpo 6ua pasua 1/37

Pemenme. YKakeM JMIIb Ha OCHOBHEIE MOMEHTHI PEMICHUA,
nalomero orBeT R/v/2. MoHeTy paccMaTpMBaeM KaK BIHCAaH-
Hylo B chepy. Ecam paamyc, npoBeneHHbIl u3 IeHTpa chephl
B HarnpaBJleHU#, BLIGpaHHOM HayZnady, llepeceKaeT NMOBEPXHOCTh
MOHETHI, COCTABJAIOILYIO pebpo, TO CUNTAEM, UTO MOHETa yIa-
na Ha pebpo. BeposrTHocTh magenns MoHeThl Ha pebpo paBHa
OTHOIIEHHIO TIOWAAN CHEePUUECKOTO MOACA, 3aKIIOUEHHOI0 Me-
WAY KPYTJILIMU CTOPOHAMM MOHETHI, K IJIOMAnM Chephl.

3AnAUN

3anaua 4.1. Ha naockocTh ¢ HaHecenHo# KpBanpaTHoOit cer-
KoOU co cropoHolt 4 cM GpocaroT MoHeTy paauyca 1 cm. Haitm
BEPOATHOCTh TOT'O, YTO MOHETa He MePecedyeT JIUHUU.

3anaua 4.2. B kpyr BoucaH kBajapaT. KakoBa BepoATHOCTH
TOr0, YTO TOYKa, BpPOIIEHHAA B KPYT HayAauy, OKAKETCA BHYTPU
kBazpaTa? ' '

3anaua 4.3. JIsoe ycioBUIMCH BCTPETUTHCA B ONpeleJIeH-
HOM Mecre., JIOroBOPMIIMCh, UTO Ka)KAblA M3 Hux Byaer Ha Me-
cTe BcTpeun Mexxay 13 u 14 yacamu, u npuieuuii, He 3acTaB
JpYyroro, MOAOKAET ero B Teuenue 1/4 vaca. Brruncaurs Bepo-
SITHOCTh TOT'0, YTO BCTpeua Ipousoitaer?

3anaua 4.4. Haynauy Bri6upaloT ABa UHCJa M3 IPOMEXKYTKA
[0,1]. KaxoBa BepOATHOCTHL TOI'0, UTO OAHO UMCIO BoJjee uem
BIiBO€ MeHbIIe gpyroro? :

3anaua 4.5. Haynauy BHIGMpaloT OBa UNCAA M3 IIPOMEXKYT-
ka [0, 1]. KakoBa BepOATHOCTb TOro, YTO MX CyMMa 3aKIIOUEHa

1
Mexay - u 17
3apaua 4.6, W3 npomexyTka [0, 1] Bubpanu Hayraj aAsa uu-

cna. KakoBa BepoATHOCTH, UTO UX cymma Gonslue nubo paBHa
1, a ux pasHocTh MeHbue Jubo pasHa 07
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3anaua 4.7. Ha orpeske [A, B] anvnoit | mocTasunym nayran
ase roukn L u M. Halitu BepoAaTHOCTS TOro, uro L 6yner 6au-
xe K Touke M, uem K A.

3anaua 4.8. KakoBa BEepoATHOCTb TOr0o, YTO CyMMa ABYX Ha-
yraXx B3sITHIX MOJQKUTENbHBIX YMCE, KaXKI0€e N3 KOTOPHIX MEHb-
me Jubo paBHO 1, OyaeTr MeHbpmie ubo paBHa 1, a UX npousse-

2
JeHue OyneT He Gonabine 5? ‘

3anaua 4.9. Ha oTpeske ol | Hayraa cTaBATCA ABe TOY-
KM, KoTophle pa3fuBaloT ero Ha Tpu oTpe3ka. Halitu BeposaT-
HOCTb TOTO, YTO U3 BTNX OTPE3KOB MOXKHO COCTABUTh TPEYIrOJlb-

3anaua 4.10. DIeKTPOH BRIIETAET U3 CHYUYAKHON TOUKM HUTHU
HaKaJla ¥ IBYDKETCA 1O NepneRaukyaspy K muru. C kakoi Be-
POATHOCTEIO OH cBOGOHO MpoliaeT Yepe3 CETKY, OKPYKAIOMLYIo
HUTH U MMEIOMYIO BUA BUHTOBOM nvHuUu paauyca R, TojniMHoMR
6 m mara H?

3anaua 4.11. CrnyTank 3eMiu JBWKeTCA 1o opbuTe, KoTO-
pas 3akigioyeHa Mexxy 60° ceepnoit m 60° 1o)kHON HMDOTHL
CunTas najieHme CIyTHUKAa B JIO0YI0 TOUKY IOBEPXHOCTH 3e-
MIM MEXY YKa3aHHBIMU [apPadlilesIAMIA PABHOBO3MOMXHEIM, Haii-
TH BEPOATHOCTL TOrO, YTO CHYTHMK ynaaeT Bumie 30° cesepuoii
IOAPOTEHL. :

3amaua 4.12. CTopoXXeBo¥ KaTep KypCHpyeT 110 NPOJUBY OT
omnoro Gepera no Apyroro, nepecekas Npoiaus 3a yac. Kakopa
BEPOATHOCTDb TOr0, UTO MAYINEe BAOJL NPOJKBa CyAHO 3aMeye-
HO, €CNH C KaTepa OOHAPYKUBAIOT CYQHO B CAYyYae, KOTAA KATep
TiepeceKkaeT ero Kypc He panee ueM 3a 20 MMHYT 0 mepecede-
HUA CYJHOM KYypCa KaTepa, M He No3Hee ueM uepe3 20 MUHYT
nocie nepecevenma. Jlrobolt MomeHT B moboe MeCTO nepecede-
HWSI CyJHOM KypCa PaBHOBO3MOXKHHI.

§5. YCIOBHBLIE BEPOSITHOCTH. HE3ABUCUMOCTSL COBBITUIA

PaccmorpuMm BOmpoc 0 TOM, KaK ONpeNesnTb BEPOATHOCTD
Kakoro-aubo coBuiTUss A TpU YCIOBUM, UTO YK€ OPOM3OINIIO
apyroe cobeitue B.

Haunem c mpumepa, B KOTOPOM BO3HMKaeT yYCJIOBHasl Bepo-
sitroctb. Ilycth 6pomeHa mrpanbHafs KOCTh M HaM HeM3BecTeH
pe3yJbTaT, HO M3BECTHO, YTO BHINAJO YeTHoe uucyo. Mu rxe
XOTVM, 3Hafl 8Ty UH(OPMAIMIO, MIOJCUNTATh BEPOSATHOCTD TOrO,
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YTO BHINAJO YMcIo Goubure Tpex. Toraa peub MaeT o6 yciaoB-
Hol BepoATHOCTH cobriTmA A = {BrmaJo uncio Gosbmre Tpex}
[Op¥ YCJIOBMM, 4TO Hpousouao cobritme B = {Bhmajio yeTHOe
umcso}. Ham yxe usecTHo, uyro BrmaJto aubo 2, mmbo 4, ambo
6 0YKOB, M BCe BTHU MCXOAKLl paBHOBO3MOXKHK. Cpeny aTUX UCXO0-
J0B coBRITMIO A yOOBJIETBOPAIOT Juilb Ucxonbl 4 u 6. IlosTomMy

2
yCJIOBHOﬁ BEPOSITHOCTBIO €CTECTBEHHO CUMTATh OTHOLUIEHNE 5

BeposaTHocTs cobritia A NpM YCIOBHMM, YTO IPOM3OLIIO CO-
6nTue B, Ha3mIBaeTCA yCJIOBHOM BEpPOATHOCTBLIO M 0b6o3HaUa-
erca P(A|B).

Y CI0BHYI0 BEpPOATHOCTL MHEl OyAeM paccMaTpuBaTh -JIMIIb
JULSL TaKUX COOnITUiA B, BEpOATHOCTh HACTYIIEHNA KOTOPHIX OT-
NuuHa OT HYJNA. Bonpoc 06 yClIOBHEIX BEpOATHOCTAX A COBRI-
TH#, UMEIOMUX HYJIEBYIO BEPOATHOCTL TOXKE MMEET CMEICJH, HO
€ro M3ydeHue BHIXOIAT 33 PAMKM BJIEMEHTAPHOTO Kypca.

Onpenemm ycaosanie BepoaTHocT P(A|B) mina cxemsl, ko-
ria BCe MCXOJAb PaBHOBO3MOMKHEL IlycTek {2 — mpocTpaHCTBO
BiieMeHTapHbIX cobprTuii. Ilockonbky M3BecTHO, 4TO cobriTMe B
NpOM30ILI0, TO BYyAEM paccMaTpUBaTbh TOJBLKO T€ dJIeMEHTap-
HbIE UCXOAKI, KOTOpHIE cocTaBiAT coburrme B. Paccmorpum
HOBOE IPOCTPAHCTBO BJIEMEHTAPHHIX cobmituii ; = B. Bribe-
PEM MHOXECTBO MCXOH0B U3 A, koTopsle BXoAaT B B, u o6o03Ha-
yuMm ero A;. Ouesuano A; = AB. 3a yclnoBHYIO BEPOATHOCTh
P(A|B) ecTecTBeHHO B3ATH BEPOATHOCTD COBLITUA A1 npu ycio-
'BMM, YTO PaCCMaTPUBAIOTCA TOJLKO COBLITUA, COMEPKAIMUECH B
B. Uemy paBua pTa BepoATHOCTH? MBI CHOBa 0Ka3ajuch B paM-
KaX “KJIaCCUUECKOU cXeMbl”, TOJBLKO AJIA HOBOTO MPOCTPAHCTBA
BJIeMeHTapHLIX cobbiTnit §2;. [TosToMy ®Ta BepoSTHOCTL paBHA
card A;/ card Q;. CaenoBaTesnsHo,

card Ay __ cardA;/cardQ _ P(AB)
cardQy cardQy /cardQ . P(B) ’

P(A|B) =

DTo CcooTHOIIEHMe oOIlpaBALIBAEeT Ccliefyiollee (GopmalibHoe
onpej/leieHNe YCIOBHOU BEPOATHOCTH.

Onpenenenue 1. YcaosHOI BepOATHOCTBIO COBHITUA A
Ipy ycaoBuM, uto npousouo cobuitue B ¢ P(B) # 0, nasmBa-
erca uncno P(A|B), koropoe onpenensierca popMmyoi

P(AB)

P(AIB) = 3750
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K Takomy e ompeXxeneHyio Mul npuiaeM, ecau bByzem pac-
CMAaTpHUBATh I'€OMETPUUYECKHUE BEPOATHOCTH. DTO U HE yIUBM-
TEJIbHO, [IOCKOJBLKY 1P ONIpedeIEHUA FeOMETPUUECKUX BEpOAT-
HOCTEX MBI UCNONB30BANM MOAXO0M, OCHOBAHHLIA Ha “Kilaccuue-
ckoii cxeme” .

B cuny Toro, 4to ycioBHaA BEPOATHOCTh — 8TO 0bbnluHaA Be-
POATHOCTH, HO JIMIIb Ha §oJlee Y3KOM IIPOCTPAHCTBE BJIeMeH1ap-
HEIX cobBITHMIA, TO A/ Hee cipaBeMBHI BCe CBoMcTBa 0GRIYHOIM
BEPOATHOCTH.

CroiicTBa yCJIOBHELIX BEPOSTHOCTEM.

1) P(Q|B) = 1; 2) P(2|B) = 0; 3o P4B)g1

4) ecn A C C, to P(A|B) £ P(C|B);

5)P(A|B) = 1~ P(A|B);

6) (dopmyna ciaoxeHMA YCHAOBHHEIX BEPOATHOCTENH) AudA
mobuix coburtuii A u C

P(A + C|B) = P(A|B) + P(C|B) - P(AC|B);

7) (dpopmyna yMHOMCHUA Bepo:rrnocmeu) I8 nobrix co-
6Tt Au B

P(AB) = P(B)P(A|B) = P(A)P(B|A).
STta dopMyna ABAAETCA HENOCPEACTBEHHHIM ClE€ICTBUEM OII-
peJieIeHN YCIOBHOW BEPOATHOCTH.
8) (o6bmasr ¢popmysa yMHOKEHUA BEPOATHOCTENR) A4 JIO-
6nix cobmituit Ay, Ay, ..., A,

P(A1A2 .- An) =
= P(Al)P(A2|A])P(A3IA1A2) . P(AnlAlAz A -An—l)~

DTy GopMyily MOMKHO HMOJYUHUTH, IPUMEHSAA II0CIIEeNOBATENb-
Ho.n —'1 pa3 dopmyny ymHOxeHuA BepoaTHocTel 7). HeiicTBu-
TeJibHO, noJjarag A = A,,,B = A1Az...Ap_1 v npumensasn T),
noJjiy4yaem

P(A1A2 . An) = P(A1A2 .o .An_x)P(AnlAlAz .o .A"_l).

@_’I‘O PaBEHCTBO CHOpaBe€AJINBO ONfA N106BIX 7, NIOBTOMY MOXXHO
NIPDOOOIKUTD. IIEIIOUKY pa.Bei-iCTB

P(A142... Ay ):
=P(A14s.. . An_9)P(An_1|A1A2. . Ay _2)P(An|A1A2 .. . Any)=
:P(Al)P(AglAl) . ( n—1 |A1A2. .. n_z)P(An 'AlAg e An—l)-
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3anaua 1. B amuke m Geabix m n 4yepHuix mapos. [Iapal
TIATeNbHO NepeMemansl. Hayauy BEIHMMAIOTCA Cpa3y ABa lia-
pa. Kakosa BeposarTHOoCTh TOro, 4to oba mapa Gennie?

Pemenne (panee (§3) mannaa sagaya pemanace Apyrum
cnoco6om). Baars apa mapa cpa3ly uam cHauaja B3ATh OIUH
wap, a [IOTOM ApPYro#f ~ ®T0 OJHO U TO Ke, Belb PYKY MOXK-
HO He BRIHMMaTb M3 JIMKa, Koraa GepeTcA oAMH ap, a 3a-
‘reM apyroit. Cobritua {o6a mwapa 6envie} u {1-ik map Gemasrit
U 2-it map 6euntit} cosmanaror. IlosToMy HOCTATOYHO BBHIYM-
CIUTh BEPOATHOCTL BTOPOr0 COBBITUA, KOTOPOE HPEACTABMMO

B Buiae npoussesenua cobwituit A = {1-it map Genmii}, B =
{2-i wap Geamii}. Ouesnano, P(A) = m:‘_n Kpome Toro,
P(B|A) = #;1_1, MOCKOJIbKY, €CJI cobBbITME A mpousouio,

TO B AIUVKe Yy»Ke ocTaJjcd m+n — 1 wap, cpeau koTopeix m — 1

6eJbIX, U BEPOATHOCTH CHOBA BLIHYTb Oejblif map Gyner paB-
m -1 )
Ha ————. Tenepnb Bocnosnn3yeMcsa Gopmyiol npon3BeeHnsa
m -
BEepOATHOCTEN:

m(m ~ 1)
(m+n)(m+n-1)

P(oba Gennie) = P(AB) = P(A)P(B|4) =

© '3anaua 2. Bpocaior Tpu urpanshbie koctu. KakoBa peposr-
HOCTB TOrO, YTO XOTA Obl Ha OJHON M3 HMX BBHIIAAET HIeCTEpKa,
€CJIM Ha BCEX TPEX KOCTAX BRINAJNW pa3Hble uncaa? - '
Pewenue. Onpenemum cobuitma A = {xota 6nl Ha oOx-
HOlt M3 Tpex KocTeli BmmaJjia mecTepka} u B = {na Tpex xo-
CTAX BRIMAJU pasHule uxcia}. HaM Hy>kHO BhIuMcaurts BeposAT-
nHocte P(A|B). Ilas eroro Bocnoib3yeMcf cBoiicTBoM §), mo-
ckonbKy BepoarHocth P(A|B) Bmuncauts nerde. Bymem paa-
JIMYATE KOCTM, HAIpUMEp, CUMTAA MX OKpAIEHHLIMM B pa3HLle
usera. Ilo TeopeMe 4 §1 umcio paznuunpix KoMBuHanmit um-
cenl Ha Tpex Kocrax pasHo 6 -6 -6 = 216. Uncnao xombusxa-
LM pasHbIX YMCEN Ha TPEX KOCTAX PABHO YUCHY pa3MelieHuit
n3 6 saementoB mo 3, 1. e. A3. Mu Gepem A}, a me C2, no-
CKOJIbKY MBI pazmuuaeM Koctu. Toraa P(B) = A2/216. Cobur-
Te AB 03HauaeT, YTO Ha TPeX KOCTAX BBINAJNM Pa3HEIE UMCIA
M HET HM OJHOM MecTepKH. AHANOTMYHO NpEAbIAYIIEMY, UMe-
em P(AB) = A2/216. Tlo onpenesenuio yCIOBHOM BepOATHOCTM

P(A|B) = P(AB)/P(B) = A}/A% = Z:i =3

Ilo cBoiicTBy 5)
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OKoHuaTesbHO monydaem P(A|B) =1 — % = %
Onpenenenue 2. Cobrrtne A HasblBaeTCA HE3ARMCUMEIM
ot cobrrtua B ¢ P(B) # 0, ecim P(4]|B) = P(A), 1. e. Bepoaz-
HOCTb HACTYTeHUA cobhITUA A He 3aBUCUT OT TOTO, IPOU3OILIO
cobriTne B maM Her. _
Ipumep. Ilycrs npu 6pocanmmu wurpasbHo?t koctu A =

{Brmano uucao menbwe Tpex}, B = {BrmaJo yerHoe uMcio}.

Hockoubky A = {1,2}, a B ={2,4,6}, To P(A) = ln P(A|B) =

3
P(AB) _1/6 1
=== = €H0BATENHHO, CO
P(B) 2= 3 CnenosarenbHo, cobriTe A He 3aBUCUT OT

coburtusa B.

Jlemma 1 (o B3zammMmHOU HesaBucmMocTu cobwuiTmit). Ecau
cobumue A ne sasucum om B npu P(A) # 0,P(B) # 0, mo u
cobuwmue B ne zasucum om A.

llorkasatenbcrBo. Ucnoansys ceoiicTBo 7), nomyunm

P(A|B)P(B) _ P(A)P(B)
P(4) T~ P(4)

P(B|A) = = P(B),

U, cienoBaTelNbHo, cobuiTie B He 3aBucUT oT A.
Takum o6pa3om, cobrmtua A u B He 3aBHCAT Apyr OT JApyra.
IIpu aT0M cornacuo csodcTBy T)

P(AB) = P(A|B)P(B) = P(A)P(B).

DT0 paBesCTBO NMO3BOJIAET JaTh CleAyIoNiee onpeieleHue He-
3aBUCHMMOCTY COBGBITUIA, CUMMETPUYHOE IO OTHOIIEHHIO K COBHI-
T™MAM A U B u npuMenMMoe K coBhITUAM HYyJIeBOJ BEPOATHOCTH.

Onpeaenenue 3. Cobuitua A u B Ha3LIBAIOTCA HEe3aBH-
CAMBIMY, €CHU

P(AB) = P(A)P(B).

D10 omnpenenenvie yAOOHO TEM, UTO €ro JIETKO MOXKHO pac-
MPOCTPaHUTh Ha COBOKYIIHOCTb HECKOJBKUX COBGKITUIA.

Onpenenenue 4. Cobwitua A;, A, ..., A, Ha3mBaloTCA
HE3aBUCUMBIMM B COBOKYIHOCTU, €CIM JUIA mioboro Habopa
unaercos 1 <1 < Iy < --- < Iz € n BBITONHsETCA PABEHCTBO

P(A, A . Ay)=P(A)P(AL)...P(AL).
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Onpenenenune 5. Coburua Ay, A, ..., A, HasuBawTcA
nonapeO HesaBucmmeimn, ecau P(A;A;) = P(A;)P(A;) ana
mobrx ap i,j,1 i< j<n

3ameuanne 1. 3 nonapHoit HezaBucUMOCTH coBurTnii A;, As,

..An-1, A, He cllenyeT He3aBUCHMOCTb BTHUX COBLITMIL B COBO-
KYIHOCTH.

Y6eauMcA B CIpaBeUIUBOCTHA DTOrO 3aMeYaHUsA Ha IpUMepe
6pocanua ABYX wrpaibHRX Kocreil. Onperenaum Tpu cobniThs
cnenylomumM obpaszom: A={HeueTHoe UMCIO Ha MepBOil KocTH};
B = {neuerHoe uncno Ha Bropoit koctn}; C = {HeueTHas cym-
Mma}. [Ipumensns teopemy 4 §1 o uncie KoMBuHauMit AA8 ABYX
rpynmn, uMeem:

3 1 3-343:3 1
P(A) = (B) 6_ = 5; P(C) = T = —2-;
- 1 3-3 1

Taxum 06pa3oM, BTH TPU COGLITMA MonapHO He3aBUCUMEL. Ox-
Hako ABC = @ u, caenoparensto, P(ABC) = 0, a 10 o3Haua-
€T, UTO BEPOATHOCTH MpousBeaekua ABC He pasHa NpouaBee-
"o BepoatHoctell P(A)P(B)P(C) = %.

3anmaua 3. oka3ark, uTo ecnu cobuitma A, B u C Hesa-
BUCUMEI B COBOKYMHOCTH, To cobuitua A, B, C Tawke HeaaBucH-
MEI B COBOKYTIHOCTH, ¥ HE3ABUCHUMKI B COBOKYITHOCTU COOBITUA
A B, C.

Pemenue. IposepuM cHayaia, YTO BEPOATHOCTh IIPOU3BE-
nenua cobmruit A, B,C pacnaiaeTcs B Npoy3BeleHMe BepOAT-
Hoctel. [Ipumenns cnenctene 3 § 3, monyuum

P(ABC) = P(AB(Q — C)) = P(AB — ABC) =
= P(AB) - P(ABC) = P(A(Q — B)) - P(A(Q — B)C) =
=P(A) - P(AB) - P(AC)+ P(ABC) =
=P(A) - P(A)P(B) - P(AP(C)Y+ P(AP(BYP(C) =
= P(4)(1 - P(B))(1 - P(C)) = P(4A)P(B)P(D).
Teneps Hy»HO y6eaqUThCA, UTO IUIA [IPOU3BEAECHMIA MOBLIX. nap

cobnituit, T. €. nnsa AB, AC v BC BepoATHOCTEL ToXe pachnaga--
eTCH B pousBeneHue BeposarHocTeil. HleiicTBuTeabHO

P(AB) = P(A) - P(AB) = P(A)P(B),
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P(AC) = P(A) — P(AC) = P(A)P(C).

IIpumennan 11-oe cBolicTBO onepauuii Hax cobprTuaAMy U fopmy-
Iy CJIOKEeHVSA BEPOATHOCTEMN, MONYUYHUM

P(BO)=P(B+C)=1-P(B+C) =
=1-P(B)-P(C)+ P(BC) =
= (1-P(B))(1 - P(C)) = P(B)P(C).

AHaNorn4yHo MOMXHO N0Ka3aTh HE3aBUCUMMOCTb B COBOKYITHO-
cti cobuituit A, B, C.

3anaua 4. lokasath, yro ecau cobuitna A, B u C Heszasn-
CUMEI B COBOKYMHOCTH, TO cobmtua A — B, C He3aBMCHMEI, a
TaKke He3aBUCUMEI cobritua A+ B, C.

Pemenne. Bocnonnsyemca npeasiaymmMu pe3yabTaTaMg 1
BOCLMEIM CcBolicTBOM onepatmit Haa cobrrnamu. Toraa

P((A - B)C) = P(ABC) = P(A)P(B)P(C) =

= P(AB)P(C) = P(A - B)P(C).

HezaBucumocts cobmrtuit A + B, C Takike HECHOXKHO AOKa-
3aTh.

IlpuBeneHHrle B 3aauyax yTBEP)KIECHHA CBUAETEILCTBYIOT B
[HOoNb3y CJenyIomero (pakTa, KOTOPHIA Mbl chopmynmpyem Ges
N0Ka3aTebCTBA.

Ilycth n He3aBHCMMBIX B COBOKYHHOCTHU coObITUI pa3buTnl Ha
k rpynn, He comepxammx obmmx cobuituit, k < n. Han cobu-
TUAMMN BHYTPU KaXKA0M I'pyNbl NPON3BENEHs! J1106LIe onepaimn:
CIIOYKEHUHA, YMHOMEHNA, BEIUNTAHUA U T. A. Toraa nonyumsime-
CA B pe3ynbTaTe k HOBHIX cobHITMIA ByayT TOXKe HE3aABMCHUMBIMMU
B COBOKYIHOCTHU.

9ToT PaKT OTBEYAET HAIIMM WHTYUTUBHLIM IpeICTaBJEeHMUAM
O HE3aBUCUMOCTM.

3AHAUU

3anaua 5.1. U3 konoasl B 52 KapThl BHITACKUBAETCA OJ-
na. 3aBucuMRE UaM HeT cobutya A = {BumiTamen Ty3} m B =
{BbITaineHa KapTa KpacHol MactH}?
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Peumth Ty ke 3aiayy, HO C Kojolo# B 54 kaprh (B KoJloay
NoBaBNeHnl ABa KOKEPA, KAXKALIA U3 KOTODRIX HE UMEET LBeTa
¥ He ABJIAETCA TY30M).

3anaua 5.2. [lycts cobbrtua A u By He3aBUCUMBI U HE3aBU-
CUMEBI Takke cobritud A u By, npu satom B; By = &. lloka3aTh,
yro cobnTnA A u B; 4+ By He3aBUCUMEI,

3anaua 5.3. Bpouiennl nocaenosareasHo Tpu MoHeThl. Ornipe-
JeJIUTh, 3aBUCHMBI MIIM HE3aBUCUMEI COBLITHA:

A = {Bomanene “rep6a”Ha neppoid Monere};

B = {srninanenue xota 6u1 onuoih “pemkn”}.

3anaua 5.4. Oanospemenno Gpocalor apa Ky6uka (tmdps 1,

2,...,6). Plsaecmuo YTO BHINAJIa CyMMa OYKOB, paBHaA BOChMM.
KakoBa BepoOATHOCTb TOTO, YTO BHINAJM 3 1 57

3anaua 5.5. KakoBa BeposTHOCTh Hpu GpocaHuM HBYX Ky-
6MKOB NOJIYUMTH YETHYIO CYMMY npu yCJI0BMHM, UTO XOTA 6bI Ha
OJAHOM BhINajlo 6 ouKoB.

3anaua 5.6. B ypHe 9 6esinix wapoB u 1 depHbiit map. Boiny-
. M cpaay TpM wapa. KakoBa BEpoATHOCTb TOrO, Yro BCE 11aphl
Gennle?

3anaua 5.7. VI3 konoapl B 36 KapT oAHy 3a ApYroi BHITACKU-
BaloT 2 KapThl. KakoBa BeposiTHOCTh, UTO.CPEeaN HUX JABA Ty3a?

3anaua 5.8. VI3 konoan B 36 KapT 04Hy 3a APYroif BHITaEKU-
BaloT TpM KapThl. KakoBa BEpOATHOCTBL TOrO, UTO IEPBOIA Kap--
Tolhi 6yneT Ty3, BTOpPOii — KOpPOJbL, TpeTbel — nama? :

3anaua 5.9. Byxsu cnosa INIOKOJNEHHME semucann Ha
KapToukax. Haynrauy BRIHMMAIOT ONHY KapTOUKY 3a ApPYyroid u
YKA2AKBAIOT No nopAaky. Haiitu BepoAaTHOCTH TOrO, UTO nojay-
uutca cnoso IIOJIE.

3anaua 5.10. B aByx sAmmkax HaXoAATCA WADHLI, OTAUYAIO-
yecHd TOJNBKO LIBETOM, IPUUYEM B IIePBOM ypHe 5 GeJibIX mapos,
11 yepunix ¥ 8 KpacHBEIX, a BO BTopoli cooTBeTcTBeHHO 10, 8 1
6. N3 kaskaoro AlMKa Haygady M3BJIEKAETCA IO OAHOMY mapy.
KakoBa BeposATHOCTb, uTO 06a mapa oaHoro usera?

3amaua 5.11. [Ba cTpeika I0OYEpPeaHO CTPEAAIOT MO MU-
MeHV RO MEPBOro MONaAaHKA KaxawiM crpenkoM. Ilpu karknom
BBICTPEJi€ BEPOATHOCTD NONAAAHNA IJIA IEPBOrO CTPEJiKa paBHA
0.2, a ansa Broporo pasHa 0.3. Haiitu BeposTHOCTBL TOrO0, UTO
[IEPBLIA CTPENIOK cleflaeT Boiblie BHICTPENOB, YeM BTOPOM.

3anaua 5.12. [TapTus u3 cra geraJeil noasepraerci Bhibo-
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POYHOMY KOHTPOJIO. Y CJIOBAEM HENPUIOMHOCTU BCeM NapTvu
ABJIgETCA HaJWuMe XoTA Owl onHolt GpakoBaHHOU neranu cpe-
AV NATU NpoBepsaeMbiXx. KakoBa BepoATHOCTh AJA AAHHONU Tap-
TUU OLITh HENPUHATOM, ecnu oHa coxepxuT 5% 6paKoBaHHLIX
neradei?

§ 6. OBIIEE ONPEAEJEHUE BEPOATHOCTHU

Ilo cux nop MHl pacCMaTPUBAJIM TaKue NPUMEDH] CIYUYaHHBIX
BKCIIEPUMEHTOB, B KOTOPBIX BCE MCXOALI GHIINA PaBHOBO3MOKHEI.
OHako MU MHOTMX BKCIIEPUMEHTOB UCXOIKI HEe ABJIAIOTCA PaB-
HoBo3aMoxueiMK. [Ipusenem npocroit npumep.

IIpumep. Ilycts ecTh omHOpoAHaA NpoBoJIOKa ANMHOME 1
METP C HECKOJbKAMM Y3JIaMM, Hallpumep, ¢ TpeMmsa. Toraa Mmmu
He MOXXEM CUUTATh, UTO NPA PACTAKEHUM IPOBOJIOKU 33 KOHILI
BEPOATHOCThL pa3pLIBa B y3iie 6yAeT Tako e, KaK U B 0CTallb-
HbIX TOYKaX TPOBOJOKU. BepoATHee Bcero mposoJjioka 6Gynmer
pBaThcA B y3aax. IlycTh Bce y3/IH OAVIHAKOBLI, B BEPOATHOCTh
Pa3phbiBa B KayKIOM M3 HUX PABHA MOJOMUTEILHOMY YUCIY D,
TakoMy, uto p < 1/3, NOCKONBKY BEPOSATHOCTL BCEX MCXOIOB
HOJDKHA ObITh paBHOW eaunAwWne. Pa3phiBBI B OCTANBLHEIX TOY-
KaxX BBUAY ONHOPOJHOCTHU NPOBOJIOKA PaBHOBO3MOXHEI, TIO®TO-
MY BEPOATHOCTbL pa3puiBa B A — MHOMeCTBe TOYEK IPOBOJIO-
KM, He COAEepyKALEM y3ihl, J0DKHA OBITh MPOIOPIMOHANbHA €TI0
IJViHe, T. e. IponopuMoHaibHa mes A. OTcC0na JErKO MOHATH,
YTO eCJIM MHOXECTBO A He CONEPMUT Y3Mbl, TO €CTECTBEHHO I1O-
noxuth P(A) = (1 — 3p)mes A, ecimt A colepxuT oAuH y3el,
To P(A) = (1 — 3p)mes A + p, eciu A coneputT nBa yana, To
P(A) = (1 —3p)mes A + 2p, u eciu A ConepKUT TpU y3Ja, TO
P(A) = (1 — 3p) mes A + 3p.

B 5T0M npuMepe Mbl BCTPETHIIACH CO CMEMIAHHOM CATyalMel,
B KOTOPO#l y4yacTBYIOT KaK r€OMETPUYECKUAE BEPOATHOCTH, TAK
Y BEPOATHOCTH, OTBEYAIOHINE KJIACCUUECKO! cxeMe. DTO OCTaA-
TOYHO MpocTol mpuMep. B ciioxkHBIX TpUMepax HEBO3MOYKHO BHI-
MUCaTh ABHblE GOPMYJKI AJSI BEPOATHOCTEH NPOU3BONLHLIX CO-
OBITHIA, 01HAKO MOXKHO CpOoPMYyIUPOBaATH oblUMe CBOCTBA, NpU-
cyHmi¥e BEPOATHOCTAM JIOOHIX COOBITHIA.

Iepeitaem K M3y4YeHUIO OCHOB TEOPUM BEPOATHOCTEH B 0B1eM
cayvae KEcTecTBEHHO OXUAATL, YTO OHU BYAYT yUMTHIBATHL BCE
M3BECTHbIE HAM PE3YJbTATHI AJiA YaCTHRIX CHYYaeB.
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Mycts Q — Npou3BoALHOE MHOXXECTBO, TIPUPOJA BJIEMEHTOB
KOTOPOT'0 HaM COBeplieHHo Ge3paznvuna. OHO MOXKeET GHIThL KaK
CUETHBIM, TaK ¥ HecuyeTHbiM. I[lpearmosoxum, yto 2 sABIseT-
CAl IPOCTPAHCTBOM BCEX 3JIEMEHTAPHBIX MCXOIOB JJIfi KaKOro-
HUOY b CJIy4aiHOTO SKCHEPUMEHTA, KAXKIOMY DPe3yJbTaTy KO-
TOPOro COOTBETCTBYeT POBHO OJHAa Touka 13 {), a pa3HLM pe-
3yAbTaTaM OTBEUAIOT pasHble TOYKU. Briaenum HekoTopyio co-
BOKYIIHOCTh IToAMHOXKeCTB §2, 0603naunm ee A. MuoxecTpa n3
A 6ynem TpakToBaTh Kak caydaiinble cobwitma. EcTecTtBeHHO
notTpeboBarh, YTO6LI COBLITUA, TONYUEHHRIE U3 A B pesynbrate
paccMoTpeHHEIX Hamu Bhuue (B § 2) onepawwii Hax coBuiTuaAMM,
CHOBa NpuHaANexaau 6o A. DTo, KOHeUHO, HaJaraeT Ha COBO-
KYITHOCTb MHOECTB A HeKoTOphle YCIOBUA, YTO TIPUBOAUT HAC
K CJHEAYIOUIMM HIKe onpefeliieHuaM anrebprl u o-aarebpui co-
GhITHNA.

Onpeneanenue 1. CoBokynuoctTs A NOAMHOMKECTB MHOMKE-
ctBa {) Ha3blBaeTCA AAreOpoOM, ecliM BHITOAHEHH! ClEAyoIlUe
ycaosua: 1) Q€ A; 2) eemm Ac AnBeEA 10 A+ BeA;
3)ecim A€ A, o A€ A.

Ipumep. Ilycrs @ = [0,1). Torna va otpeske [0,1) Bce
MHOM€eCTBa, COCTOANIME U3 KOHEUHOTO YUCJIa WHTEPBAJOB BUIA
[a,b), o6pasyior anre6py.

Oxka3snBaercs, yro yciaosuit 1) — 3) nocrarouno ana roro,
yrobw npyrue omepamvm Hax cobnituamm uia A He BHBOIUAU
611 Hac 3a npedest ainrebpef A. DTO BEITEKAET U3 CIIeAYIOUIErO
yTBEepXKIACHNS.

Ilpennoxenue 1. IOycms A - aazebpa. Toz0a o) & € A; 6)
ecat A€ AuB €A moAB € A; 8) ecau A€ AuB € A,

moA—B €A 2 ecan A€ A l=1,2,...,n, m0 Y, A1 € A; u
I=1

IT A € A.

i=1

Hoxka3zaTenbcTBo. a) B cuny ycnoswmii 1), 3) umeem & =
=Qe€ A

6) Io ceoiictBy 10) §2 AB = A + B, u, cneaosaTebHo,
AB = AB = A+ B. Cornacro yciosmio 3) A € A B € A,
a Torma no yciaosuwo 2) A+ B € A. CroBa BocHONb30BaBIMCE

ycnosuem 3), umeem A + B € A, a o10 1 o3nauaer, uto AB € A.
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B) B CHJy OUpeJeNEeHUA Pa3HOCTH cobuTuii A — B = AB.
Corunacho ycnosuio 3) B € A u no cpoiictey 6) AB € A.

r) IlepBoe BKIIOUEHME yCTaHABIMBAETCA C IIOMOUBIO MHOIO-
KpaTHoro npumenenus yciosus 2) Ecim A;+A; € Au Az € A,
To no ycaosuio 2) Bumoanserca (A + Az) + A3 € A n 1. &
Bropoe BrIIOUEHNE YCTaHABJIMBAETCHA aHAJOTMUHO C MOMOUILIO
MHOTOKPATHOrO NpuUMeHeHwsA . cBoiictBa 6). Ecau A1A; € A n
A3 € A, 1o no cBoiicTBy 6) (AlAg)Aa EAn 1 1

W3 npeanokenns 1 clienyer, 4To 1060é KOHEUHOE UMUCJIIO M3~
BECTHBLIX HaM onepanmit Hal cobertuamu u3 A He BHIBOOMT 32
npenenan anre6prl. OaHAKO NPpM PACCMOTPEHMHM MHOTMX 3adad
“TEOPHM BEPOATHOCTEN NMPUXOIUTCA UMETH JAeJo u ¢ Beckoneu-
HLIM YWNCJIOM OIlEpaLiviii.

Mpumep. [IycTs BKCIEPUMEHT COCTOMT B NOCHEIOBATENALHOM
6pocanum mouernl. Hac uHTepecyer cobuitue A = {xoTs 6nl
oaud pa3 Buimada rep6}. Onpexemum cobritua A; = {B nepsnie
k — 1 6pocaunii BrInaJia pelIeTKa, a npu k-M 6pocaHnM BeINaJl

. o0
rep6}, k =1,2,.... Torza sicao, uto A= ), A;.

k=1
Ilnsa Toro, urobsr MOXHO GHIIO paccMaTpUBaTh BECKOHeUHOoe

yucyio onepaumii HaX CoBLITMAMU, HEOGXOAMMO YCUIUTEL Orpa-
HUUEeHud, HajiaraeMmole Ha aire6py .A.

Onpenenernue 2. CoBoKynHOCTL MHOKeCTB A Ha3nBaeTcs
o-anreBpoil, ecny BRINOJIHEHH yciosus 1), 3) U3 onpeneieHUA

asrebpu u 2') ecin A € A,1=1,2,..., 10 EA;EA

Ycnosue 2') cunbHee, yeMm 2), nocxonbxy ua 2') BriTekaer 2).
HeiictBuTrensno, nycts A; € A u Ay € A. ITonosknm A; = @ npu
00

1 > 3. Toraa A; + A2 = ), A, nockonbKy RobGaBiAA B CyMMy
=1

HeBO3MOXKHble cOBLITUA &, MBI HUYero He MeHseM. Teneps u3
yciaosus 2') oueBunHo cneayer 2).

) 0 __
Ucnonvsys ycnosue 3) m pasenctso [][ A = Y, A;, aerko
=1 =1
y6eauThCA B CIPABEIMBOCTH CIEAYIOMWETO YTBEPMKACHUA.

Npenaoxenue 2. Mycms A — o-anzebpa. Toz0a, ecau A

Al=1,2.., mo ] A€ A

=1

TakuM o6pa3oM, cueTHOe 4YMCAO onepauuii CyMMHpPOBaHUA
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WA TIEPEMHOKEHUA COORITMIA He BHIBOAMT 32 Hpeneisl  o-
2JrebpHhl. '

Cobrityam u3 o-aareGpul A CONOCTaBAAIOTCA UX BEPOATHO-
ctu. Bua ABHBIX GopMyJ1, KOHEUHO, 3aBUCUT OT KOHKpPETHOIi 3a-
Jaul, OAHAKO M B oflieil cUTyalm MOXHO CHOPMYJIMPOBATHL
€CTECTBEHHBIE aKCHOMBI Y1 BHIBECTH HEKOTODBIE CBOMCTBA BEpoO-
ATHOCTeiA, KOTOpEIe BYAYT BLIIONHATLCA JJIA BCEX YACTHBIX CNy-
YaeB.

Onpenenenue 3. Ecan kaskiaomy mMHoxecTBy n3 A cono-
CTaBJIEHO HEKOTOPOE UMCHO, TO GyAeM roBOpUTh, uro Ha A 3a-
JaHa QYHKOMA MHOMKECTB.

Onpenenenune 4. BepoATHOCTHIO HA3LIBAETCHA (YHKLMA
MHOXeCTB, 3alaHHaf Ha o-aarebpe A noamvuoxects u3 2 n yno-
BJIETBODAIOIAA CIELYIOIWNM yCIOBIAM:

1) P(A) > 0 ana mobGoro A € A;

2y P =1;

3) ecim cobmTua Ay, Aj,... NIONAPHO HECOBMECTHH, T. €.
AjAj = @ ana mobux i # j, 10

P (2 a) = g; P(A).

Ycnosua 1),2'),3) B onpenenennn o-aare6put A u ycnoeua
1), 2), 3) B ompeneneHMM BEPOATHOCTH COCTABJAIT AKCHMO-
MEL Teopuu BepoaTHocreis. Tpoitka (Q, A, P), ynonerpopsio-
IAA STUM AKCHMOMAM, HA3LIBAETCH BEPOATHOCTHEIM HPOCTPaH-~
crBoM. OcTaibHble, y)Ke XOPOIIO M3BECTHLIE HaM 1o §3, cBoii-
CTBa BEPOATHOCTH BHIBOAATCA W3 akcuoM. B §3 Mu BhBeau
BT CBORCTBa, ONMPAACH HAa KIACCUYECKOE OINpelelleHhe Bepo-
SITHOCTY JUIAl Clly4¥ad KOHEUHOTO YMCJIa MCXOI0B BKCIEPUMEHTA.
3aech MBI BHIBEIEM BTH CBOWCTBA, MCXOAA M3 AKCHOM TEOPHUM
BepoATHOCTEN.

CgoiicTBa BepoaTHOCTEM.

1) P@Q) = 1.

DTo cBOMCTBO BXOAWUT B ONpeAesIeHME BEPOATHOCTH.

2) P(e)=0.
00
JHeticteurennno, no akcuome 3) P(@ + Y A;)) = P(@)+
I=1

oo 00 [e2]
+ Y. P(A) u P(Y 4) =) P(4). Kpome Toro,
=1 =1 =1 o
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o0 o) .
@+ 5> A= Y A, nosToMy neBble YACTH BTUX PABEHCTB CO-
=1 =1
pnajaioT. OTcioa cleayeT COBNaAeHME NMPABHIX YacTell U BhI-
noJiHeHue TpebyeMoro cBoiicTBa.

Cuencraue 1. Ecau cobwmus A, u Ay necosmecmnnr, mo

STo yTBepkKIeHME BHITEKAET U3 CBolicTBa 2) M akcuomnl 3),
€CNY B HEM MOJNIOXUTh A3z = @, Ay = &,

Cuencremue 2. Ecau cobwmus Al = 1,...,n, - nonapno ne-
coamecmudl, m. e. AjA; = @ dax awbuz i# j, mo

P (Iz:; A,) = Iz:; P(A).

3) ecim A C B, 1o P(A) < P(B).

BOCHOJ‘IbByeMCﬂ TeM, yto B = (B — A) + A npu A C B. Tlo-
CKOJIbKY CObhITHA B — A ¥ A HECOBMECTHE!I, TO, IIPUMEHAA Cllel-
crBue 1 u axcuomy 1), moayuum P(B) = P(B — A) + P(4) >
P(A). .
4) 0 < P(A) <1 ana moboro cobuitua A.

9710 CBOMCTBO BHIIOJHAETICA B CUNY CBoiicTBa 3) U aKCHUOM
1), 2).

5) P(A) =1 - P(A).

Hockonbky cobuitua A u A HecoBMecTHHI M Q = A + A, 1O
1 =P(Q) = P(A+ A) = P(A) + P(4).

6) (popmyana cioxeHNA BepOATHOCTEM) MIA NOBKIX COBHI-
it Au B

P(4 + B) = P(A) + P(B) - P(AB).

Hoxa3zaTenbctBo. CnpaBeMMBH Clelyiolye NpeacTa-
Baenun: A+ B = A+(B—A), rie cobutua A u B— A Hecobmect-
Hel; B = AB + (B — A), rae cobutna AB u B — A HeCOBMECTHHL.
TloaTomy B cpmy caencrsus 1 umeem P(A+B) = P(A)+P(B—-A)
n P(B) = P(AB)+P(B—A). Uckinoyas U3 eTUX ABYX PaBEHCTB
P(B — A), nonyunM ¢popMyily CHOMKeHUA BEPOATHOCTEN.
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Caencreue 3. Jax awbnz cobumudt Ar,l=1,2,...,n,

P (}f: A) < z": P(A).
1=1 i=1

Ina n = 2 sTa onenka cienyer u3 cpodictsa 6). Torma mua
TPOU3BOJBHOIO 7 > 2 MOMKHO HaNucaTh

n—

p(324) <P(3 ) + P(4n).
=1 : 1 ’

1=

Ilna olEHKM BEPOATHOCTHM CyMMHI 7 — 1 COBBITHIA CHOBa MOM-
HO BOCIIOJIb30BaThC TaKoM ke oueHKo#, u T. A. B pesynbrare
NONYyYUM TPeOYEMYIO OUEHKY.

6') (obmas dopmyaa cIOokeBUA BEPOARTHOCTEM) ANA JIO-
6u1x cobrtuit A;,1 =1,2,...,n,

P(3A) = Yo P(A) - TP
=1 =1 I<j

+ E P(A(AjAk) R (—1)"—1]? (ﬁfh).
=1

i<k

DTy GOPMYJIY MOMKHO BHIBECTH U3 GopMYJH 6) ¢ moMoIlIbI0 Me-
ToAa MaTeMaTudeckol muaykuwm. HykHo nonoxuts A + As +
«o 4+ Ap-1 = A, A, = B, Bocnosn3loBathcd popmyioil 6) u mina
n — 1 cnaraeMpix IpUMeHRUTH 06mYyI0 GOPMYNy CJIOMXKEHUA BEPO-
ATHOCTEM, P e ATOJIONKUB, YTO oHa BepHa. Iloapobuo npoaeraem
oTo aumms auda n = 3. JIBaxau npuMenas Gopmyay 6), umeem
P(Al + A + Aa) = P(A1 + Az) + P(Aa) - P((A1 + Az)Aa) =
= P(A1) + P(Ag) - P(A]_Az) + P(A3) - P(AlAa + A2A3).
Ina nocnemdero cinaraeMoro, CHoBa npumeHas dopmyay 6),

 MOJyYUM

P(A1A3 + A2A3) = P(A1A3) + P(AzAa) — P(A1A3A2A3). .
YunthBad, uro AjAzAs Az = A3 A A3z ¥ moAcTaBAAA BTO BRIpa-
’KeHie B HpeAblAyInyo ¢opMy1y, OKOHJATENbHO BYIEM MMETh

P(A; + As + A3) = P(A;) + P(A2) + P(A3)~
— P(A1A2) — P(A1 Aa) - P(AzAa) + P(A1A2A3).
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7) cBolicTBa HENPepPLIBHOCTHU:

00
ecan A C A, C A3 C ..., 10 lim P(4,) = P( 3 A,,);

k=1
(2]

ccnn 4D 43D 43D ..., 10 lim P(4n) = P([] Ar).
n-—00 k=1

HoxkazareabcTBo. llockoabky Ax_1 C A, TO

ZAI: = Z(Ak ~ Ag-1),

k=1

rae Ag = @, ¥ coburtua Ay — Ap—1, k=1,2,... nonapuo Heco-
BmecTHul. Torga mo Tperbheil akCHMoOMe BEpOATHOCTH

P(YA) = Y P4~ Arr) = lim 3 P(Ax — Apoy) =
k=1 k=1 k=1

= lim i(P(Ak)—P(Ak_l)) = lim (P(A4n)-P(2)) = lim P(A,).
k=1

Ioxaxem BTOopoe cBoiicTBO HenpepsiBHOCTH. Ilockoabky A1
D Ag, 10 Ap_1 C A, ¥ Ho NepBOMYy CBOHCTBY HelpephIBHOCTH

oo

i, 2 =2 ($5) =»({] ).
k=1

k=1

Mocneanee paBeHCTBO cpaBeANMBO B cuiy ceolictBa 12/) §2
(n = 00). Ilepexoas K AOMOJHNTENLHLIM BEPOATHOCTAM, IOJIY-
yaeM

lim (1 - P(4y))=1- P(ﬁ A),

a 3TO U €CTh BTOpOE cBoiicTBO HENPpEPLIBHOCTH.

Jlemma 1. Iycms cobumus Q, maxoswt, ¥mo P(Qy) =1 das
a16020 namypaavnozo m. Toz0a

P(ﬁﬂm)zl
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HdokasarenbcTBo. [Ipumennan coifcrso 12') §2'u caexn-
cTIBUE 3, MONYyUMM

o<p(fl ) =p(2"j ) < ﬁjp(ﬁm) =0,

rak kak P(Q,) = 1 - P(Q,) = 0. Ilo natomy cBoiicTBy Be-

n

posaTHocTel P(H Qm) = 1. Hockoneky upm k& = 1,2,...
=i

k=1 g

IT @ O [l ©m, T0o o BTOpOoMy CBOMCTIBY HeNpepHIBHOCTH

m=1 m=1
BEPOATHOCTU OKOHUATEJBHO IMEEM

(e o] n
P(}':[1 Q,,,) = lim P(mH=1 Q,,,),: 1.

ITo aHanormy C. KIACCUYECKUM CIYYAEM JAJMM CJeAyiolee
onpexelieHNe yCIOBHOM BEPOATHOCTH.

Onpenenenue 5. YciaosHoMk BEepOATHOCTHIO cObrITHA A
npu ycroBuM, YTo npousomno cobrurre B ¢ P(B) # 0, HasuBa-
erca uucio P(A|B), kotopoe onpenensercs dpopmynoi
P(AB)

P(B) °

P(A|B) =

Hcnonbayda eTo onpeseneHne U CBOACTBA BEPOATHOCTH, He-
CNOXHO yGeIUThCA, UTO YCI0BHAA BEPOATHOCTb 06manaer BCe-
MM CBOCTBAMYU BEPOATHOCTH.

CroiicTBa yCIOBHBX BEPOATHOCTEIA.

1) P(Q|B)=1; 2)P(2|B)=0; 3)0<P(4|B)<1.

DTu cBO#CTBA ClleyIOT HEMOCPEACTBEHHO U3 ONPENEeHUA.

4) eciu A C C, 1o P(A|B) < P(C|B).

HeiictBnrensro, us A C C caenyer AB C CB, u no Tpe-
Themy cBoificTBy BeposarHocteit P(AB) < P(CB). Iloneaus ato0
HepaBeHCTBO Ha P(B) ¥ IpMMeHMB onpeliejieHHe yCIOBHOM Be-
POSATHOCTH, HOJlyuuM TpebyeMoe yTBepKAeHUE:

5) P(A|B) = 1 - P(A|B).

D710 CBOWCTBO ABJISETCA CAEACTBMEM LENOYKM PABEHCTB:

| = B(®B) _ P((A+4)B) _
P(B) P(B)
_ P(AB+AB) _ P(AB)+ P(AB)
- P(B) - P(B)

= P(A|B) + P(A|B).
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6) (dopmyna ciOMeHMA YCAOBHHIX BEPOSTHOCTEN) Ui
NI068IX cobuituit A u C

P(4+C|B) = P(4|B) + P(C|B) ~ P(AC|B).

HdoxkaszarenbctTBo. [IpuMenan (popmyny CIIOXKEHUA 0OBIU-
HBIX Bepox'mocreﬁ UMeeM

P((A+ C)B) = P(AB + CB) = P(AB) + P(CB) — P(ACB).

Ilogenus neBylo m mpaBylo 4YacTH 8TOro paBeHcTBa Ha P(B),
noayuuMm dpopmyiy 6). :

7) (popmyna yMBOMEHHA BEPOATHOCTEM) 1A JIOOHIX CO-
6rituit A m B

P(AB) = P(A)P(B|A) = P(B)P(A|B).

®dopMyna HEIOCPEACTBEHHO ClielyeT U3 oTlpe/ieiieHNA yCIOBHOM)
BEPOATHOCTH.

8) (oGwas popMyna yMHOKECHUA BEPOATHOCTEM) IJid JIO-
6rIX cobuiTuit Ay, Aa,..., A,

P(A14y...Ay) =
= P(A)P(A2]A1)P(A3]A147) .. . P(An|A1 A ... An_y).

Brsoz a1oit popMyan u3 dopmyisl 7) 6un ocymectsien B § 5.

CoxpaHAIOTCA B CHJle BCE CBA3aHHLIE C HE3ABMCHMOCTLIO CO-
6rTuit onpenesnerma, chopMyaupoBanHrie B § 5.

BoabmmmcTBo 3aja4, KOTOphHIe BO3HMKAlOT B TEOpUM Be-
poATHOCTEN, CBA3aHO, NO-CYMECTBY, C IEPECUETOM BEPOATHO-
creit. Hy)xno noacumTaTh BepOATHOCTL, BO3HUKAIOMYIO B KaKOM-
mbyne cioksoll MoAemM, KOrJa BEpPOATHOCTH, OTBEYAIOINME
IIPOCTEIM KOMIIOHEHTaM BTo#f Moaenw, n3BecTHE. IIpn BTOM Hac
He MHTEepecyeT TPUPOJa BO3HUKHOBEHMS BTHX BJIEMEHTapHEIX
BeposiTHocTel. IX Bemmumua MoXkeT GHITH IMoJIyueHa U3 coobpa~
>kenuli, CBA3AaHHHX C CUMMETpMEN M OXHOPOIHOCTLIO, MJM .MX
npubmKeHHOe 3HAUYEHUEe MOXKeT BLITh BLIYMCIEHO C HOMOINBIO
METOJOB MaTEeMaTNYECKOH CTATUCTUKM.

Paccmorpum oaHy 3axady, pelreHMe KOTOPOH OnMpaeTcs Ha
TIOJIy YEHHBIE BhINIEe 00Iue CBOHCTBa BepOSTHOCTEN.
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3anaua 1 (0 pacuere HaJEXHOCTH BJIEKTPUUECKUX Hemeit).
IIycts ecThb HeKOTOpaA lielb BJIEMEHTOB, COEIVHEHHRIX TIoCJe-
J0BaTeJbHO ¥ NapajienbHo. Hanpumep, nenb BUAa

Puc. 3

Hycts usBecTHO, UTO BIEMEHT | BLIXOAUT U3 CTPOA (IIPOMCXOIAT
Pa3pLIB LHEMM B 9TOM BJIEMEHTE) C BEPOATHOCTRIO p;. EcrecTBeH-
HO TaKXe NMPEeNONOKNATh, YTO BCE BJIEMEHTH! BHIXOAAT U3 CTPOA
HE3aBUCHMO APYT OT Apyra. KakoBa BEpOATHOCTb TOr'O, YTO BCA
Lenb BHIAAET M3 cTpod, T. €. yepe3 Hee He moiiaeT TOK?

Pemenune. CHayalla HYXXHO pPaCcCUATATh BEPOATHOCTU OT-
Ka3a pJjieMeHTapHEIX leneil, 1. e. nenel suna

— 3 1 4

1) 2)

Puc. 4
Beenem cobntus A; = {Brixoa us crpos snementa l}. To-
raa P(A;) = p. DuemenrapHas uens Buaa 1) BHIXOAUT M3

crpos, Koraa cobmitma A; M A; HacTymaioT 0AHOBPEMEHHO.
CuenoBatensto, P(uens 1) Buixoaur us crpos) = P(A14;) =
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P(A1)P(A2) = pip2. DleMeHTapHadA LeNb BUA2 2) BRIXOAUT U3
cTpod, Korja HacTynaer aubo cobuirue As, mubo A4. ITosTomy
P(uens 2) Beixoaur u3 crpos) = P(Az+ Ay) = P(A3)+P(A4) -
P(A3A4) = ps + pa — paps. Hamy crnosuyio nems MoxHO ynpo-
CTUTHL C NOMOINBIO YKPYITHEHUA. DTO 03HAUAET, UTO MbI BJIEMEH-
TapHble LENM PacCMATPUBAEM KaK HOBHIE BJIEMEHTH (OHM Bhi-
JesleHbl Ha puc. 4 OYHKTUPHO! AvHMel), BEPOATHOCTH OTKa3a
KOTOPHIX MbI y)Ke 3HaeM: 8T0 P; = p1pa u Py = ps + ps — paps.
Ho ynpomennas nens 6yxer cHoBa BuAa 1), ¥ BEpOATHOCTDb €€
oTka3a Gyner paBHa PP = p1pa(ps + ps — papa).

MeTon0M NOCNENOBATENLHOT'O YKPYIHEHUA CXEM MOXKHO pac-
CUMTHIBATb BEPOATHOCTH OTKa3a JIOOKIX 1enei, eCau BEPOATHO-
CTU OTKAa30B BJIEMEHTOB M3BECTHHI.

3anaua 2 (o pasopenun urpoka). PaccMorpum urpy B “op-
JAAHKY” , KOorjxa Wrpok BrIGMpaeTr “repb6”mmm “pemerky”, nocne
yero 6pocaerca MoHeTa. Ecau BrilagaeT CTOpPOHA MOHETHI, Ha-
3BaHHAd UTDOKOM, TO OH BHIMI'DEIBaeT, Noxydada 1 py6.; B mpo-
' THBHOM CJIy4ae CTOJIbKO ke mnpourphiBaer. IlycThs HauambHEIA
KaIMATaJl UI'POKa COCTaBiseT £ py6. M Urpok crasur cebe ue-
JIbI0 JOBECTU €ro JO HEKOTOPOH cyMmul 8 py0., Goubiel ueMm
z py6. Urpa npoxoimxaeTca A0 TeX mop, noka Nubo UTrpox Ha-
GepeT 3apaHee onpelelieHHYI0O CyMMy 8, 6o pasopurcs, Opo-
UrpaB Bech MMelolIuiics y Hero Kamurald. KakoBa BepoATHOCTB
TOro, YTo Mrpok pasopurcA? :

Pemenue. BeeaeM coburtia:

H, = {Urpok BLMrpan Ha TepBoM Imare},
H, = {urpok npourpai Ha NépBoM mare},
A = {urpox pasopurcs, UMes HayaNbHEIA KanuTax z py6.}.

O6o03naunm uepes p; = P(A) uckomylo sepoarrocts. Que-
BHIHO, BTa BEPOATHOCTH ONpeaeieHa A aoboro ueioro z,

0 <z < swuoueBunno pg=1,p, =0.

MocKoneKy MoHeTa cuMMeTpuuHa, To P(H;) = P(H,) = %
Ecim nacrynaer cobritue Hy, TO KarudTal UCpoKa ctad T + 1,
a ecnu HacTynaeT cobuitie Hy, To KanuTam urpoka ctaa z — 1.
Ilocne 2TOro MOMHO CUNTaTh, UTO UI'pa HAUWNHAETCA CHOBA, U
cornacHo npunaToMy o6osnauenmio P(A|H)) = py41, P(A|H3) =
= pz—1, nae ¢ — moboe uncio 1 Lz s~ 1. » i

Mockonnky A = AQ = A(Hy + H2) = AH; + AH2 m cobuitus
H; n Hy HecoBMeCTHHI, TO 110 GOpMYJie CIOMEHUT BEpOATHOCTEM
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P(A) = P(AH,)+ P(AH,). lIpumenasa ¢opMyay YMHOKEHUA Be-
poATHOCTEM, MONyUnM

P(4) = P(Hy)P(A|H:) + P(Ha)P(A|H)).

9710 B cuay NpUHATHIX obo3HaueHuit maeT cieayiomee pekyp-
PEHTHOE ypaBHeHWE IS BEPOATHOCTH Py Py = ';'P:+1 + -;—'p_.,_._l,

1 < £ £ s—1. U3BecTHO, YTO pELIEHUEM BTOrO ypPAaBHEHNA ABJSA-
€TCsl TONLKO snHeltHan GyHRUMA py = €1 + c2z, ThE €1, — OpO-
M3BOJIbHEIE KOB () OUIMEHTHL. DTN KoB(PGUIMEHTE MOXKHO OlIpexe-
JINTh, NOJACTABJIfAA B BRIDaXKEHNE A p, 3HaueHuA z =0 u z = s
M NOJb3yfACh TPAHMYHBIMM yclIoBUAMU pg = 1,p, = 0. I/IMleeM

¢y = 1,¢ey + e25 = 0. Orxyna cueayert, uto ¢; = l,e2 = - n,

3Ha.qm1‘,p,=1-——:-,0<:cgs.

3AJAUM

3anaua 6.1. JIsoe 6pocaloT MoHeTy. BHIUrprIBaeT TOT, Yy KO-
ro nepporo Bumager rep6. HaliTu BepoATHOCTH BRI PBLILA LA
KX JA0r0. ‘

3amaua 6.2. [IpuGop coaepuT deTnipe yana: Ay, As, As, Ag.

Y3en Ay nybnupyer A;, a Ay ay6ampyer Aa. llpu otkase npo-
MCXOAMT aBTOMATHUYECKOoe mepekimouenue. HanexxHocts nepe-
KJIOYaloIRero ycrpoiicrBa paBHa p. HanexsocTs B Teuenue 3a-
JAHHOTO BpEeMEHN KayXKAOro M3 y3JIoB paBHa p;,1 = 1,2,3,4. Bu-
YUCHATh HaJeKHOCThL Npubopa.

3anaua 6.3. BepoATHOoCTh XO0TA BRI OMHOIO NONAKAHNUA B MU~
el Npy TpeX BricTpenax pasHa (0.875. Halitm BepoATHOCTH
nonaaaHusA NPy 0XHOM BHICTDEIIE.

3anaua 6.4. Jas Toro, yTobn CBUTH CaMOJIET AOCTATOUHO
OJHOrO NonagaHuA. BhINO cleslaHO TPU BHICTPEJNa C BEPOATHO-
ctamu noitagauna 0.1, 0.2 u 0.4 coorBetrcTBenHo. KakoBa Bepo-
ATHOCTH TOI'0, UTO caMoJieT cBur?

3anaua 6.5. Il1a Toro, YTo6sl paspyLMTL MOCT, HYXHO IIO-
naxaHue He MeHee AByX 6om6. HeaaBucumo cbpocuam Tpu Gom-
6m1 ¢ BeposaTHocTamu monaxanud 0.1, 0.3 u 0.4. KakoBa Bepo-
ATHOCTb, UTO MOCT pa3pyumeH?

3anaua 6.6. PaccuuTaTh BepoATHOCTh O0TKa3a 1enu (He MAET
TOK),



54 TEOPUA BEPOATHOCTEN

T V{5 {5+
R S S—

Puc. 5

e p; — BEPOATHOCTH OTKa3a ¢-TO BAEMEHTA.
3anaua 6.7. PaccunraTh BEpOATHOCTh 0TKa3a Lenu (He nie
TOK), :

Puc. 6

rae p; — BEDOATHOCTb OTKA3a -0 DIEMEHTA.
3anaua 6.8. Kakopa BepOATHOCTE TOTO, UTO IP¥ MHOTOKPAT-
HoM §pocanny UrpaasHoll KoCTH mieCcTepKa BUePBHE BRITIAAET Ha
yerBepTOM Gpocke? '
3anaua 6.9. KakoBa BEpOATHOCTS TOr'o, YTO PH MHOTOKPAT-
HOM GpocaHuM NpaBUILHOU MOHETH rep6 BIepBhie BhUIAZET Ha
yeTHOM 6pocke?

§ 7. POPMYIIA IOJIHOY BEPOATHOCTH U 20PMYIA BaMECA

IIpu pemeHMy BepOATHOCTHRIX 33234 YaCTO BO3HMKAET Cle-
Aylomas cUTyarmaA. Bce mpocTpaHCTBO BileMeHTaPHEIX coORITHi
MOXKHO pa3buTh Ha coBHITHA, He coAepykamue obmux MCXoxoB,
TEM CAMBIM BHELAEJNAETCA I'DYNNa HECGBMECTHRIX COORITHHA, KOTO-
phl€ B COBOKYITHOCTH COCTABJIAIOT A0CTOBEpHOe cobritie. [lycTs
M3BECTHO, KakuM 0Bpa30M BRIAMCINTEL YCJIOBHYIO BEPOATHOCTH
HDU YCIOBMM, YTO TO WMJIM MHOE COBRITHE M3 3TOil TpyIIKI mpo-
wsouwno. IlycTs, KpoMe Toro, ACHO KaK BLIUUCIUTE BEPOATHO-
CcTH caMuX cobrITHIY, BXOJANMX B BTy rpynny. B TakoMm caydyae
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OUEHB [OJIE3HBIM OKA3LIBAETCA PE3YJLTAT, NOIYyUMBIMY Ha3Ba-
HUe “hpopMyna nmoNHON BepoATHOCTH . '
Onpenenenue 1. Habop cobmruit Hy, Hs,...,H, Ha3m-
BAETCA MOAHOM rpynmoM coOLITMM, €CIM OHM IMONAapHO HeCco-
BMECTHHI ¥ MX CYMMa COCTaBJiAeT HOCTOBEpHoe cobniTue:

Hy+Hy+ -+ Hp =

Teopema 1 ($popmyna noaxoik sepoarnoctn). Hyemy H, [=
1,2,...,n, - noanas 2pynna cobumud, u P(H;) > 0. Tozda dax aw0-
6020 cobumus A

Ty

P(A) =Y P(H)P(A|H).
=1

HokasaTenbcTBo. B cuny cpoiicts onepauuit HaXx cobu-
TuaMu (§2) .

A=AQ=A(H1+H2+-“+H")=AH1+AH2+"-+AH,;.

.Hockonbky cobritma H; monapHo HeCOBMECTHEI, TO ¥ COBHITUSA
AH; Toxe nonapHo .HecoBmecTHH. Torma B cuny caeacrsusa 2

§6

P(A) = P(AH, + AHy + -+ AH,)) = Xn: P(AH,).

=1

Tenepsb, npumenas k craraeMuiM P(AH]) ¢popmyny ymHOxeHUs
BepoaTHocte#t (§ 6),

P(AH)) = P(H;)P(A[H)),

[IOJYYNM YTBEDKIEHUE TEOPEMEL.

3anaua 1. ITycth B xopobke ecTh 3 HOBHX M 3 yXKe UCNOJbL-
30BaHHEIX TEHHMCHBIX Maua. Jlna nepBoil urpnl Haynauy GepyT
M3 KOpPob6KM 2 MAYa ¥ 3aTeM MX Bo3BpamaloT B Kopobky. Kako-
Ba BEPOATHOCTb JJA BTOpO#i WMrphl M3 aTo# KopoOku Hayaauy
BHIHYTh JBa HOBHIX MAua?

Pemenue. Beenem cobrmitne A = {BLHYTh ABa HOBRIX MA-
4Ya JuiA BTOpo# wurpni}. Curyaims nepes BTOPOH Urpoi OmMCHI-
BaeTCA CIEAYIONMMM B3a¥MOMCKIIOUAIOIMMI BO3MOXKHOCTAMM:
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Hj = {B xopo0Ke TpM HOBLIX MAYa}, eci¥ B NepBH# pa3 urpa-
au aByMmsa ctapuivm Msadamu, Hy = {B kopobke 2 HoBuix Msaya},
ecnu Wrpainyv OJHUM CTapBIM U oaHuM HOBEIM, H; = {B kopoGke
1 OB} MaA4Y}, ecnu Wrpanv ABYMA HoBmMY Madamu. Cobul-
Tns Hi, Hy, Hg cocTaBAMIOT IMOJNHYIO Tpynny cobhITHil, Tak Kak
OHH HECOBMECTHLI M B CYMMe COCTaBJAIOT BCE BO3MOMHEIE HCXO-
sl. Mlenonb3ya kom6unaTopHele gopMmyssl, noayuum P(Hs) =
C2/C? = 1/5,P(H;) = 3-3/C2% = 3/5,P(H,) = C%/C2 = 1/5.
Hanee umeem P(A|Hg) = C3/C¢ = 1/5,P(A|H;) = 1/C¢ =
= 1/15,P(A|H1) = 0. Teneps, Ucnoan3dyda GopMmyiy noiHol Be-
poATHOCTU, Haltnem
1 3 1 1 1 2
PA) =3 0+5 m+s 5= 5
B pamkax cuTyaimm, KoTopasi 6ulla olMcaHa B Haualje Ta-
parpada, MOXKHO OTBETUTb M Ha ciaeAylomwuit Bompoc. ITyctn
U3BECTHO, YTO NPOM30III0 HekoTopoe cobmirue. Kakopa Bepo-
ATHOCTb TOTO, YTO NPU BTOM PEAJIU3OBAJIOCH TO MIM MHOE CO-
GLITHE U3 BEIIeJeHHol noMHoM rpymmel cobuituit? OTBer Ha BTOT
BOIPOC JlaeT CJeLYIOIMil pe3yanTart.

Teopema 2 (popmyuna Baitteca). Ilfyems dans nosanas zpyn-
na cobwmuil Hy, Hs,..., H, u nexomopoe cobmmue A. Tozde 0an
awbozo k = 1,2,...,n ycaosnad sepoamuocms cobwwmus H; npu
ycaoeun, ¥mo cobwmue A npousowso, 3adaemcs popmyaoil

P(H)P(A|Hy)
Yims P(H)P(A[H))
IdoxazaTeubctTBo. B cuny onpenenenun yciosHoii Bepo-
ATHOCTHU P(Hk|A) = P(HyA)/P(A). Cornacro ¢popmyie ymHo-
*eHuA BepoaTHoctel (§6) mmeem P(HA) = P(Hy)P(A|Hy).

CienoBaTesnnHo,

P(Hi|A) =

P(Hk)P(Al}Ik)‘

P(Hx|4) = P(A)

Noncraenaa ciona supaxenne miua P(A) u3 dopmyns nosHoH
BEpOATHOCTH, moayuuM dopmyny Baiieca.

3anaua 2. /IBa 0XOTHUKA OJHOBPEMEHHO M HE3ABUCUMO CTpe-
nsoT B KabaHa. M3BecTHO, UTO MepBLIA MONANAET ¢ BEPOATHO-
creio 0.8, a Bropoit — 0.4. KaBan y6ur, n B HeM oGHapy»:eHa
oaxa nynda. Kak nenurb kaGana?
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Penmenne. HaubBonee ecrecTBeHHRIM ABIAETCA CHeRyIOLMA
TIpVHLIMN AeJieHns. JleauTs cieayeT IpoNopUMOHAJLHO yCAOB-
HLIM BEPOSTHOCTAM MONANAHMS KaKAOTO IpM YCJIOBMM, UTO B
kabane uMeercsa oxuna nynsa. Jeso B ToOM, uTO NpHU HeorpaHu-
ueHHOM (X0Tf Bhf M MBICJEHHOM) IOBTOPEHMH ONUCAHHOH CH-
TYAlUK YacToTa, C KOTOpOoi 6yneT Ko6UBATHCA yCcHexa Kamanid
u3 cTpenxoB, BymeT CEMLKATHCA C COOTBETCTBYIONER ycaoBHOU
BepogTHOCTBIO. [IycTh A = {B Kabaue umeercs omua nyns}. Ka-
Ky10 BHIGpaTh nonHyio rpynny coburuit? BriGepeMm takue cobnl-
tun: Hop = {He nonan mm nepswiif, Hu Bropoii}, H1o = {nomaxn
niepBhIi, He monan BTopoii}, Hpy = {He moman nepsmnii, momax
BTOpOit}, Hyy = {monan mepBwi, monay sropoit}. Ham nyx-
HO HalTU BEpPOATHOCTHU P(H10|A) b P(HmlA). QueBnano, 4ro
P(A|Hoo) = 0,P(A|H10) = 1,P(A|Ho1) = 1,P(A[Hy;) = 0. Tlo-
CKOJIBKY OXOTHUKH CTPENAIOT He3aBUCUMO APYT OT APYyra, TO MO
¢dhopMyJsie YMHOXKeHUA BepoATHOCTelH

P(H1o) = P(nonan neppuit)P(ne nonan sropoii) =0.8-0.6 =0.48,
P(Ho1) = P(ue nmonman nepsuii)P(nonan sropo#t) =0.2:0.4 = 0.08.
Hpumennas dopmyny Baileca, monyunm

048 6
0.48+0.08 7’

0.08 1

P(Hio|4) = 048+008 7"

P(Hp|A) =
Taxum o6pasoM, meppoMy cienyeT oTAaTh 6 moseit u3 7, a BTO-
poMy — oaHy.

3ANAUKN

3anaua 7.1. B nepBoM aAmuke 3 6enwiXx n 8 YepHRIX 111aPOB, BO
BTOpOM — 6 Gennix u 5 yepunix. VI3 nepBoro Bo BTopo# Haygauy
TiepesoXKUIM oauH wap. Kakosa Terneps BEpOATHOCTb BHIHYTh M3
NEepBOro AUMKA YepHEIA map?

3anaua 7.2. B auuke 3 Genabix u 7 yepnnix mapos. Oauu mwap
BRIHYNIM HayAady U OTIONMAU B cropoHy. Clenywomuii Hayran
BhIHYTHIA m1ap okasaicsa 6eabiM. Kakosa BeposatHocTs TOro, 4ro
OTJNOMeHHHH map 6611 Genpim?

3amaua 7.3. Ectb ueThipe Kybuka ¢ nudpamu 1,2,...,6 Ha
TpaHAX W OJHA NpaBUlbHaA nupamMuaxa ¢ wppamu 1,2,3,4 Ha
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rpauax. Hayran Bei6panu npeamer ¥ 6pocnim. Brmasna mmdpa
4. KakoBa BEPOSTHOCTD TOI0, YTO B3AJM KyGMK?

3anaua 7.4. Ects 10 cuMMeTpHUHEIX MOHET, 8 HOpPMAJILHEIX,
a Ha ABYX rep6 Haxoaurcs ¢ obeux cropoH. Haynauy BaaTasa
MoHeTa GpocaeTcsi TpH pa3a. Ha.nm BEPOATHOCTb TOTO, YTO
BEIOIAAYT TpM repba.

3anaga 7.5. U3 npenaaunarnu norepeﬁuux 6UJIETOB UEThI-
pe BRIATPRINHEIX. KakoBa BEpOATHOCTh BHITAHYThH BLIVI PRIIMHEIA
6uner, eciM neper BTUM HAYAA4y BHRITSHYJIM ABa Gunera?

3anaua 7.6. U3 aBenamaru sorepeiinnix 6uireToB IATH BRI~
WTPLIOTHEIX. BUMIETH BRITATUBAIOT 10 ogHOMY Ge3 Bo3BpalneHus.
KaxoBa BepOATHOCTE TOro, YT0 BO BTOPOH pa3 BHITAHYT BHI-
MrphImHEERt Guster?

3anaua 7.7. I3 asenamiaTv AoTepeiinsix 6UneToB NATH BH-
WTDHIIHLIX. BHiIeThl BRITATMBAIOT N0 OMHOMY 6€3 BO3BpalleHMA.
Bo BTOpo#i pa3 6L BHITAHYT BEIKTpHINHLIA 6uner. Kakosa Be-
POATHOCTH TOr0, YTO ¥ B NepBLIf pa3 GblJ BHITAHYT BHIMIpEILI-
HuIl 6uner?

3anmaua 7.8. Uncno rpy3oBbIXx MallMH, NPOE3KAIOIMMNX MUMO
6GEH30KONOHKN, OTHOCUTCA K UWMCJIY JIETKOBLIX MamWH Kak 3:2.
BepoATHOCTH TOrO0, YTO rpy3oBad MammHa OyHeTr 3alpaBilAThb-
cd, paBHa 0.1, a Toro, uro 6ymer 3anpaBaATLCA JerkoBada — 0.2.
Y OGen3oKoJOHKM 3ampaBisierca MammHa. HaliTn BepoATHOCTH
TOro, YTO0 BTO I'py30Bad MallWHA.

3amaua 7.9. Ha puc. 7 nso6pakeHa cxema JOpOr.

Puc. 7

TypucTh Bemnay u3 myskta O, BH6upas Hayral Ha pa3seT-
BJIEHNYM JOPOr OJVH U3 BO3MOXHKIX MyTel (M3MeHATH HallpaBJe-
Hue bonee uem Ha 90° Hennan). KakoBa BepodTHOCTIH TOro, UTO
OHM NONALYyT B NMyHKT A?
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3anaua 7.10. Tpu oxoTHVKAa OJHOBPEMEHHO M He3aBHCHMO
crpenswT B kabana. M3BectHo, uTe nepBhIif momaxaer ¢ Bepo-
satHocThio 0.8, BTOopOl — 0.4, a Tpetnii — 0.2. Ka6an y6ur, u B
HeM obHapyskeHn! ABe mynn. Kax geanrts xabaua?

§ 8. IOCAENOBATENBHBIE NCTILITAHMUA (cxEMA BEPHYIIM)

Cxema Bepuysnm onuchiBaeT SKCHePHMMEHTH cO ciaydyalk-
HEIM MCXOJIOM, 3aKIIOYAIOHIMECA B cleRyiomeMm. llpopoasarca n
MOC/EXOBATENLHAX He3aBUCHUMEIX OJAHHAKOBHIX BKCIIEPUMEHTORB
(vcnprranumii), B KOXKAOM U3 KOTODKIX BBLACIAEICA OHHO M TO-
we cobpiTiie A, KOTOpOEe MOMKET HACIYIMTh WM He HACTYNUTh
B xone srcnepumenta. [long HeaaBMCHMEBIMM TIOHMMAIOTCA Ta-
Kue BKCIIEPMMEHTLI, B KOTOPHIX JIo6hie COBRITUA, BO3HUKaoLIMe
B Pa3HHIX SKCHEPUMEHTAX, ABJMOTCA HE3ABMCHMBIMM B COBOKYTI-
HoctH. Tax Kak NCIEITaHMA OAWHAKOBAI, TO B JI060M M3 HUX CO-
6riTve A HacTynaeT ¢ 0AMHAKOBOM BEPOATHOCTBIO, 0603HAUMM
ee p = P(A). Bepoarnocts nonosmurebHoro cobuitua obosna-
uum g. Torma ¢ = P(A) = 1 —p. Hacrynnenue coburtua A obery-
HO Ha3KBAIOT YCIIEXOM, a HeHacTynideHMe — Heynaueil.

Hpumep 1. CummeTpudnas oaHOPOAHAA MOHeTa. bpocaercs
10 pa3. B xasxaom u3 Gpocanuii Hac MHTepecyeT cobuiTue A =
{Boman rep6}. 3aecnh 10 ncnmranuit, 1 Tak KaK MOHeTa CUMMe-
TpUuHA ¥ oJHOpPOAHA, 10 p = P(A) = 1/2, ¢ = P(4) = 1/2.

IIpmMmep 2. UrpannHasa kocTh bBpocaerca Tpu pa3a. Ilpu
kaxxaoMm 6pocanum Hac wHTepecyer cobuite A = {Bunmnaia
mecTepxa}. 34ech TPU MCILITAHUA, M MOCKOJNBKY KyGMK CuM-
MeTpHUUeH ¥ oJHOponeH, To p = P(A4) = 1/6, ¢ = P(A) = 5/6.

Teopema 1 (popmysna Bepmyaam). Obosnavum P,(m) =
= P(cobnmue A wacmynuro m pas 8 n ucnumanusz). Tozda

P,(m) =Clp™¢" ™. (8.1)

- Iloka3zaTeabcTBO. IIpoHyMepyeM HCHLITAaHUA UWCIaAMU
ot 1 no n. OBosnauum A; = {Hactynnenue A B I-M ncnniranmn}.
ficho, uro P(A;) = p,P(4)) = 1 —p = ¢, u coburrua Al =
1,2,...,n, He3aBUCUMH B coBOoKynHocTH. 11 Toro, urobul npo-
ACHWTH CYThb JOKA3aTEJNbCTBA, PACCMOTPHAM CHauajla KOHKpET-
HBIA cnyyaid, korna n = 3, m = 2. MoxkHO HanmcaTh cleaylollee
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npefcTaBieHye AIA MHTEPECYIOLIEro HAC CoBLITUA: {A nacrynu-
7o 2 pa3a B TpexX UCTLITAHUAX } = Ay As Az + A AzAs + AL Az As.
Uucino ciaraeMelx 3nech paBHo CZ = 3, uro paBHO uMCHy
" BoamoxkHocTelt BnIGparh ABa uyucia cpemd Tpex uucea 1,2,3
6e3 yueTa mopsaka. DTO COOTBEICTBYeT BHIGOpYy map HoOMe-
pos ucnusrramuit {1,2}, {1,3},{2, 3}, B koTopuix nactymaet cobui-
tue A. Ocrapmuiica HoMep oTBouTCA cobuiTuio A. Cnaraemsre
A142A_3 , A1 A3 A3, A1 Ay A3 HECOBMECTHBI, TaK KaK HE MOMXKET, Ha-
npyMep, HACTYNAThL ¥ OXHOBPEMEHHO He HacTynaTb coburtme A
B TpeTheM McruTanyu. Kamxpoe ciaraemoe ABAercs npousse-
NeHueM He3aBUCHMMEIX cobrrtuii. IlosToMy, npumenas dopmyry
CNOMKEHUA IJIA HECOBMECTHHIX COGLITUI M GOopMyy YMHOKEHUA
I HEe3aBUCUMBIX COBRITH, monyuaem

P(A) = P(A1A273) + P(A1 A3 A3) + P(A; A2 As)
= P(A1)P(A2)P(43) + P(A;)P(A2)P(A3) + P(A7)P(A2)P(4s)
= ppq + pap + gpp = 3p’¢ = Cip’q.

TeM cambiM MH ycTaHOBUNU ¢(opmyny Bepnynmu ana n =
3,m = 2. Popmyna nasa obuiero Ciyyad AOKA3LEIBAETCA aHAJO-
‘ruuno. CymecTByeT posHO C* pa3iuuUHLIX BO3MOMKHOCTEH BHI-
6paTh M HOMEPOB MCIHITaHMA, B KOTOPHIX HacTylaeT coBniTue
A. Taxum o6pa3som, umeercs C;' HECOBMECTHBIX COOBITMIA Tura
A1 AxA; .. .Ak;iq;_.l.l. .. Ap, cpenu MuouTENEH KOTOPEIX M COBBI-
Tui Buga A; u n—m cobrITHil BUAA A_,' . B cymme a1 C* Heco-
BMECTHHIX cofniTuii cocraBaaior coburne {4 RacTynuiao m pas
B n ucnuranuax}. Kaxnoe U3 ciaraeMbix umeeT BEPOATHOCTD

P(A1A2As. .. AxAry1 ... Ap)
= P(A1)P(A2)P(A3) ... P(A)P(Ars1) ... P(An) = p™g" ™.

IlockoNBKY ©TH BEPOATHOCTM OIMHAKOBLI, TO CyMMapHasA Bepo-
ATHOCTL MMeeT TpebyeMrrit Bun Clp™ "~ ™.

Teopema 2. IIycms my, ms — yeavie nucaa, 0gm <me<n
Oboanavum wepes Po(my, my) seposmuocms mozo, ¥mo cobsimue

A nacmynuao ne Menee my u ne 6oaee my paz 8 N UCHBMANUAL.
© Toz0a

maz

Po(my,mp) = Y CEptqn, (8.2)

k=‘m1
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wau

m;—1

P(ml,mg)_l—z PgnF - Z PP r (8.3)

k—mg‘f-l

3ameuanue 1. CienyeT UCIOJIBL3OBATD TY q)opmyny, B KOTO-
po¥ UMCno CHAraeMbIX MEHBLIE.

JloxazaTeanbcrBo Teopemn 2. Jlna kpaTkocTu ¢ppasy “B
n ucnurTanuax”’ 6yaem onyckars. CnpaBeaMBo IpeacTaBIeHNE

{A nactynuao He MeHee my u He Bosee my pas} =
mz
= E {A Hacrynuiro posmo & pas}.

k=m,

Bce cnaraemMule ABASIOTCA HECOBMECTHRIMM COBBITMAMM, Tak KaK
A He MOXKET HACTYNaTh Pa3lAYHOE UKCJIO PAa3 B 1 MCNLITAHMUAX
omHoBpemenHo. Mcnonbsya GpopMyny ciioxkeHHA BepositHocTel
u popmyny Beprynmm, noayumm

P, (ml,mz) = P(A HacTynuio He Megee my U He Bojee my pa3)

ma
Z P(A nactymano posso k pa.3) = E Ckptqn—*.
k-m; k=m;

Bropoe Bripaxkenue nna P,(my, mz) cupaBemmuBo B cuiry dop-
myant 6uHoMa HeloToHa:

n

ch k n_k—(p-l*q)n:l.
k=0

Onpenenenune 1. Yucao Hacrynnenmii coburma A Ha-
3LIBa€TCA HAMBEPOATHCMIMMM, €C/I OHO MMeeT HamboJbinyio
BEPOATHOCTL 110 CPABHEHUIO ¢ BEPOATHOCTAMM HacTynjeHud A
moBoe pyroe KOJMUYECTBO pa3.

Teopema 3. Hauseposmueiwee wucao nacmynaenull cobnmus
A 8 N UCRUMANUAT 3aKADUENO MENCOY YUCAAME NP — ¢ U NP + P.

3ameuanune 2. Ecnu np — ¢ — nenoe yucno, To HaMBEPOAT-
Helmux wuces ABa: np—¢ U np + p.
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HoxaszatennctBo. [lo dopmyne Bepuynau npu m =
1,2,...,n

Pp(m) Crp™qn—™m _ n!(m—I)!'('n—m+1)!p - (n+1-m)p

Pp(m-1) C',’,""lp"‘—lq"—m'l'1 - m!(n — m)inlg m(1 - p)

CuenoBateinHo, BepoaTHOCT P, (m) 6ynet 6onblie, paBHa UIN
MeHble BepoAaTHOCTN Pp(m — 1) B 3aBUCMMOCTH OT TOro, Kakoe
M3 CHEeAYIONMX Tpex cooTHomeHuit GyaeT BRIIONHATHLCA

(n+1-—m)p

(~n+1—m);z)_:l (n+1—-m)p
m(1 - p)

mi=p) ~ 0 mu-gp b

> 1,

Ecau nepemucaTh aT¥ cooTHomeHMA B Gollee MPOCTOM BUIE
(n+p>m, (m+Dp=m, (n+1p<m,

TO MHEI IIDUXOJMM K BHIBOAY, UTO

Po(m) > P,(m —1), ecau m < (n+ 1)p, (8.4)
P,(m) = Py(m—1), ectum=(n+ p, (8.5)
Py(m) < Pp(m—1), ecmm > (n+ 1)p. (8.6)

CaenoBatesisHO, BeposiTHOCTb Pp(m) cHauana Bo3pacTaer, Ko-
raa m < (n + 1)p, a 3atem yb6uBaer, korza m > (n+ 1)p. B
cayuae, korga (n+ 1)p He ABNAETCA LEAKIM UKCIIOM, AJS HaUBe-
posATHelilIero uncia HacTymiaeHuii cobuitua A (0603HauuMm ero
m™g) JOJDKHO BHINOJHATHLCA HepaBencTBo Pp(mg + 1) < Pu(my),
uro cormacHo (8.6) Boamoxuo mpm mo +1 > (n + 1)p, T. e.
upu mp > np — ¢, & TaKkKe AOJDKHO BHINOJIHATHCA HEpPABEH-
crBo Pp(mp — 1) < P,(mp), uto B cuuy (8.4) Bo3aMoxkHO mpHU
mg < np + p. TakuMm obpasoM, np— ¢ < mg < np + p. D10 U
YTBEPKIa€TCA TeoPeMOl. 3aMeTHM, UTO PA3HOCTh MEXKIY Np+p
¥ np — ¢ paBHA eQMHMIE, ¥ 3HAYMT YUCJO My eIMHCTBeHHO. B
ciyvae, KOTA2 np + p ABIAETCA LEJLIM YACJIOM, TO My = np+ p
6y.aeT HaMBepPOATHERIINM UKCIOM HACTYILIeHUi cobbiTua A, ox-
Hako mo — 1 Toke BymeT TaKOBEIM, MOCKOJLKY B cuiay (8.5)
P, (mg) = Py(mg—1). lloaTomy Takux uucen 6y11e'r ZBa, a VMeH-

Ho m{’ =np —gq, m.f)) =np+p.
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3anaua 1. BepoATHOCTD IIONANAHUS B HEb IPU KaXKIOM BbI-
cTpesie 3 nyka paBHa 1/3. IIpousBoaMTCA WIECTH BHICTPEIOB.
KakoBa BeposAiTHOCTh POBHO aBYX mnomanauuii? Kakosa Beposat-
HOCTh He MeHee gBYX momnajaumit? KakoBo HamBeposTHeiimee
YUCHO MONANaHMA?

Pemenue. Obosrauumm A = {nonananve npyu OXHOM BRICT-
pexne}, p = P(4) = 1/3, ¢ = 1 — p = 2/3. YUucno BrCTpeNOB
n = 6. EcTecTBeHHO NPeMIONOXKNATH, YTO BHICTPENHI HE 3aBUCAT
ApYyT oT Apyra. Torha OTBeT Ha NEPBHIA BONPOC HAXOIWM IIO

~¢opmyne Bepuyanmn

r) = ci(3) () =15 = 5 =3

OtBeT Ha BTOPOI BONIpOC CaAEAyIOMMIA:

r@o=1-¢4(3) (5) -i(3) () =15 =~

H’a.nBepon'rHeﬁmee YUCJIO NONaJdaHUil JEeXUT B npenejiax. oT
1 2 1

1
6-3-3806-35+3,
paBHO ABYM.

3anaua 2 (Banaxa). Hekuit Kypsumii MaTeMaTUK HOCUT C
coBoii nBe Kopobku crmuex. Kaxkapmi pa3, Korja OH XOUYeT KO-
CTaTh CIMYKY, OH BHIGMpaeT Hayrax oAHy u3 Kopobok. Haittu
BEPOATHOCTb TOr'0, YTO KOIJa MaTeMaTWK BHIHET B IIepBHIA pa3
IyCTYIO KOPOOKY, B ApYroit KopoOKke OKAXKETCA POBHO T CIUYEK,
0<r<n raen — YACHO CIMYEK, GLIBIONX [I€PBOHAYANLHO B
Kaxkao# u3 Kopoboxk.

Pemenue. llycts A — cobrTie, KOTOPOE COCTOUI B TOM,
YTO BLIHMMAETCA CIIMUYKA U3 KOPOOKHM, KOTOpad B KOHIE OKa3a-
snack mycrtoit. Eciu BrHyTad kopofKa mycTa, a gApyrad Kopobka
COIEPXKUT r COMYEK, TO BTO O3HAYAET, YTO CIMUKY Gpamcs Bce-
To 2n — r pa3. IIpu sToM cobuiTme A HACTYIMJIO POBHO It Pa3,
TaK Kax KopobGka crasma mycroif. IlockombKy Kax it pa3 Kopo6-
¥a BrI6upaerca Hayrazn, To P(A) = 1/2. Ilo dopmyne Beprynan
coburve A HacTynaeT n pa3 B 2n — r UCHLITAHUAX C BEPOATHO-

CTBIO )
1\4n-T (2n —r)!
— n —_
Pop_s(n) = C3,_, (5) = Wn -y

Wiw

1 1
7. €. OT 15 Jo 25. CiaenoBaTelbHO, OHO
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3AmAUMN

- 3apaua 8.1. B cembe 10 mereir.. Cuntasn BepoATHOCTH pO-
KIEHNA MAJIbUMKa M AEeBOYKM paBHEIMM 1/2, onpenenuts Be-
POATHOCTb TOTO, YTO B HAHHOM CeMbe: a) IATH MAJbYMKOB; 6)
MaJIbYMKOB HE MeHee TpeX, HO U He 6ojiee pocbMM.

3axaua 8.2. Uro BepoAIHee BEIMIPaTh Yy PaBHOCUJIBLHOTO
maxMaTucTa (HUuelHbIA MCXO MapTUM UCKIIOUeH): Goabine o1-
Hol mapTuUM M3 deThipeX uau Goabime ABYX napTuli M3 mATU?

3anaua 8.3. B komeanke JdexaT 8 MOHET NOCTOMHCTBOM b
KoneeKk M 2 MOHeTH jAocTouHcTBoM 3 Konelixu. Haynauy BriGn-
paerca MoHeTa M Gpocaerca 5 pa3. KakoBa BepodaTHOCTh TOTO,
uyro B cymMme 6yzer 15 oukos, ecam rep6 mpurimmaerca 3a 0.

3anaua 8.4, KakoBa BepoATHOCTh BHIMaAeHUA XOTA GHI ABYX
IIeCTepOK NpM Tpex GpocaHMAX MrpaibHolt KocTh?

3anaua 8.5. B noMemenvn yeTHpe JaMiml. BepoATHOCTD pa-~
60TH B TeuyeHue rona AnA Kaxkmolt mammu 0.8. Haiitu Beposrt-
HOCTh TOI'0, YTO K KOHIlYy rofa FOpAT TPM JjiaMmki. UeMy paBHO
HaMBepOATHelimee uncyo Jamn, KoTopule 6yayT pa6oTaTh B Te-
yeHue roga’?

3anaua 8.6. Mupamuixa (maq!pm 1 2,3,4) nonﬁpacbmae'rcn
4 pasa. KakoBa BepOATHOCTL, UTO He BHINAaJeT HU ONHOU ue-
TBepKn?
" 3anaua 8.7. BepoATHOCTb MONALaHUA B MUIIEHb TPA OHOM
BRICTpEJle PaBHA :14-. KakoBa BepoATHOCTL He MeHee Tpex Moma-
JaHW# IpM NATH BLICTpeNax?

3anaua 8.8. KakoBa BEepOATHOCTb TOro, YTO NPMU UYETHIPEX
6pocaHMAX MUpaAMUIKM eAAHNIA BhINaAET He Gojee Tpex pa3?

3anaua 8.9. IIBa 6ackeT6oaUCTa AeNalOT MO TpM OGpocKa B
Kop3uHy. BeposiTHOCTh monajgaHwsa Ma4a IpU KakAoM 6Gpocke
paBHa cooTBeTcTBeHHO 0.6 1 0.7. HaliTu BeposATHOCTH TOTO, UTO
y oboux GyxeT paBHOE KOJIMUECTBO IIONaJaHMM.

3anaua 8.10. aprtua usgenuit conepxur 1% 6paxa. Ra-
KOB JIOJDKEH 6HITH 06beM KOHTPOJILHON BHIGOPKM, YTOGKI BEpO-
ATHOCThL OOHApPYXUTb B Hell X0TA GhI oAHO GpakoBaHHOE U3Je-
nme 6eina He Menblie. 0.95. .

3anaua 8.11. BepoatTHocTh TOro, 4To Mpu OJHOM BREICTpele
CTpEJIOK TNonafaet B Lejb, paBHa 0.4, CKOJIbKO BHICTPEJNIOB J0J-
KeH NMPOU3BECTH CTPEJIOK, YTOGE! ¢ BepoATHOCTLIO He MeHee 0.9
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OH TIONaJj B HeJib XOTA Okl O H pa.3'7

3anaua 8.12. (IIpo6aema [bxona Cmuta) B 1693 r. beo-
HoM CmuToM 61T NOCTABIEH CAEAYIOUMHA BOIPOC: OAMHAKOBEI
JIM WAHCH] HA YCIIEX ¥ TPEX UeIOBEK, ECHU IEPBOMY HAJ0 MONY-
YNTb XOTA BHI OJHY LIECTEPKY MPH 6pPOCAHNM UrPALHOA KOCTH
6 pas, BTopoMy — He MeHee JABYX UIECTePOK npu 12 Gpocanusnx,
a TpeTbeMy — He MeHee Tpex mectepok npu 18 Gpocanusax.

§9. [IPEAENBHBLIE TEOPEMEI JUIA CXEMbI BEPHY TN

CoxpanuMm Bce oGo3HaueHUs TpenbLAyero maparpada. B
clydJae, KOTJa YUCIIO UCTLITaHui Besuko, dopmyny Bepuynnu
NpUMeHATh HeyZAobHo. JlnAa GoNbIIUX N CYIIECTBYIOT NpUbIH-
*KeHHble popMyIHl. DT GOPMYJEI TeM TOUYHee, UeM n GoJblle.

PaccMoTpuM cHadgafla ciydall, KOTJa C POCTOM n BEpPOAT-
HOCTb P YMEHBLIIAETCA O06paTHO MPONOPIMOHAJNbLHO n. Ilpu Ma-
JIBIX P, pe4Yb WAET O NOABJEHMM OUYeHL DeIXMX CcoOBITHii, Tax
KaK BEPOATHOCTb MX HACTYHJIEHVA B OTAENLHOM UCILITAHUN Ma-
na. OHaKO BEpPOATHOCThL MOABJEHUA OAHOTO WJIM HECKOJbKUX
peakux coOBITWMII B NIMHHOUW cepuM WMCHOBITaAHUI y)Ke He Byner
MaJiol BeyymHOM’.

B aToM naparpade m jgajee cooTHOUIEHUE ay, ~ by, rae {an}
u {b,} ~ ZBe uMCIOBLIEe MOCHENOBATENHLHOCTH, O3HAUAET, UTO
ap/bp, — 1 npu n — oo, uau, urTo TO ke caMoe, a, = b,(1+
+0(1)), rae o(1) o6o3nauaeT HEKOTOPYIO BEIUYHUHY, CTPEMALLY-
1oca K Hyymo. CoorHoumenne a, = b,, o3smavaer, uro a, — b, — 0
npu n — oo

Teopema 1 (Ilyaccoma). ITpednoaoocum, wmo npoussedenue
np Fgeagemcs nocmosnnod seaununod, x020a N HeoZPAHUNENND
aospacmaem. Obosnawum X = np. Tozda 0as awbozo fuxcupoaan-
020 M U 2106020 NOCMOAHNO0Z0 )

Tym
lim P,(m) = '\—le"\.
71— 00 m.
np=»XA

HowxazarenscrBo. [Ipumenas ¢popmyny Bepuynnu, no-
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AyUuuUM

Pa(m)

It

cpmi-pr = (2" (1-2)"" =

mi(n—m)! \n
= '7717"("— 1)....(n~m+1)2—:—(1— -;\;)n_m =

S (-2 (D)D) () -2

Hockonbky npu M0G0M PUKCUPOBAHHOM 8 UMEET MECTO CXOAU-
s

MocTb 1 — = — 1 npu n — o0, TO
n . .

AT N\
P,(m) ~ — (1 ~ —)
n( ) . m! n
Teneps, ucnonb3ya “sameuaTenbHBIA npenes”

him (1 - i)n =e"?,
n—000 n
HECJNOXKHO YOemUThCA B CIPAaBEIUIMBOCTH YTBED)KIEHUA Teope-
MB.
3apgaua 1. Paanoannaparypa cocrout uz 2000 amemeHTOoB.
BepoATHOCTb 0TKa3a OJHOIO BJIEMEHTa B TEeYEHUE OJa paBHa
0.001. KakoBa BepOATHOCTH OTKa3a ABYX BJIEMEHTOB 3a ron?
KakoBa BepoATHOCTh 0TKa3a HE MeHee BYX BJIEMeHTOB 3a rox?
Pemenue. Pabory xakaoro sjieMeHTa pacCMaTpPUBAEM Kak
oTaenbHoe ucnbitanve. O6osnauum A = {oTka3 pireMeHTa 33
ron}. Umeem p = P(A) = 0.001,A = np = 2000-0.001 = 2. No
dopmyne Ilyaccona

22 _ _
Pio00(2) = e 2 =272 ~ 0.2707.
OTBeT Ha BTODOt Borpoc naerca GopMyJIoH

onoo(?, 2000) =1- onoo(O) - Pzg()o(l) ~

20 o 2! -2
Nl —e " — =" =1-3e7" = 0.5%4.
o! 1!
Paccmorpum eme onHy npubirkeHHY0 GOpPMYJy JUISi BEPO-
atHocTH Po(m), Koraa n Benuko. B ornnume 0T mpeaLliyllero
pe3yabTATa YMCIO YCHEXOB M B DTOM Cjydae TOXE pPAaCLCT C

pPOCTOM N, a8 BEPOATHOCTD YCIi€Xa JIOCTOAHHA.
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Tcopema 2 (Myaspa—-Jlannaca (soxkanbran)). Hoaoxcum
m—n

Tn = =22 [Ipednoaoocum, ¥mo m — 0O, n — 0O U GEAUNUNYL
VT

Ly ABATIOMCA 02PAHUMEHHLIMU. Toz0a

—z2/2

1
VnpgPn(m) ~ 7t

B wacmunocmu, ecau z, — x, mo
1 —z2/2
VnpqPn(m) — 7=t 12,

MoxasarenncTBo. [lockonbky n—m = ng—=2z,,/npg (cM.
Hanpumep, pajiee (9.2)), To B cMIy OrpaHMYEHHOCTH BEIVYMH
&L, PA3HOCTL M — TN CTPEMUTCHA K 00 BMecTe ¢ n U m. Bocnoss-
3yeMca popmynoit Ctupanura us §1

k
B~ Vark(2)
e
ang k=n,k=mu k=n—m. Toraa nonyuum

!
VAPIPa(m) = /APICT pTq" " = g ~

m!(n — m)!
Nz m
\/_\/—m”‘\/n——(n - m)"""‘p ¢

-=G) R VRS

HOCKOJIbe B CUJIy onpeneliecHUA I, UMeeM

m = np + r,+/npq, (9.1)
n—1Mm=n—np— Tn\/npg = ng — ,/npq, (9-2)

TO \/_
m In !IN
Zoo1+ 28, (9.3)
n
nomo_g. Ry, (9.4)
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HosToMy, npn aocraTouno GoanmoM n,
RSO A P rnﬁ)*"‘"’) -
\/7PqPn(m) T (1 + /75 ) (1 v =

= s exp(-mn(1+ f\;—g) ~(n—m)ln(1- %ﬁ))

Ilanee pocnonb3yeMca CAEAYIOIMM aCUMOTOTUYECKUM BLIpa-
KEHUEM:

In(l4+2)=z~2(1+0(1))  mpuz—0.
Toraa
VATEPa(m) ~ = exp (—m{ T — 2201 4 (1))}~
(n — m){ ”"f ;;:(1 +o(1)}).  (9.5)
B cuny (9.1), (9.2),

mﬁ((n}gﬁ,%j)z\;ﬁ( qp—Zn+/npgp—npg — Tn\/TDYQ) =

=~—z;(p+q)=-

M pumenan (9.3), (9.4), noxyunM; uro

"_”;11{(";—;")”(1 +o(1) + (1 + o(1))} ~

~ %{P(l +0(1)) + ¢(1 + 0(1))} ~ %(p +9) = _9-‘731

IToacrapnana nojyyenHsle BEIpaskenud B (9.5), umeem

z2 2 |
VnpqPa(m) ~ %ﬁexp(—zﬁ + (1 +0(1))) ~ \/—lﬁexp(— ).

Teopema aoka3aHa.

PaccMoTpuM npubnmwxeHHylo (OpPMYNLY AJA BePOATHOCTH
P.(my, my) Toro, uto cobeITMe A HACTYMWIO He MeHee my M
He Bosree my pa3 B n UCHRITAHUAX, Korja n Besuko. [Ipeanoso-
’KMM, UTO QMCJa M) U My PacTyT C POCTOM 1, a BEPOSATHOCTh
ycrnexa HoCTOsAHHA.
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Teopema 3 (Myaspa-Jlannaca (uarerpansmasn)). {loao-
HCUM

a _ m3 —np _ m2—mnp
"oy SRV

[Ipednoro wcum, ¥mo m; — 00,1 — 00, U BEAUNUHD Ay U by, F6.A4-
wmes ozpanunennbiMu. Toz0a

by
ﬂl_i_{)*oxo Pn(my,my) — ﬁ/e"ﬁ/gd:c‘ =0.

HoxasaTtennctno. [lo moransHoli Teopeme Myabnpa-
Jlannaca

— 1 ~z5(m)/2
Pulm) = eI (1 4 0 (1),
rae z,(m) = m\/;%;p, my; € m € ma ¥ 0 (1) — peamuuna, crpe-

MALIAACA K HYJIO0 IpU 11 — 00. Beawuuna o, (1) 3aBucur ot m.
Ilpu nokasaTenncrBe TeopeMbl 2 MOXXHO ObIIO Obl YCTAHOBHUTh,
YTO cOpaBelJIMBO paBHOMEDHOE IpelelibHOEC COOTHOUlEHUeE!
lim sup |om(1)] =0. (9.6)
n=00 mygmgmsy
910 npuBeNo Bl K 3HAYNTEILHOMY YCIOKHCHHIO BbIKJIAJIOK, I10-

BTOMY MBI NPUHHMAEM BTO COOTHOUIeHMEe 63 MOKA3ATEINbCTRA,
Cornacno Teopeme 2, § 8

ma
Pn(ml,mz)—_—m;n Pr( mz;n \/—\/’T e~ (MI2(1 4 o0, (1)).

1
NTH

O6o3naumm Az,(m)=z,(m+1)-z,(m). Toraa Az,(m)=
 BeposTHOCTb P,(my, my) NpeacTaBuMa B Buae
1 2
Pa(my, my) = 7= Y e M 2Az, (m)(1 + om(1)).

m=m;

Orciona cnenyer, uro

Pp(my, my) — \/—_ Z e‘”i(”‘)/zA:ﬂn(m)
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ma
1 : 2
£ su om (1) —= e~ M2 Az (m).
<ol Y (m)

Ilo ompeneneHnio MHTErpaJa
1 may 2 : 1 bn
J— _zn(m)/2 e — _lez
\/2—"',,,2,,:" e Az, (m) = m/e dz + o(1).
T 2

MMoncraBnas »T0 BEIpaXKeHMe B NpeJbIAyllee HEpPaBEHCTBO M
yuuthiBad cooTHorlenve (9.6), Halinem

by b,
P,(my, mz)—\/_%; /e":/zdz—o(l)l < o(l)(\/% -/e_"'zlzdz+o(l)).

Teopema noxa3aHa.
ITonoxum

E
#(z) = \/%e_”’-/z, d(z) = %f&"zl2dt.
0

OTMeTnM oxHo oueBuIHOe cBoiicTBo pyHKMU B(z): ona aBna-
erca HedeTHoll. Kpome Toro, ®(oo) = 1. D10 cBoitcTBOo He ABNA-
€TCH 3JeMEeHTAPHBIM. SHaueHus pyukipit ¢(z) u O(z) Haxonarcs
w3 Tabaul, Ipyx ®ToM TabaUILI JaHH JUML AJIAA HEOTPHUATEND-
HEBIX 3HadeHu# z. Dyuxums ¢(z) masubBaerca pynxnuets Iaycca,
a ¢yuxuna ®(z) HasmBaerca pynknueit Jlannaca. Ucnonbsys
oyuxumu ¢(z) u ®(z), chopMynupoBaHHbIe BHIIE Pe3ybTAThI
MOKHO KPaTKO BRIpa3ATh TakK: JIoKaJbHad Teopema Myaspa—
Jlannaca yTeepxaaer, uTo

1 -
Pﬂ(m) ~ \/TTq¢(z")’ rne Iy = ":/'IW:F, (97)
a MHTerpaiabHaa Teopema Myaspa—Jlangaca — uro
- 1
Pn(my, mp) = 5(<I>(b,,) ~- ®(an)), (9.8)
rne a, = u, by = T2 _"P TpeboBanue 0 TOM, UTO Be-

N7 N

NUYNHBI an,bn npeanoaaraxTca orpaHUYEeHHBIMU, HE ABJAETCA
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CylIeCTBEeHHBEIM. DT0 ByneT cienoBaTh M3 Teopemsbl 2 § 17 (cm.
npumep 1).

3apnaua 2. Halttu BepositHOCTh TOro, 4ro ripu 150 BeicTpe-
Jax MuIIeHb 6yaer nopaykeHa poBHo 70 pa3, ecsiu BEpOATHOCTH
nonajgaHMA MpU OAHOM BricTpesie paBHa (.4.

Pemenune. Jannag 3anaya penraeTca € MCIONbL30BaHMEM
cxemnl Bepnymmm: n = 150, A = {nonananve npu oIHoM
BuicTpene}, p = P(A) = 04, ¢ =1-p = 0.6, m = 70. Hpu-
MeHMM JIoKajbHYI0 Teopemy Myaspa—Jlannaca. Umeem /npq =

=+/150-04-06=86, z,= w = %" ~ 1.67. Toraa

P150(70) ~ =$(1.67) ~ % - 0.0989 & 0.0165.

3anaua 3. HeGoabwoii ropon exxenneBdo nocemaroT 100 Ty-
PMCTOB, KOTOphIE AHEM MAYT 06enatn. Kasaniii u3 nux Beibupa-
eT aiA obena oMH U3 ABYX TOPOJCKUX PECTOPAHOB C PABHBIMU
BEPOATHOCTAMU M He3aBUCUMO APYT oT Apyra. Buageneu on-
HOI'O M3 PECTOPAHOB XKeJIaeT, YTOOhl C BEPOATHOCTbLIO NpubIK-
autennHo 0.99 Bce mpuurequive B €ro pecTopaH TYPUCTHI MOTJIN
TaM oJHOBpeMeHHO moobenarb. CKOJNBKO MECT HOJDKHO IJIA 3TO-
ro BLITh B ero pecropaHe?

Pemenue. llycte A = {Typucr noobenan y sauMHTepeco-
BanHoro Baazeabua}. Hacrynnenwe coburusna A Gyaem cuntath
“ycnexom”, p = P(A) = 0.5, n = 100. Hac unrepecyer Takoe
HAalMeHbIIEE YKMCIIO N, UTO BEPOSATHOCTH HACTYIJIEHUA He Me-
Hee 4yeM m “ycnexos”B mnocJjenoBaTespHOCTH M3 n = 100 He-
3aBMCHUMEIX MCIThITaHMiI ¢ BeposATHOCTBIO ycnexa p = 0.5 mpm-
6avsurenbHo paBHa 1 — 0.99 = 0.01. D10 KaKk pa3 BEpOATHOCTH
nepenoyHeHua pectopana. Takum o6pa3oMm, HaC MHTEpeCyeT Ta~
KOe HauMeHbIiee uucao m, uro Pigo(m, 100) = 0.01. Mpumenum

WHTerpajibHyo Teopemy Myappa—Jlannaca. NUmeem /npgq = 5,

100 - 50 m — 50 m
b, = — = 10, a, = =5 10, m neussectHo. Torna

001 % Pigo(m, 100) » 3 (#(10) - &(F - 10) )~

~(1-8(2 )

O1kyna caeayer, 4To

@(% - 10) ~ 0.98.
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Vecnonnaya tabunuur ans dyuxkuvm &(z) naxoaum, —;:l - 10
2.33, u, 3naunt, m = 2.33 - 5+ 50 = 61.65. Cnenosarennno, B
pecropaHe ROJKHO OwITh 62 MecTa.

3AIAYM

3anaua 9.1. llocesau 10000 ceman. BepoaTtHocTs ana ceme-
Hu He npopacti — 0.0003. KakoBa BepOATHOCTL TOro, 4TO BCE
ceMeHa NMpopacTyT?

3anaua 9.2. BepoATHOCTbL npephiBaHUA TeledOHHOIO coe -
ncuna pasHa 0.03. KakoBa BepoaTHocTk TOro, uro cpeam 200
coeaunenmii 6yner He Gonee ABYX npepriBaHuii?

3anaua 9.3. I"azeta cozep:xut 20000 6yxs. Kaxknan Gyksa
MO»eT OLITh HENPaBRJALHO HaledaTaHa ¢ BepoATHocThbIo 0.0004,
KakoBa BepOATHOCTH, UTO B rasere DyxeT He MeHee ABYX orle-
YaToK?

3anaua 9.4. Tenedonnaa cravuma obcnyxupaer 600 abo-
HeHTOB. BepoaTHoCTh M1060r0 NO3BOHUTEL B TeUEHHME Yaca paBHa
0.005. KakoBa BEPOATHOCTh TOT'0, YTO B TEUEHHE YaCa O3BOHAT
OJMH MM ABa 4YeyoBeka?

3anmaua 9.5. Urpansuylo kocts Gpocarr 80 pas. Hailtm
11puGIMKEHHO T'PAHHMIB, B KOTOPHIX YHCJO BhINaJaHull mecrep-
k1 6yneT 3akaiodeHo ¢ BepoATHocThio 0.9973.

3anaua 9.6. B maptun u3 768 apb6y3os Kaxanii apby3 oka-~
3bIBa€TCA HeCNeNkIM ¢ BepoaTHocThIo 1/4. Hailitu BepoatrocTh
TOro, YTO KOJMUYECTBO clenulx apby3sos byaer B mpeaenax oOT
564 no 600.

3anmaua 9.7. BepoatHocTh Hatty Genwmit rpub cpenu mpounx
pasHa 1/4. Kakosa BeposaTHOCTE Toro, uto cpead 300 rpubos
6yner 75 Genwix?

3anaua 9.8. 3apos ornpasui B Marasun 5000 namnouek. Be-
POATHOCTL TOrO, YTO JIAaMIIOUKa pa3obbeTcd NMpHU TPaHCHOPTH-
poBke paBHa 0.0002. Haiitu BepoATHOCTH TOro, YTO B Mara3vu
puBesdan He Bojlee Tpex pa3bUTHIX NaMIIOUEK.

3amaua 9.9. [Ipu commMonorvuuyecKux onpocax rpakiaH Ka-
MILIA YesloBeK HEe3aBUCUMO OT APYTMX MOMKET HaTh HEMCKpEH-
HUil oTBeT ¢ BepositHocThio 0.2, Halttn BepoATHOCTBL TOrO, UTO

u3 22500 onpocoB YUCITO HEMCKPEHHUX oTBeTOB GyneT He Gonee
4620.
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3anaua 9.10. IIpapuinnyo Mmounery Gpocaror 400 pas. Ka-
KOBa BEPOATHOCTL TOro, yTo Tepb punagct nc mcHee 180 pas?

3anaua 9.11. Hrpansuniii ky6uk 6pocalor 500 pa3. Kakona
BEPOATHOCTL TOI'0, UTO IiecTepKa BuInaxeT 1c Gonee 90 pas?

3anaua 9.12. Cpeau 240000 ropoackux sgamn Karkaasa 6yner
roperh B TeueHue roxa ¢ BepoarHocTbio 0.6. Kakosa Bepost-
HOCTb TOr'O, UTO K KOHIY roja 6yayT ropert ot 14160 no 14880
mamn?

3anaua 9.13. BeposariocTs BhIXOZa U3 CTPOSI ONHOCO die-
MefAtTa B Tedenme rona paswa 0.2. Kaxopa BeposTHOCTbL TOrO,
yrto u3 100 sneMeHTOB B TeueHue rojaa BRIAAYT u3 crposd 157

3anaua 9.14. B nocenke 1000 nomioB, KaKIbIA U3 KOTOPKIX
3aCcTpaxoBal Ha I'OXA OT NoKapa B OJHOM CTPaxoBOl KoMNanuu
Ha cymMmy 100000 py6ueir. CrpaxoBoif B3HOC 3a roJ COCTaBIA-
et 300 py6aeii. JIna naHHOro noceskKa BEPOATHOCTH IOXapa B
InoMe B TedcHWe roxa oueHusaercAa Beanmuunoit 0.002. Kakona
BEPOATHOCTb TOLO, UTO B TCYEKUE TOA& CTPAXOBAA KOMNAHMA
nonecer yOGuITKN?

§10. CIYUANHBIE BEJUYMHBI ¥ ®YHKIUKU PACIPEIEJIEHHA

PaccMoTpUM CHaYajla CAYYaMHBIA DKCIIEPMMEHT C OUCKDET-
HLIM HPOCTPAHCTBOM MCXOZOB, T. €. C TaKUM IIPOCTPAHCTBOM
areMeHTapHEX cobuituit @ = {w),ws,...}, KOTOpoe COCTOUT U3
KOHEYHOro WJIM CYETHOTO umncia McxoaoB. IlycTs ecTh Beauuu-
Ha, KOTOpasd B pe3ylibTaTe CIyuaiiHoOro BKCIEPUMEHTA UpUHM-
MaeT Pa3iUyHEIe YMCIOBLIE 3HAUEHNA B 33aBUCUMOCTU OT HACTY-
IJIeHUA TOr0 WIM WHOIO UCXOA&, NPU BTOM KAKAOMY MCXOAY
COOTBETCTBYET TOJBKO 0JHO uucno. VHBIMM ciioBamu, Ha npo-
CTPAHCTBE 3AEMEHTAPHBIX COOLITUHA 3amana yHknuA.

Onpeaenenue 1. ®yukuma, 3amaHHad Ha [POCTPaHCInE
BieMeHTapHBIX cobutuit Q = {wi,ws, ...}, Ha3bBaeTCA cCAyyal-
HOW BeXHUMHOM,

Ina noboro ucxona w 3pavenre & = X(w) — s10 peanmsa-
o caydalEol BeamaMAB X NpPM AaHHOM MCXOJE.

B xoze cayyaliHOro axCHEpUMMEHTa PeasiuayeTc Jiuiik OJuH
KaKOU-TO KCX0M, BTO 03HAYAET, YTO B PE3YJibTATE DKCIICPUMEHTA,
Habn0aeTCA JMIIbL KAKOE-TO OLHO 3HaueHue ciydailuoit Benwu-
uMHbl {0JHA Peal3alMa) U3 BCEX BO3MONKHBIX.
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O6o3HauaTh chydailHble BeAMYMHLI DyneM 3ariaBHBIMHM Jia-
TuHCcKUMM GykBamu X,Y, ..., a KOHKpETHLIE ¥X 3HAUEHMA COOT-
BETCTBYIOLIMMU CTPOYHBIMY BYKBaAMH &,Y,. ... _

IIpumep 1. Ilycts Gpocaercsa urpaibHasag KocTh. Beawunna
X, paBHAA UWUCHY BBLIIABUIMX OYKOB, SABJAETCH cilyuaiiHoll Be-
anuuHoii. Benuuuua X nmpuHuMaer 3mavenus 1, 2, 3, 4, 5, 6.

B sT10oM npumepe sjieMeHTApHLIA UCX0J — BTO BhiMadeHne Toii
WMJIM MHOU r'paHM UrpaJjbHOro Kybuka. B cranmapTHo#t cuTyaumm
(urpanbHasg KoCTh) Ha I'paHAX KyO6uka Hammcansl wmagpw 1, 2,
3, 4, 5, 6. OnHaKO MOXKHO BTUM FPAHAM COMOCTaBUThL U Apyrve
yucaa. Torma MH HonyuuM Apyryio ciaydaiHyo BeJIUYMHY, XO-
TA NPOCTPAHCTBO BJIEMEHTAPHBIX MCXOJ0B ¥ COOTBETCTBYIOIIME
M BeposATHOCTH 1/6 ocTaHyTCs NpEKHUMU. -

Ilna auckpernuix npocrpacTB Q = {wi,ws, ...} 6ynem obo-
snavatk z; = X(w), I =1,2,.... Beanuuna X npunmMacT npu
9TOM He Boliee YeM CUETHOE UUCo 3HaueHwit {z1,T2,...} U Ha-
3bIBAETCS JMACKPETHOM. 3HaueHue z; ciaydaiinoli BeawumHnr X
-HACTYNaeT ¢ HEKOTOPOi BepossiTHOCTHLIO, 0603HauumM ee p;. lo-
CKOJILKY OJHOMY ¥ TOMY K€ 3HAUEHUIO MOXKeT COOTBETCTBOBATH
HECKOJILKO MCXOJIOB, TO pj = > p(wg). Kpatko eTo Gyaem

E:X(wx)=z1 '
sanuceiBaTh Tak: py = P(X = 2;). B cuny akcuom 3) u 2) n3
onpenenenna BepostHocTH (§ 6) caenyer, uro

.ipl = iP(X = :m) = P(i{X = z,}) =1.
I=1 =1 . =1

Onpenenenue 2. CooTBETCTBME, KOTOPOE KAXKIOMY 3Ha-
YeHMIO I; AMCKpeTHol cayualtHoif Benmumuel X comocrasBiA-
€T ero BePOSATHOCTDL P;, HA3LIBAETCA 3aKOHOM DacCIpeneJICHIuA
cayuaiiHo BeamuuHbr X .

3akoH pacrpenesienns BejmumHel X yao6HO 3a7aBaTh B BUAE
TabaMIbL:

X T .i'z e Ty

P P1 P2 e Pn

IIpumep 2. Ilycts X — uncao rep6os, BbMABIOMX NPU Ue-
THIpeX 6pOoCaHUAX NpaBUALHOU MoHernl. Bennmuwna X MoxeT
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npuHuMaTh 3nadenns 0, 1, 2, 3, 4, mosTOMy B BHIIENpUBEIEH-
HOUt TaBauue nonaraem zx =k —1, k=1,2,...,5. Ilo popmyne
Bepuynnu

_1_)(/:—1)(1)4-(1:—1) B CE."")

pr=P(X =) = Ctgk—l)(z 2 - 18 !

¥, CJ1eJO0BAaTEJbHO, 3aAKOH DacIIpeaeleHus UMeeT BUIT

X 0 1 2 3 4
1 4 6 4 1
P % | Te s % 0

3ameuanue 1. Ecom X — guckperHas ciyyaiiHad BeIWYHMHA,
10 qusA moboit pymkumMu g BeamuuHa Y = ¢(X) Toxke ABiAercA
JUCKPETHOM cayualiHoil BelmudHONM. DTa BeIUYMHA TPUHUMA-
er 3nauenusa y; = ¢(z1) ¢ BepoarHocTamu pp = P(X = x;), [ =
1,2,...,n, ecin pyHKIMA ¢ BIAMMHO OAHO3HAUHA. Ecid e 35a-
yenus g(z;) COBHAAIOT MJIA DA3iMUHHIX Z; C BEJUYMHOH Yn,
10 Y = g(X) npmHuMaeT obuiee 3HAUYEHHE Y, C BEPOATHOCTHIO,
PaBHOI cyMMe BepPOATHOCTe# pj, OTBEYAIOLUMX BCEM TaKUM I,
15t KOTOpHIX ¢(Z1) = Ym- .

3anaua 1. luckperHas cayyaiinas BejquunHa X MMeeT 3aKOH
pacnpeneseHnsa '

X -2 -1 0 1 2
P 0.1 0.2 0.3 0.3 0.1

IlocTponThk 3aKOH pacnpeneeHUA COYUAHAHON BeNUYUHE Y =
= X2 4 1. ,

Pemenne. 3uauenne 1 BennuuHa Y npuHMMAaET TONLKO TO-
raa, Koraa Benuumua X npunuMmaeT 3Hadenue (, ¢ BepoATHO-
crbio 0.3. S3Hauenne 2 BeanuuHa Y NIPUHUMAET, €CJIM BeJMUYMHA
X npuHuMaer 3HaueHue —1 unu 1 ¢ BeposTHocTAMM 0.2 u 0.3
coorBeTcTBeHHo. Toraa T BEPOATHOCTH HYXKHO CIOMUTh, YTO
JACT BEPOATHOCTb COBBITUA Y = 2. AHaJIOMYHO BepPOATHOCTDH
Toro, yro Y = b 6ymer pasua 0.1+ 0.1 = 0.2. CnenosarensHo,
3aKOH pacnpelelleHud cilydahinoil Bequumnn ¥ = X2 + 1 umeer
BUI :
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Y 1 2 5
P 0.3 0.5 0.2

PaccMmoTpyM cayuyaiiHble BeJIMUMHEL, KOTOPhIE MOLYT YyXKe He

6biTh auckperHrimMu. Ilpu omnpeaesieHMM Takux ciaydaMHEIX Be-
JIMUMH MHOXECTBO {) yKe He SIBIAETCA CYETHLIM, M MEI JOJIKHLI,
ONMPATHCA Ha aKCHOMBLI Teopru BeposaTHocteit § 6. Byaem cum-
TaTh, YTO M3 IOAMHOXECTB IPOCTPAHCTBA BJIEMEHTApPHHIX CO-
6LITHit ( BLIIENEHO ceMelicTBO MHOXKeCTB A, KoTopoe ABNgeTCA
o-anrebpoit. MHoxkecTBa M3 A COCTaBIAIOT BCEBO3MOXKHLIE CO-
6LITUA caydaliHOrO BKCIepUMeHTa. IIpennooxuM TakKe, UTo
na A 3anaHa BepoATHoCTh P, yioBiIeTBOpAIONIAA aKCUOMaM Te-
OpuM BepoATHOCTEIA.
" Omnpenenenune 3. CayuaiiHoil BEJIUYMHON HA3LIBAETCA
¢yuxuma X = X(w), 3afaHHafl HA IPOCTPAHCTBE BJIEMEHTAPHEIX
cobmtuit Q, ans xkoropoit cobrrue {X < z} = {w : X(w) < z}
OpUHALNEKRUT o-anrebpe A nna mo6oro BemecTBEHHOTO .

Ycnosue {X < z} € A AaeT BO3MOMXHOCTb PacCMATPUBATDH
BEPOATHOCTM cobutuii {X < z}, mOCKONILKY BEPOATHOCTH OIIpe-
JlefeHn! ToJNbKO Ha MHOKecTBax U3 A. Kpome Toro, yepes cobur-
s {X < z}, £ € (—00,00), C NOMOLIBIO M3BECTHEIX ONeparmik
HaJl COBBITUSIMU MOKHO BLIPA3UTh CKOJIb YTOHO CIIOXKHOE COBbI-
Tue, CBA3aHHOe co ciaydaiHoil Bemuummoii X. Taxoe cobniTue
6yneT Takke NMpUHAMISKaThb o-airebpe A, u, caexosarelbHO,
AJIA HEro ONpelejieHa BEPOATHOCT.

Bcsa coBoxynnocTs BepoaTHocteit P(X < z), z € (—00,00) 3a-
JlaeT 3aKOH pacHpenejeHmua clydaiitHolt enuununel X B obinem
ciyuyae. YacTo AJA KPATKOCTH 3aKOH pacrIpelelleHUs Ha3klBa-
10T NPOCTO pacupeneNieHueM cilyvaiiHoll BeMInHLI X.

Onpenenenme 4. Pynxmma F(z) = P(X < ), z €
(—00,00), HaswBaeTCAH nbyma(nen pacopeneneHus cly4aiiHoi
BearunHel X. _

3ameuanue 2. {14 JMCKPETHRIX ClydyalHuX BeamunH F(z) =

P(X<z)= P(zz;z{X =z}) = E P(X =z;)= Y m. fAcuo,

1<z
uro pynxumsa F(z) oaHo3HauHO orxpezxenne’r BCE BEPOATHOCTHU Pj.
Ipumep 3. yHKuMA pachpeeeHUA BeIMUMHE X, paBHON
yncay rep6oB, BLITABIIMX IIPH YeThipeX GpocaHuax chMeTpuq-
HOW MOHEeTH, uMeeT BUA :
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4
168/18 —

11718 -—

67198 -—

V1O

Puc. 8

CrolicTBa pyHKIMM pacnpeeaeHns.

1) ecmu 21 < 22, 10 F(21) € F(22), 1. . F(2) — Hey6piBaloman
byHKUMS;

2) F(—00) =0, F(c0) = 1;

Bripaxkenne F(00) cayskUT KpaTKol 3amMcbio IJA Npefena
lim F(z), a F(—o0) - nasa npenena lim F(x)
ztToo r]-oco

3) ¢ynxima F(z) HenpepniBHa cieBa:. li{n F(z)= F(y).
o1y

loka3aTelbCTBO BTUX CBOWCTB LEJUKOM ONUPAETCA HA
cBoiicTBa BeposaTHocte# (§6). Ionoxum A = {X < ;},B =
{X < z3}. Ipn 2, < z3 BEMoOnHAeTcA BkIOuenne A C B, T. k.
ecim X(w) < 21, To u X(w) < z2. Ilo TpeTheMy cBOHCTIBY Bepo-
aTHOocTel mMeem P(A4) < P(B), a aT0 10 onpeneieHnIo ¢yHKIMA
pacipezesieHUd ¥ o3HaxaeT, uTo F(z1) < F(zq).

Mockoapky {X < —oo} = &, a {X < o0} = Q, T. e. 511
COGLITUA ABAAIOTCA COOTBETCTBEHHO HEBO3MOXKHBIM M JOCTO-
BEPHEIM, TO IO NEPBOMY M BTOPOMY CBOMCTBY BepoATHOCTEH
P(X < —00) =0, a P(X < o) = 1. 910 cocTaBasAeT BTOpOE
CBOMCTBO GYHKUMM paclpeneeHud.

BriGepeM NpOM3BOJILHYIO MOHOTOHHO BO3PACTAIOUIYIO TIOCI]e-
JOBATEJLHOCTb Iy, CTPEMAIUYIOCA K Touke y. Torma nas k =
2,3,... BumosHAeTcA {X < zp—1} C{X < 2}, u {X < gy} =

8

{X < zi}. llo cemMmomy CBOUCTBY BepoATHOCTeW npu

k=1
n — 00

P(X <z,)— P(i{X < xk})‘: P(X < y).
k=1
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B cuiuy onpenenedus GyHKUMA PaclpeneieHUs 9TO COOTHOIIe-
HUC MOYKHO Mepenucarh clelyomuMm obpasom: F(z,) — F(y)
npu z, | y. Takum obGpa3om, cpaBeAVBO TPETLE CBOMCTBO
$yHrumil pacnpenesneHus.

Jlemma 1. Jag awbuz a < b avinoangemcs pasencmeo
Pla<X <b) = F(b)—F(a). (10.1)
HokaszaTtensctTso. OueBnaHo, 4To
{X<b}={X<a}+{a< X <b},

npu aToM cobuitua {X < a} u {a < X < b} neconmectun. Uc-
I0Jb3ysa GOPMYILy CIIOMKEHWA BEPOATHOCTEH, MOy YUM

P(X <b)=P(X <a)+P(ag X <b),
A, CJIeJIOBATENLHO,
Pla< X <b)=P(X <b)-P(X <a)= F(b)— F(a).

Onpenenenune 5. Ecay cymecTsyer Takad HEOTpUIATEI b~
Haa ¢yHkuua f(y), yro ¢pyHkumA pacnpelrenerua F(z) ansa xa-
xAoro ¢ € (—00,00) NpeAcTaBUMa B BHJE

F@) = [ s, (10.2)

To f(z) Ha3HBaEICH MIOTHOCTHIO pacupeneJeHnd ciydainoi
BennuuHbl X .

Ecnu enyyaiiHas BeIwumMHa, X ¥IMEET IIOTHOCTL paclpeje-
JeHus, To ee QYHKOUA paclnpelesieHUst HENpEPHBHA, HOCKOIbKY
MHTErpaJ — HeNpephIBHAA QYHKIMA BEPXHErO Npedena.

B cayuyae cymecTBoBaHuA mirotTHoct popmyay (10.1) moxuo
3alMcaTh CleQyIoIMM obpa3oM:

b a b
Pe<x<t)= [ 1w~ [10ir= [1wa  003)
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Ina HenpephBHON NJIOTHOCTM pacnpeneieHUa W3 (GOpMYJIBI
(10.3) u TeopeMnl 0 cpeaHeM LA MHTETPAIOB CIEAYET, YTO HPH
A — 0 cnpaBenIBO COOTHOIIEHUE

P(X € [z,z + A)) ~ f(2)A. (10.4)

STo cooTHOIIEeHNE DPaCKPLIBAET CYThb IJIOTHOCTU pacIpenele-
HUA: BEPOATHOCTb MONACTh B TPOU3BOJBLHO MAaJkIf MHTEpPBAJ,
COAEpXKaNWmii JaHHYIO TOUKY, OJM3Ka C TOUHOCTHIO J10 Gesee BhI-
COKOT'0 MOPAAKA MAJIOCTH, K IPOU3BEAEHUIO MJIOTHOCTHA paclpe-
AeJIEHUA B TOYKE Ha JJWHY UHTEpBala.

CBoMcTBa NJIOTHOCTU PacupeNesieHn.

1) _70 f)dy=1;

2) f(z) = F'(z), ecnu dpynrumsa pacnpeneinennd audpdepeHim-
pyema.

Ilnsa npoBepku INepBoro cBoitcTBa gocraTouHo B (10.3) mo-
JOKUTbL @ = —00, b = 00 U 3aMeTUTh, yTo Toraa ciaesa B (10.3)
CTOMT BEPOATHOCTB JAOCTOBepHoro coburtudA. JIuddepeHunpysd
paBeHcTsS (10.2), moayuuM BTOpOe CBOKCTBO.

IIpumep 4. OanopomHas MpoBOJOKa MJINHON 1 MeTp pac-
TATVBAETCA 32 KOHUK U pa3pwBaerci. Ilycte X — cayualinas
BeJIMYNHA, paBHAA PACCTOAHWIO OT TOYKM pa3puiBa IO JEBOIO
KOHIa IpoBOJOKU. Mcnoib3yAa reoMeTpuuecKue BepPOATHOCTH,
HalineMm, 4TO

mes(z1,z2)

=Ty~
mes(0,1) 2 1

P(zl <X < 1:2) =
ana mobrix 0 € 1 < 9 € 1. CanenoBarenbHo, GyHKIMA pac-
npelelieHNs M MIOTHOCTh paclpelelleHusa oToil clydaliHolt Be-
JIMYMHEI UMEIOT BUA

0, ipu z < 0‘, 0, npu z < 0,
F(z)=<¢ z, ppu 0z <1, f(@)=< 1, mpu 0 e<],
1, npu 1 <z, ' 0, mpit 1< z.

Hycts y = g(z) — MoHOTOHHO Bo3pacTrammad QyHKIUA, T =
g~ (y) - obpaTnaa ¢pyuxkuma. Ecau X - cnyvaitnas Benuumna,
10 Y = g(X) ToXe ABNAETCA CiydaiiHON BeNMUMHOH’, MOCKOIb-
ky {Y < y} = {9(X) <y} = {X < g7(y)}, u, crenosatennHo,
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cobute {Y < y} upmuaanexunt o-anrebpe A aas moboro Be-
1ecTBeHHOro ¥, mockouabKy {X < ¢~ !(y)} npunannexur A.

Hna pyuximii pacnpenenenus Beayuud X U Y cnpaBeANMBO
COOTHOLLIEHUE

Fy(y) =P(Y <) =P(X < g7 '(y)) = Fx(97(»)). (10.5)

Ecau cnyuaiinas BesuumHa X MMeeT MIOTHOCThL pacrnpejele-
uud fx(z), a ¢yuxumsa g(z) mddepénmpyema, To cnydaiinas
BenvuMHa Y TOXKe MMeeT IIOTHOCTb pacupeneinenuda fy (y) n

frw) = fx(a™ ' W) ). (10.6)

DTO paBeHCTEO, B CHAYy BTOPOro CBOMCTBa INJIOTHOCTH pac-
npejcicHus, ABIAETCHA CleACTBUEM pe3yabTaTa auddepeHim-
posanua cootHomenunaA (10.5). IIpn ucnonb3oBaHMM paBeHCTBA
(10.6) 6viBaeT nonesHol popmyna

(67 (®) =1/d'(¢7 (v))-

B cayuae, xorma y = g(z) — MoHoTOHHO yOniBatoman guddepen-
mupyemasa GYHKIUSA, MOXKHO MOKa3aTh, YTO

fr(@) = fx(g7 @)/g' (a7 )l (10.7)

Dta GopMysa BEpHa ¥ JUIA B3AMMHO OJHO3ZHAYHEIX (CYIECTBYET
obparHad QYHKUMA) KyCOYHO MOHOTOHHEIX ¢yHkumii g(z). Tox
¢GaKT, UTO BO3MOMHO MJIfi CYETHOTO UYUCHA TOYeK (KOHLOB WH-
TepBanios MOHOTOHHOCTM) ®TOi (OpMYJION 3HaUEHUA fy(y) He
onpenesIoTCA, He ABJAeTCA NpUHUMIMansHEM. [lnoTHocTu Ha
BHLIACHEHHOM CYETHOM MHOMECTBE MOXXHO NpUAaTh Jwboe 3Ha-
YyeHue, NPU BTOM QYHKIMA pacrpenesieHua He U3MEHUTCA B CHITY
CBOVCTB MHTErpaJa.

CymecTByeT wupokuii kiacc dynkumit g(z), ve obs3atenbHO
MOHOTOHHEIX, AN KOTOPHIX Y = g(X) 6yzer ciyyaittoii Benuun-
Ho#i. K. HeMy oTHOCATCA, HallpMep, BCe HeMPEPHIBHLIE (Y HKIWHN.
O6cyxaenue aToil npobiieMbl BHXOMAT 32 PAMKU BJIEMEHTAPHO-
ro Kypca, Tak Kak TpebyeT NONOJHUTEILHLIX 3HAHUNE U3 Teopuun
by sxLmA. ' '
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3anaua 2. Cayuyalinasn Beauunaa X viMeeT pacnpenesIeHue
Komm ¢ nioTHOCTBIO pachnpeneleHUn

f(z) =

m, npu —oo<zr<oo.
BuiuncauTh NIOTHOCTL pacnpeleneHus obOpaTHOU cayualino#
peryuuna Y = 1/X.

Pemenne. dyurkupa y = 1/z e oupeneneHa B Hye, yGHBa-
et Ha uHTepBanax (—oo,0), (0, 00) u umeeT oaHO3HAUHYIO 06paT-
Hy1o ¢yuxumio £ = 1/y. Ilpumensa dopmyay (10.7), nonmyunm
1 1

fr() = 1r(1+1/—2)y2 = A+’ npM — 00 < Y < oo

CirepoBaTebHO, BEAVUMHA, 06 paTHasA BEIHUUHE, PACIDEAEICH-
Hoif o 3akoxy Komm, Takke umeer pacnpenenenve Komm.

3A0A4YU

3amaua 10.1. B ypue 5 Genelx n 25 yepHuIX mapo. Brmy-
au 2 mapa. Cayyaiinas esvuvia X — YMCIO BRIHYTHIX Gesnix
mapoB. IlocTpoUTL 3aKOH paclpeaesieHua U q;ymcumo pacnpe-
JOeJeHUA BeJIUUnHb X .

3anaua 10.2. IlocTponTh 3aKdH pacnpeeNeHns U GyHKIMO
pacnpedeieHVa YUCHa MONaNaHNi MAYOM B KOP3NHY IIPH Tpex
fpockax, eciii BepOATHOCTh HOIaXaHUA K KAk pa3 paBHa 0.8.

3anaua 10.3. Cuayuaiinaa BeauuuHa X 3alJaeTcs IIOTHO-
CTBIO pacnpesie/leHuA

0, npn =<3,
f@)y=9 =5 mpm 3Kz,
0, nmpn 7 < z.

- Buunconts $ysxumio, pacnpenenesns F(z) u BepoATHOCTH
P2 X<4).

3anaua 10.4. Cuyuaiinaa pesnumna X 3aaeTCA MJIOTHO-
CTbIO pacHpeneieHu

0 npun z < 2,
f(z)=1¢ 2z ~4 npu 2<z<3,
0 npu 3 < z.
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Buuncnuts ¢ynxmio pacnpefenenns F(z) m BepoATHOCTD
P(2.5 < X <3.5).

3amaua 10.5. Cayualinas BennuuHa X WMeeT NJIOTHOCTH
pacipereneHus

0, npu 7 < T,
flz) = %sinz, mpu <z
0, npu z < 0.

a) Onpenenurs pynxumio pacrpenenerud F(z); 6) HalkTH Bepo-
ATHOCTb TOr0, UTO Beauuuna X NMpUMeT 3HaAUEHUE, 3AKITIOUEHHOE
B untepsaine (0, 7/4).

3anaua 10.6. Caydaiinaa BeamuuHa X uMeeT MIOTHOCTH
pacnpeneeHus

0, npu |z| > 3,
f(z)= 1
———, 1npm |z| < 3.
v
a) OnpenenuTh GyHKUMIO pagnpeneneHus F(z); 6) naiitu Bepo-
ATHOCTh TOr'0, YTO BeJMunHa X NPUMET 3HaUEHMe, 3aKII0UEeHHOE
B UHTepBaJie (1 5,4).
3amaua 10.7. IuckperHaa ciayuaiiHada BesmunHa X wumeer
3aKOH paclpelesieHud

T T 5
X 5 2 -
1 3 1 2

P - = il il =

R 10 10 10 10 10

ITocTpouts 3aKoH pacnpeneneHua ciaydaiHoil BemuurHe Y =
sin X.

3anaua 10.8. CnayuaitHaa BemnuuHa X HMeeT MNIOTHOCTD
pacnpenenenus fx(z) = e~ %,z > 0. Hailtu ¢pyuxkumio pacnpe-
JeJIeHUsi CIyJYaiHol BeNUUMHE Y = e~ X

3anaua 10.3. Cayuahuas sBenwuuna X paclpeneleHa c
MmI0THOCTbIO pacnpedenenusa fx(z). Halitu nnoTHocTh pacmpe-
HeleHud clydaiHoit Beamunanl Y = X2,

3anaua 10.10. IlocTpouTh 3aKOH pacnpeneseHUa IUIA BeJu-
unHe X, paBHOR UMCIY BbINaAeHW' OUKOB KPATHLIX TpPEM IIPHU
yeThIpeX GpPOCaHMAX UTpabHOU KOCTH.
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3anaua 10.11. Cayuailinasa Bemuuuna X uMeeT IIOTHOCTh
pacrpeneseHAA BUAA

) ={

BBravcanThL KOHCTAHTY @ U ONPEAENATH BEPOATHOCTL TOrO, YTO
X > 1.

3anaua 10.12. Cnyvaifnas BelnumHa X MMeeT MIOTHOCTh
pacIlpenesieHNs BUAA

f(z)z{a(z—l)z, npu 1 <z <5,

0, npuz <1, H<z.
BeIuvcanTs KOHCTAHTY @ ¥ ONPEAESIUThL BEPOATHOCTL TOr0, YTO
3L X <4.
3anaua 10.13. BrruncauTh N10THOCTh pacHpeneieHus Beiu-
umnbl Y = VX, rae X — BeanuuHa u3 3axaum 10.11,
3anmaua 10.14. BuuncauTh NIOTHOCTh pacnpeaeileHUs Bean-
unHel Y = (X + 1)/2, rae X — Bennuunua u3 3agaum 10.12.

az?, nopn0< z <2,
0, npn ¢ <0, 2< .

§11. COBMECTHBIE ®YHKIUU PACIPEAEJEHUA
HECKOJBbKUX CAYYAWHBIX BEIUYUNH

PaccMoTpuM cHauana ABE AMCKPETHEHIE CIyYaAHbIE BENVUNHE
X u Y. Illycts cayvaiinas Benuumna X nprHAMaeT 3HAUEHUA
Z1,Z2,...,%4, & CHydaiHAA BeJMuMHa Y NPUHMMaeT 3HAYEHUA
Y1,Y2; ---,Ym. OnHOBPEMeHHOE HacTynenue cobutuii {X = z;}
u {Y = y;} 6yaem obosnauats {X =z;,Y = y;}, 1. e.

(X=2,Y =y} ={X=a; {Y = 4 }.

O6o3naunm pi; = P(X = z;,Y =y;).

Onpenenenne 1. CoorBercTBie, KOTopoe KakIoi mape
3HaveHu (z;,y;) AMCKPEeTHBIX CaydaiHeIX BeauunH X u Y co-
MOCTaBJIAET €€ BEPOATHOCTb P;j, Ha3bIBAETCA COBMECTHBIM 3a-
KOHOM pacnpenefeHEna CAyJyaiHux Beauunn X n Y.

CosmecTHblll 3akoH pacnpeaenerva sennuud (X,Y) moxkHO
3anaBaTh Tabmuiei

(X, Y)Y (zn,y1) |- | (Fuym) | (291) | - | (&ny91) | oo | (20 Ym)
P P11 - Pim D21 e DPn1 PN Dn,m
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3apauya 1. B Aunwike gBa mapa, Ha KaXKAOM M3 KOTOPLIX Ha-
ncaHa mmdpa 1, u Tpu mapa, Ha KaxKAOM M3 KOTOPHIX HalMCa-
Ha mdpa 2. OAvH 3a JAPYrMM HayAauy BBIHMMAIOT ABa 1Iapa.
Iycrs Benuuuna X — BTO HOMep Ha MEPBOM Iape, a Y — HOMEP
Ha BTopoM. Haiitu coBMecTHBI 3aKOH pacnpeneleHUs BeJINUUH
(X,Y).

Pemenue. Ucnonnsya ¢popmMyiy yMHOMKEHNA BEPOATHOCTEN,

natinem P((X,Y) = (1,1)) =P(X = DP(Y = 1[X =1) =2 . ; =

1
o MMocTynaa aHaJOrWYHO AJIA BHIYNCJIEHUA APYTMX BEPOATHO-
cTeil, nonyunm

(X,Y) (1,1) (1,2) (2,1) (2,2)
1 3 3 3
P 0 i o 10

CaroiicTBa BepoaTHOCTER p;ij.

1) _leij = Pf’), rae ;-” =P(Y =y);
m
2) Z pij =p{, rae p{¥ = P(X = z;);

3) ZEP-:—l

1=17=
ﬂoxa.)xeM Hanpumep, BTopoe cBoiicTBo. Ilockoapky

m
Y {Y = y;} = Q, To ucnoansysa ceoitcrea 10’) u 4) § 2, nonyuum
i=1

YX=z,Y=y}={X=2}) {Y =y)=

j=1 j=1
={X=2:}0={X ==z}.

Tak kak cobutua {X = z;,Y = y;} 1pu pasHHX j HECOBMECTHEI,
TO NpPVMEHAA GOPMYIY CIIOKEHNA BepoATHOcTel, noxyunm

" =P(X =z;)= (i{X =z;,Y = yj-}) =

m m
= ZP(X =ua;,Y =y_,-) = Zp,'j.
ji=1

j=1
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Onpenenenue 2. JluckpeTHuie cnydalivnie BeAUH#AHB X
¥ Y Ha3BIBarOTCA HE3ABMCUMEIMM, €CJIM JUIA Beex rap (i, §) Bl
HOJIHSIIOTCA COOTHOLIEHUA

P(X =2;,Y =y;) =P(X =2/)P(Y = g5),
2. e. cobmtus {X = z;} u {Y = y;} aBamoTca HesaBUCUMBIMML.

3ameuarme 1. Ecim X u Y nBe auckpeTHrle ciydaiiHbie
BeAVuMHBL, To AJA Joboi GyHxumM aByx nepemennwix h(z,y)
penvuuna Z = h(X,Y) Toxke sBnAerca AUCKpeTHOR ciydaii-
HOil BeamumHOM, KoTopad NMpMHUMaeT 3Hadenud z;; = h(zi,y;j)
C BCPOATHOCTAMU pj; = P(X = z4,Y = yj),z’ =12,...,n,j =
1,2,...,m, ecau h(z,y) Arnserca B3aMMHO OAHO3HAYHOH (yHK-
wmeit. Ecau ske 3Havyenna h(z;,y;) coBnanaioT Mis pasiMdHeIX
nap (zi,z;) ¢ BeauuMHOR 21,m, 70 Z = h(X,Y) npunumaer 06-
mlee SHAYeHVE 2|, C BEPOATHOCTHIO, PaBHOM CyMMe BEPOAT-
HOCTe#l p;j, OTBEYAIOWMX BCEM TaKMM (I;,Zj), IJNA KOTOPHIX
h(zi,z;) = z21m.

PaccmoTpuM Teneps obiiy1o cUTyalMio, Korjaa umeercsa k > 2
MPOM3BOJIBHKEIX CIyYaiHuIX BesmyuH Xy, Xy, ..., Xi. IlockoabKy
JUISl ONMCAHUA STOTO CJY4Yasl OTIIPABHON TOUKOW CHy»XaT aKcH-
oMbl Teopuu BepoaTHocTel (§ 6), To MEl nmpeanonaraeMm, 4To 3a-
naHo §) — NPOCTPAHCTBO BJIEMEHTAPHHX COBKITHMA, U3 II0AMHO-
»ecTB KoToporo obpasopana o-anrebpa A u Ha Heil 3azaHa
BepoArHocTh P. Ilpx eToMm mpernonaraercs, uro npu Jwbbix
1l =1,2,...,k u z € (—00,00) coBrrua {X; < z} npunanie-
xaT A. DT0 ycioBue MO3BONAET PACCMATPUBATh BEPOATHOCTH
cobrrTui

k
{X1 <21,X2<xy,...,Xx < :L‘k} =H{Xl < .’Bl}.
=1

Onpenenenne 3. Oynrnua
F(z1,29,...,21) = P(X1 < 21, X3 < 22,..., Xk < 21),

zp € (—00,00) Ha3LIBAETCA CGBMECTHOU PYHKIMENA pacupeme-
neama Beanynd X1, Xo, ..., Xi.

ConolicTBa COBMECTHOU GYHKEMM pacopeneseHus.

1) ¢yuxuua F(zy,zq,...,2,) ABNAeTCA HeybnBaoomell PyHK-
LMelf KasKAOro apryMeHTa, NIpU yCJIOBUM, UTO APYrve QUKCHPO-
BaHLI;
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2) ecam £} = —oo npm HekoTopoMm I, 10 F(z1,22,...,28)= 0,
a eCclM MOJOXKUTL z) = 00, T0 F(z1,...,21-1,00,Z141,...,Zk)
KaK ¢yHxkmAa k — 1 mepeMenHoii OyHeT ABJIATLCA COBMECT-
HOl ¢yukumel pacnpenenenua k — 1 cayuvaiHeix BeaUuuH
X1,..,X1-1, X131, ..., X, CpeI KOTOPHIX OTCYTCIBYET BeJM-
uuHa X}

3) no xawumo# mepemenunoit z; dynxuma F(zi,zsz,...,2;) He-
NpEepRIBHA ClleBa:

im F(zy,...,z1,...,2x) = F(z1,..,Y,. .., Zk)-
zity

Jloka3zaTelbCTBO BTUX CBOICTB TOUHO TakKoe e, KakK
Ana QYHKIIM paclipeliesIeHNA oaHo ciydvaitHoi BemvuuHel. Jo-
CTATOUYHO BHAEJIUTh OJWH W3 COMHOMWUTeleH B NpPOU3BEIEHUM

k
muoxkectB [[{X: < 21}, oTBevarommii BGpannoli KoopauHaTe
1=1
$YHKIMM pacHpeneNieHNA, ¥ JJIA HETO TIOUTH JOCJIOBHO TOBTO-
PUThL TO, UTO AEJNAJOCh JJIA JAOKA3aTeNhCTBAa CBOUCTB (yHKIIIM

pacnpeneneHus.

Habop cnyuailinbix BeamumH X = (X1,X2,...,X}) Ha3vBa-
107 cayualiariv BexropoM, pyuximo F(Z) = F(zy, z2,...,2¢)
— ¢yrxnumell pacupeneseENA CIydaliHOTO BEKTOpA X.

Onpeaenenne 4. Cayualinnie Bemuumubl Xi, Xo, ..., X
Hakahmalo'r HE3aBUMCMMBIMM, €CJIV AN Mobux (zy,Z2,...,Zk) €
R

P(Xi<zy, Xa<®y, ..., Xp<zr)=P(X1<2,)P(X2<2s). . P(Xp<zp)

DT0 COOTHOLIEHME MOMKHO BHIPA3UTh B TepPMHHAX ¢ yHKuMA
pacnpenesieHua

F(zl, Z2, .. .,.’L‘k) = Fl(Il)FQ(.’BQ) v .Fk(.’l,‘k), (11.1)

rae Fi(z) - pynkuma pacnpenenenus ciydaiiHol Bemmuumner X;.

Jlemma 1. Ecau seaununvnr Xy, Xs,...,Xr neszesucums, a
gi(z),1=1,2)... k, - nexomopuie gynxyuu, mo u eeaununvt Yy =
91(X1),Y2 = 92(X2), ..., Yz = gx(X) Aoamomes nesasucumoumu.
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CunpaBeiIMBOCTh BTOr0 YTBEpPsKACHUA Mbl HPOBEPUM JIMIIb
A MOHOTOHHO Bo3pactalommx ¢yuHkumii. OHO cilemyer U3 Lie-
IIOYKY PaBEHCTB

PVi<wy,Ya<ys....Yi<wy)=
=P(X1 < g7 (), X2 < 95 (®2), .-, X& < 97 (1)) =

= P(X1 < 97 (11))P(X2 < 95 (32)) - . P(Xi < g5 () =
= P(Y1 < yl)P(Y2 < yz) e .P(Y]; < y),).

3ameuanue 2. Y TBepKIAeHUE JIEMMEI 1 BEpHO IJIA MMPOKOTo
Knacca ¢pyuxumit gi(z). K aroMy kiaaccy oTHocATcA, HampuMep,
HEINpephIBHLIE (OYHKIMMN.

Ounpenenenue 5. Ecam cymecrByer Takad HeoTpUUa-

TeabHaf ynkuma f(y1,ys, .. .,yk), 4yTO GYHKIMSA pacnpeneyeHus
F(zi, 2y ...,2) ANA Bcex Z1,Z2,...,L; IPEACTaBUMA B BUAE
ry 22 Ty
F(zy,22,...,2¢) = / / / F(yi, 2, ..., v )dyidys . . . dyg,
—-—00 — 00 - 00
o f(z1,22,...,2%) HA3LIBAETCSA COBMECTHOM IJIOTHOCTHIO pac-
npenesaenun ciydainux seawurH Xp, Xo, ..., Xi.

CaoiicTBa COBMECTROM IJIOTHOCTM PacHpenesieHnd.

0 00
1) f f f(z1,22,...,zx)dz1dzy . . . dey, = 1;
—00 =00

5 5
2) f(z1,z2,...,2x) = 921 525" Bay

oysxima F(zq,z,...,25) ABIAeTCA 11U DepeHIpyeMOii;
3) ana moboro ! pyHruMs

F(zy,22,...,2;), ecau

o o]
fi(z1, oy 2=, B0, 0o 2R) = / f(z1,...,zi1,...,25)dz;
-00

ABJIAETCA COBMECTHOM IJIOTHOCTBHIO pacrnpenesienusa k — 1 cay-
YalHeIX BeanunH X1, ..., Xi—1, Xiy1,..., Xk, CPeIM KOTOPHIX OT-
CYTCTBYyeT BeJlUuuHa X].

CroificTBa 1) ¥ 2) ycTaHaBIMBAIOTCA AHAJOLUUYHO TOMY, Kak
®T0 OBLIO CAeNaHO JJIA MIOTHOCTH OMHOM ciaydaiHoil BeTMUMHEL
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B §10. ¥Y6eaumca B cnpasenmmsocty ceoitctea 3). Bocnoassy-
eMcA oIpexeseHHeM IAOTHOCTU M CBOWCTBOM, YTO MOMKHO Me-
HATb MOPAACK MHTerpuponanusa. Ilojarad z; = 0o HoaAyUnM

F(Zl,n--,Z{_l,oo,IH.‘l,---,Ik)z

Ty T 00
=j.../(/f(ul,...,u;,...,uk)dul)dul,...,duH.l,...,duk.
-0 =00 =00

CoraacHo BTOpoMy CBOWMCTBY COBMECTHON (YyHKUMM pacnpene-
JIEHMA CJ€EBa CTONT COBMECTHAA (YHKIUASA PAaCIpeENeJeHNA Eelu-
e Xi,..., X1-1, Xi41,. .., Xk. CHOBa MCHONBL3YS OlpedciieHue
TLJIOTHOCTH, TIONYYAEM, YTO BLIDAXKEHUE B CKOBKaX ABJAAETCA CO-
BMeCTHOH IIJIOTHOCTBLIO paclpelesIeHNA 2TUX BeJUYMH.
Ananorom cootHomenus (10.3) apiaerca cnenyiomee:

P(a1 X1 <b1,az X2<b2,.. , 0k < X <bk)

5y by
// /f(ml,n, . ,xk)d:hdxz d (11.2)
a1 aa ax

Ecau y cayuaitarix Benumumn Xi, Xa,..., Xg cylmecTByet co-

BMeCTHafA IUIOTHOCTh pacHpeReseHus, TO B cuiay csodcina 3)
CYUIECTBYIOT IJIOTHOCTH PAcCHpeesieHNA Y KaXKAoi u3 BemumH
X; B ormensbHoctd. Ilpoamdpdepenumposas pasercTBo (11.1)
no Kaxao¥ u3 nepemenunix z;, | = 1,2,...,k, nerko y6eaurn-
CA B TOM, YTO CBOMCIBO HE3aBMCUMOCTM CJy4YaMHBIX BEJIMIMH
X1,X2,...,X; uepes NNOTHOCTL pacHpeneseHUA BRIPAXKaETCH
Tak: A mobnix (z1,23,...,7x) € RF

f(:cl, T2y ,:2:),) = f1 (ml)fg(.’cg) B .f],(:tk), (113)

rae fi(z) — nioTHOCTL pacnpeleneHud ciydaiHol Beawumner X;.

3anaua 2. HekTo nonyuna ABa KpeamTa, KR KILIA U3 KOTOPHIX
OH [I0JDKEH BEPHYTH 110 nepBoMy TpeboBanuio. Tpebosarue Bep-
HyTb kpeaut I{l = 1,2) npuxommT B ciry4aiiHEIA MOMEHT BpeMeHU
7], IpUYEM 7] UMeeT IUIOTHOCTH pacnpeneienus py(z), onpene-
naemyio popmyioik pi(z) = arexp(—~az) npu z > 0 u pi(z) = 0
npu z < 0. Tpe6oBanua upuxonar Hesasmcumo. Hailitu pac-
npenesyeHne NIKXTENLHOCTY Cy4YafHOro NMpOMeXyTKa BpeMeHHu,
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B TeueHUe KOTOPOrO B PacCIOPMKEHUM 3aeMuivka ByayT naxo-
AuThcA oba KpeauTa.

Pewenue. Baunciaum ¢yHknuio pacnpelielicHUsa uHTEpPECY-~
lolleif Hac cayvaiiHoH BelmuuHbl Min(Ty, T2), KOTOpas KaK pa3 U
paBHa BpeMem, B TeYeHHe KOTOPOTO 3aEMIIMK MOKET NOAb30-
BaTbCcA oBoumu Kpeautamu. Mmeem

P(min(r, m2) < z) =
=1-P(min(r,n) 2 z)=1-P{{n2zH{n>z})=
=1-Pn22z)P(2z)=1-(1-P(ry <z))(1 = P(ry < z)).

YuyuThIBaA BUA MIJIOTHOCTY PaclpelleiieHus, IoJyyaeM, 4YTo Npu
z>20unl=1,2,

z

P(n<z)= fa;exp (—aqz)dz = 1 — exp (—az),
0

u nosroMy P(min(r,m2) < z) =1—exp (—(a1 + az)x).

3AAUn

3anaua 11.1. B xomeabke nexaT 8 nATUKONESUHLIX MOHET M
6 mByxkoneeunnx. Haynayy BRIHMMalOT O4Hy 3a Apyroii 2 mo-
Hernt. Ilycts cnyuwalinaa BenvurHa X — JOCTOMHCTBO nepBolk
MoOHeTH, Y — Bropoit. CocTaBUTh COBMECTHRIN 3aKOH pacnpene-
senusa BesmyuH (X,Y).

3anaua 11.2. U3 12 noTepediHnIXx 6mieTOB 4 BRIUT PHIUHLIX.
Ilsoe BHITArUBAIOT NMo GUJIETy, CHavasla NEepBBIA TAHET, 32TeM
Bropoil. IlycTh cnyvaliHasa BennuuHa X — YHMCJIO BRIV PBLIUHLIX
6usneroB y nepsoro, Y — y BToporo. CocTaBUTh COBMECTHRINA
3aKOH pacnpelesieHusa seanuns (X,Y).

3apgaua 11.3. lIBoe CTpeJKOB IPOMBOAAT HO JBa BBICTpPEa.
Crpensior oy HE3aBEMCKMO APYT OT APYTa, ¥ KaXKAblA BhICTpeJ
He 3aBUCHT OT NpeABIAYyHIEro. BepoATHOCTD NMOMNa aHUA 11€PBOTO
¢y, BTporo - «g. llycTh cayuaiinag Besmunpra X — umcio rnona-
Aaruit nepporo crpeaka, Y — Broporo. CocTaBuTh cOBMeCTHRIN
3akoH pacnpelesienuda Bennund (X,Y).

3anaua 11.4. Bpocalor aBe urpaasinie koctu. Hycrs X = 1,
ecay cyMMma OYKOB deTHa, U X = 0, ecau cymma HeudeTHa, a
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Y = 1, ecav npousBeieHUE OYKOB YeTHO, M ¥ = 0, ecam npous-
Benenne HedeTHo. CoCTaBATh COBMECTHBIA 3aKOH paclpeneiie-
HuA BeauumH (X,Y).

3apaua 11.5. CoBMecTHas GyHKIMA pacnpeNeeHus caydaii-
HEIX BeqwumH X u Y umeer sua F(z,y) = 1 — 279" — 37V 4
9-2"3-v*, OnpenenuTs COBMECTHYIO NIOTHOCTh pacupenciieHns
BTUX BEJIWYUH ¥ BHUMCIUTL BEPOATHOCTh cobmitma {1 < X <
2,0<Y <1}

3amaua 11.6. Onpenenuts COBMECTHYIO HJIOTHOCTh pacipe-
JeJIEHUA JBYX MOJIOMNUTEJLHBIX CIyJYalHnX Beauund X un Y mo
3aziaHHoOM GyHKIMY pacnpeneisenus F(z,y) = (1—e~ % )(1—e~%).

3anaua 11.7. Onpeaenuts GyHKUMIO paclpefelleHMA Belu-
YNHL], PABHOM MaKCUMYMy M3 ABYX HE3aBUCHUMBIX CIYYaiHEIX
BesmuuH X u Y ¢ yHrmmAMM pacnpelenenna Fx(z) u Fy(z)
COOTBETCTBEHHO.

3anaua 11.8. Onpesenuts QYHKIMIO paclpeneseHUs Beld-
YMHBLI, PABHOW MMHUMYMY U3 ABYX HE3aBMCHMbLIX CJIyYaiHEIX Be-
avuve X u Y ¢ pyHrumaMu pacnpeneneuns Fy(z) u Fy(z) co-
OTBETCTBEHHO.

3anaua 11.9. IInoTHoCTh pacnpeneieHUA ABYX CIy4YaKHRIX
seauunH (X,Y) 3anaerca popmyinoit: f(z,y) = %sin(z +y), upu
0<z<1/2,0<y< /2. dna apyrux aHaueuuit apryMeHTOB

rnoJyiaraeM ee pasHoil Hymo. OnpeennTs COBMECTHYIO GyHKIIIO
pacnpeneneHua Beauund X n Y.

§12. YUCIOBLIE XAPAKTEPUCTUKNA CAYUYANHBIX BEJIUYHH

1. IuckpeTHHIEe CAydYaliHhe BETUYMHEL

Ilycte X — muckpeTHas ciaydaliHad BEIUUUHA, HPUHMMAIOIIAL
s"auenms z1,l = 1,2,...,n, c BepostHocTamu p; = P(X = ;).

Onpenenedue 1. MareMaTUuecKMM OXMOAHMEM IMC-
KpeTHOM clyuaiiHoil BenmuuHbl X HA3LIBAETCA UMCIIO

n
E(X) =3 zip.
=1
3ameuanne 1. Ecan cayuainas Bemmumna X uMeeT cuyeT-
HOE YNCIO 3Ha4eHuil, T. €. » = 0O, TO F'OBOPSAT, UTO MaTeMaTH-
[ee]
YecKoe OMUIaHME CYIIECTBYET, eCay PAR Y, |zi|p cxoaurca, B
I—-

=1
NIPOTUBHOM CJlyuyae I'OBOPAT, YTO MATEMAaTUUECKOTO0 OXUIAAHUA
He CYUEeCTBYeT.
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[o)
Benuunny E(|X|) = Y |zi|p1 naseiBator aGcomoTHBEIM MO-
=1
MEHTOM JIMCKPETHOU cilyyaiiHoil Beavuunnl X .

CMBIC)T MaTeMaTHJeCKoro oxkujgaHusa Haubosee fCHO mpo-
ABJAETCA IPY PACCMOTPEHUH CXeMbl PABHOBO3MOMXHEIX MCXO0OB.
ODTo cpendee apudmMeTHUecKoe 3HaAUEHME BCEX BO3MOXKHBIX pe-
ajgu3anuii caydJailHoi# BeJMUMHE], KOTOpble MOIyT MOABUTLCA B
xone cayuaiiHoro skcrnepumeHTta. lleificTBUuTennHo, mycth N —
YHCJAO0 BCEX PaBHOBO3MOXMXHBLIX KMCXOJOB BKCHepuMeHTa. llycThb
3Ha4YeHMe I; COOTBETICTBYeT my wucxogaMm, | = 1,2,...,n, n
my +mg + -+ m,; = N. HockoJbKy MCXOZH PaBHOBO3MOMHHI,
Topgp=P(X=a;)= % Torna

n n
E(X) = Zz;pl = Za:;%’- =
iI=1 =1

= %(fl+xl+---+xll+fz+z2+.-.+z%+...+§n+xn+...+$d-

my ma Mma

IpaBas YyacTbh PTOrO0 PaBEHCTBA U ABJACTCA CPEIHUM apudme-
THUYECKVM BCeX BO3MOXXHBLIX peajiu3anuii ciaydaifHoll BeAMUMHEL
X. Noetromy E(X) yacTo Ha3HBAIOT CPEeOHNAM 3HAUEHUEM Be-
JuyuHE X,

3ameuanue 2. Eciau ecTh muckperHas ciydailHada BeIMUMHA
X, NIpUHUMAIOIAA N PA3JIMYHLEIX 3HAUEHMIA, 1 HEKOTODaA B3aUM-
HO oJHO3HauHaA ¢yHKuMA g(z), To caydalinaa BeanumHa g(X)
MpUHMMAaeT 3HaveHuA g(Z;) ¢ BepoaTHoctamu p = P(X = zj),
I = 1,...,n (cMm. 3ameuyanue 1 §10). IToeromy E(g(X)) =
n
> g(x1)p1. OTo paBeHCTBO BHUIONHAETCA M ANA GyHKIMI g, He

1=1
“Meromux o6paTHYIO, IOCKOJELKY corjacHo 3aMedaHmo 1 §10

¢(X) npunnMaeT coBmajaiolmee AN Pa3HLIX Z; 3HaAUEHME C CO-
OTBEeTCTBYIOIIENl cyMMapHO#l BepOATHOCTHIO.
OtMmeTuM Baskubifl YacTHRIA caydali. Onpenennm

1, npmz €A,
0, npuzé¢A,

14(e) = {

— WHIUMKATOD MHOXecTBa A.
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Mycts A — cuerHoe MHOMecTBO, ¢g(z) = Ha(z). Toraa cupa-
BEJJIVBO COOTHOMLIENHE

E(14(X)) = i Ta(e)pi = Y pi = P(X € A).
=1 z1EA

3ameuanne 3. Ecnu naHbl ABe AUCKpETHHIE clydaiilkie Be-
smumiel X U Y ¢ coBMecTHBIMM BepoATHocTaMM pi; = P(X =
z;,Y = y), i =1,...,n, j = 1,...,m u h(z,y) — HekoTOpaa
$yHKIMA ABYX NEepeMeHHBIX, TO0 B cuay 3ameuvanya 1 §11 mare-
MaTHUYECKOE OXUAaHue ciydalinoit sesvuunnt h(X,Y) Beruvcns-
erca no ¢opmyie

E(h(X,Y)) = Z Z h(zi, y;)pij -

CBoMcTBA MATEMATNUECKOTO OMKUNAHVIA.
1) (cBoiticTBO NMHEHHOCTH) AJ1A JOBKIX MOCTOAHHLIX @ ¥ b

E(aX +b) = aB(X) + b;

2) (croilcTBO aMUTMBHOCTM) ANA TIOBHIX JBYX CJLydailHBIX
Benmuud X n'Y

E(X +Y)=E(X) +E(Y);
3) ecan cayuyaliuwe Benuuuubl X M Y He3aBUCUMEI, TO
E(XY) = E(X)E(Y),
U, Bonee woro, HuA mWMpoOKoro kiacca dynkuuit g(z) n h(y)
E(g(X)h(Y)) = E(9(X))E(r(Y));
4) ecim X > 0, To B(X) 20, ecim X 2 Y, 1o E(X) > E(Y).

HoxazarennctBo. [lepBoe cBolicTBO cienyeT u3 cBoii-
cTBa NuHEKHOCTU omepauuu cymmuponauua. HelicTpirrensHo,

n n n
E(aX +b) = Z(az; +b)p = aZz;p; + pr; =aE(X) + b.
1=1 1=1 1=1
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CornacHo 3ameuanmio 1 § 11 Benuunna X +Y apigercs cayyaii-
HOI BesWIuMHON, NpuHUMalOIet 3HAYeHUA T; + YJ; C BEPOATHO-
ctamu pij = P(X =z;,Y =y;), i=1,...,n, j=1,...,m, u ee
MATEMATUUECKOE OXKUIAHUE BEIUMCIAETCA COrIACHO 3aMEeYaHUIO
3. Ucnons3ays cpoitcrpa 1) u 2) nns BeposTHOCTEHR p;j, NMeeM

n m n m m n
EX+Y)=3. (@i+uy)pi =D 2 ) pii+ D 4 D pij =
j=1 i=1 i=1

i=1j=1 i=1

=3 el + zy ® = E(X) + E(Y).

i=1

Y GeaMca B CIpaBeIMBOCTH TpeThero cpoitictBa. Ilockonbky
penuuuHu X u Y He3aBUCHMBI, TO
pij =P(X = 2,,Y = y;) = P(X = 2:)P(Y = y,) = p{"p}".

Torna

E(g(X)R(Y)=D_3 a(z)h(yi)pii=Y_ Y 9(z:)h(y; ) p{> =

i=1 j=1 i=1j=1

= Zg(z.)pf” Z h(y;)p{” = E(g(X))E(h(Y)).

IlokaskeM 4yeTBepTOE CBOMCTBO. Y HeoTpuHATENBLHON cnydai-
HO!l BeJMYMHBEI MaTeMaTUYECKoe OXMAaHUWe OylneT HeoTpHla-
TeJIbHLIM, ITOCKOJBbKY 9TO CyMMa HEOTPULATENbHEIX ClIaraeMhIX.
Ecm X 2Y, 70 X ~Y 20, n E(X -Y) > 0. ITo BropomMy 1
nepsomy cBoiictBam E(X —Y) = E(X) ~ E(Y). CaeznopatennHo,
E(X) - E(Y) 20, a snaunt E(X) > E(Y).

Caencreue 1. Jas awvboil cayxailnodt seauvvunvt X
[E(X)| < E(IX]). (12.1)
DetictBurensro, nockoaneky X < |X| v —-X < |X|, 7o no

cBoiictBam 4) u 1) umeem E(X) < E(|X|) u —E(X) < E(1XY)).

YUro u Tpe6oBanoch AOKa3aTh.



94 TEOPUA BEPOATHOCTER

Caencreme 2. Jax awbuz cayvatinnze eesuvun X1, Xa, ..., Xg

E(i Xi) = zk: E(X)).
=1 I=1

D710 YTBepXAeHNE NOKa3blBaeTCA C IOMOIIBIO CBOUCTBa 2) 1o
UHAY KA.

Onpenenenue 2. Nucmepcueit mickpeTHoii cayyaiiHoi
n

penuumun X HasmBaerca uucao D(X) = ¥ (2 — E(X))?pi.

B cuny 3ameyaHuda 2 mucnepcueil caydaiiHoir BendumHbl X
CILY}KUT MaTeMaTU4iecKoe oxunaHue (cpenHee) ciydaiiHoil Be-
muunssl (X — E(X))?, 1. e. D(X) = E(X —E(X))%. Cmeican auc-
NEPCUN 3AKIIOYAETCA B TOM, YTO OHAa XapPAaKTEPU3YeT CpeaHuii
KBaJApaTUuHbIif pa3bpoc ciayuaiiHoil BesUUMHL! BOKPYI' CBOEro
MaTeMaTUUECKOr'O OV AaHNA.

3ateuarnue 4. Ecan D(X) =0, To B cuay onpenenenus nue-
nepcuu P(X = E(X)) =1, 1. e. baktuueckn X — merepMuHU-
posanman (He ciydaiiHas) BeJIUUMHA.

IIpumep 1. Ilycts X — uncno rep6oB, BRIMaBIUX NpU Ue-
ThIpex GpocaHuAxX IpaBuibHOM MoHeTH. Torjaa, UCONL3ysa pe-
3yanTaT npumepa 2 u3 § 10, noayunm

4
16
=(0~2)2% ~4+(1-2).2
D(X)=(0~2)" 5 +(1-2)* 5+

2, 6 —92. 4 —92. 1 -
+(2-2 S+ (-2 2+ (4-2) =1

1 4 6 i 1
EX)=0 o+l - z+2 43 5 +4- =2,

CroiicTBa mqucnepcun.
1) nnsa mobGoit caydakHoit BeauumHer X

D(X) = E(X?) - E¥(X);
2) au1s m06HIX TOCTOAHHBIX a ¥ b
D(aX + b) = a’D(X);
3) eciu cayuaiinnie Benuuunsl X U Y He3aBUCUMEL, TO

D(X +Y) = D(X) + D(Y).
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Hokxaszatenncrso. IlepBoe cBoOMcTBO yCTaHABANBAETCA C
MOMOIILIO Clenylole# enoyKn paBeHCTB!:

D(X) = Z(m ~E(X))’p = Z(z, - 20E(X) + E*(X))pr =

1=1

= Zx?px ~2E(X) Zz,p, +E(X) z":p, _
=1 I=1 =1
= B(X") ~ 2B(X)B(X) + B*(X) = B(X?) - E*(X).

MCHOJII:BY.S! onpelesieHyie aQucnepcum mn CBOCTBO JUHENHOCTU
MaTeMATUYECKOro oXXujJaHnf, MojydJrM

D(aX +b) = E(aX +b— E(aX +b))? =
= E(aX - aE(X))? = a®E(X — E(X))? = a’D(X).

Jlna moxa3aTebLCTBaA TpPpETbEro cBolicTBa BOCIIOJIb3yEMCA YKe
JAOKa3aHHbIM II€DBBIM CBoOIicTBOM ANCIIEPCUVI U1 BTOPBLIM N Tpe-
TBUM CBOMCTBAMM MaTeMaTHUYecKoro oxxuaauua. UMeem

D(X+Y)=E(X+Y)?-E}(X+Y)=

=E(X?+2XY +Y?) — (E(X)+E(Y))? =

=E(X?) + 2E(XY) + E(Y?) - E*(X) - 2E(X)E(Y) ~ E*(Y) =
= E(X?) - E*(X) + E(Y?) - E*(Y) = D(X) + D(Y).

Cnencrsue 3. [Jrg nezasucumbvier cayxueindvlz eeausun Xi,

Xo, ..., Xs ) )
p(Y X)) =3 D).
1=1 =1

DTo yTBepHAeHUE AOKA3BIBAETCA C MOMOMbBIO CBOWCTBA 3 IO
MH Y KIMH.

3amaua 1 (o cb6ope konmekumn). C Kaknoil emmnmueit To-
Bapa IIOKyNaTelb npuobpeTaeT Haydaudy HEKOTOPHIA 2JIEMEHT
KOJIJICKIMH, COCTOAILEN M3 1 Pa3iiWdHLIX BJAEMEHTOB (Haylauy
03HAMACT, YTO NPYU KAKAON NOKYNKe NOKYNaTeJb PABHOBEPOSAT-
HO IoJyyaeT 060l U3 8TUX N BJIEMEHTOB HE3ABUCUMO OT IIPH-
IbLoymux npuobperenuii). Kakoe cpeanee unciio MOKyNnoK Halo
clenaTh, YToObl cO6paTh MOJIHYIO KOJJIEKIMIO?
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P ewenue. Ilycrs cnyyaiinan senauuuna X —~ 4Yucho no-
KYyIOK, KOTOpoe HaXo cledaTh, YTOOLI cobpaTh NMOJHYIO KO-
nexkumio, a BeawtMHbl Yy, s = 2,3,...,n, — uucno (cayuvaitHoe)
NOKYNOK, A0 NPUOGPETEHUA HOBOTO BIIEMEHTA NOCJE TOrOo, KaK

n
yxe cobpan s — 1 anement. OueBnano, uto X =1+ ) Y,, u,
$=2

n

cnenopatensio, EX = 14 Y EY,. Cobrntue {norpeSyercs !
=2

MOKYIOK M0 NPUOBpeTEeHUA HOBOrO 3JIEMEHTA IIOCJIE TOrO, Kak

y»e cobpan s~ 1 snement } pacnalaercs B npoussenenne | co-
6rtuit. Kasknoe u3 nepsuix [ — 1 coBriTuii cocTOMT B TOM, UTO
npuobperaeTca y)e UMEIOIMIACA BlleMeHT. BepoATHOCTL TaKo-
s5—1
ro coburrna paBHa ——. [locneatee coGLITHME COCTOMT B TOM,
n

n—-—s+1
YTo npqupeTaeTCf( HOBKIH BJIEMEHT. Ero BEpPOATHOCTE ———,

Ucnone3ya ¢opMyny npoumssecHUA BepOATHOCTek 1A He3aBU-
CUMRIX coBpITH, TonyuaeM

(s = 1)~i(n—s+1)
nI

PY,=0)= , 1=1,2,3,....

Takum obpasoM,

BY, =(n s+ )3T (g (Dm0

I=1 1=1

:(n-s+l)(ﬁ)::(n—s+1)(1_—1£;_1——-1):=
(n—-s+1) n
- m(l—’n;l)2 T n-~s+1°

CaenosarensHo,

3

-1
=n
k=1 k=1

Ed M
)=

n
EX:1+22;T+1:1+1’I.
s=

HUrax, ana Toro, 4Tobel cOGPATH BCIO KOJJIEKIMIO B CPENHEM Ha-

n

IO CHENATb 1 ) 7 TIOKYIIOK, 4YTO NpH 60NbUIMX 72 DKBUBAJICHTHO
k=1
nlnn nokynkam.
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2. CnyuyaliHble BEJMUYUHB, MMelOHMeE NJIOTHOCTS
paclupexeneHud.

Ilycts dpynxums pacupeaenennsa F(z) caydaiitoil BemumHb
X vimeeT nuoTHOCTL pacmnpenesenus f(z).

Onpenenenune 3. MareMaTMUyecKMM OXUIAHUEM CIY-

ya#iHolt BeuunHel X ¢ IIOTHOCTHIO pacnpenenenna f(z) Ha3bl-
o0

BaetcA uncio E(X) = [ zf(z)dz.
- 00
I'oBOpAT, uTO MaTEMaTHUECKOE OKMAAHWE y clydaliHoOH Be-
svuminl X CYWecTBYeT, eCi y Hee KoHeueH aGCOMIOTHHIN MO-

menr E(|X|) -.:—ofo |z} f(z)dz.

3ameuanue 5. Ecau ects cnyyaitnan senuyuHa X ¢ NIOTHO-
CTbIo pacnpenenieHud f(z) ¥ HEKOTOpas HenpepbIBHAA (YHKLMA
g(z), To MaTemaTuueckoe oxuaanue caydaiHoi senuumn g(X)
BRIUMCIIAETCH 10 popMy e

00

E(s(X)) = / o(2) f(z)de.

—- 00

Ecau g(2) — moHoToHHO BoapacTamoman QyHKIuUA, To oTa (Gop-
MyJia ABJAETCA caeacTBHeM PpopMyanl (10.6) u npaBuia 3aMeHB!
nepemennoil unrTerpuponanus. Jlns BaXXHOro YacTHOro ciy4ad,
xorga g(x) = H4(z), rne A ~ unTepnas [a,b) nim ob6benuneHue
MHTCPBAJIOB TAKOTO BMIA, CIIPABEAJNBO COOTHOLIEHUE

oo

E(I4(X)) = / T4(2)f(z)de = / f(2)dz = P(X € A).
A

3ameuanue 6. Eciu gaHsl g8e cayualinule peauduHnl X v Y
C COBMeCTHOM NJIOTHOCTBIO pacnpenenenua f(z,y) u cayyaiinan
BenuumHa h(X,Y), rae h(z,y) — HenpepuiBHaA QyHKUMA ABYX
epeMeHHBIX, TO

E(h(X,Y)) = / [ ma sz ndzay

—-0Q —0Q
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Onpenenenue 4. Huacnepcuenn ciaydaitHoil senuunnnr X
€ MIIOTHOCTLIO pacnpenenenus f(z) HasbBaeTcs yucio

D) = [ (- E(X))f(z)ds.

CnpaBeanushl BCe CBOACTBa MaTEMATHUYECKOI'O OXKWUIAHUA
¥ aucliepcrd, cHOpMYNUPOBAHHKIE A JVCKPETHLIX BEJMUMH.
IIpyanumuaneHEIX oTIMuMit B I0Ka3aTENbLCTBE BTUX CBOMCTB OT
AOKa3aTeNbCTB COOTBETCTBYIOINX CBOMCTB IUIA AMCKPETHLIX Be-
JM4MH HeT. Jloka3aTenbCTBO BTOPOrO ¥ TPEThero cBoMcTBA AuC-
nepcuu Booble He UCTIONB3YeT AUCKPETHOCTL X, & MCIOAL3YeT
JMb CBOMCTBa MATEMaTUYECKOrO OXWIAAHWA.

Joxaxem cBoficTBO a I INTVBHOCTHA MaTEMATUUYECKOI'O OXKUAA-
wud. Ilycrs f(z,y) coBMecTHas NMAOTHOCTL pacHpedelleHUA Be-
smuvH X 1 Y. Bocnosm3yemcs cpoiictBoM 3) coBMecTHOM mitoT-
HOCTY IBYX CJy4aiiHbIX BEJUUYMH, COrJIACHO KOTOPOMY OYyHKIMA
fi(z) = ff°°° Sf(z,y)dy ABNAETCA NIOTHOCTHIO pacHpelesieHUs Be-

mruvae X, a ¢yuxuma fo(y) = [0 f(z,y)de apaserca niaotHo-
CTBIO pacnpelleneHus BeluuuHul Y. lna BriuvcneHnda MateMa-
TUYECKOro OXUIaHUA cyMmul X + Y mpumenuMm 3aMedaHue J.
Torxa nomyuum

E(X+Y)= 7 7(z + ) f(z, y)dzdy =
- 7 z 7f(z', y)dydz + 7 Y 7 f(z, y)dzedy =
= 7 zfi(z)dz + ]° yf2(y)dy = E(X) + E(Y).

CBoHCTBO a U TUBHOCTH A0Ka3aHo. [l Toro, yTobu ybeanTh-
Ci B CIPaBEeNJIMBOCTU TPETHEr0 CBOMUCTBA MATEMATUYECKOIO
OXMAAHWA, BOCIIONb3yeMcsa cooTHoweHueM (11.3), xotopoe nus
ABYX CHNy4YaiiHRIX He3aBUCUMLX BeJuumdH X u Y wmmeer Bun:
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f(z,y) = fi(z) f2(y). LAna suraucnenns E(g(X)h(Y)) cHoBa npu-
MeHuM 3aMedanue . Torga Gynem nmeThb

E(s(X)h(Y)) =
- / / o(=)h(y)f (z, y)dzdy = f / o(2)h(v) 1 (2) fa(y)dzdy =
= [ s i) [ W)y =EGXNEGYY)

IIpumep 2. IycTh MMeeTCA OQHOPOAHAA NMPOBOJOKA, PACTA-
ruBaemMas 3a KoHimbl. J[1060# ToUKke MPOBOJNOKKA COIMOCTABUM KO-
OpAMHATY, PABHYIO PacCCTOAHMIO OT BTON TOYKM O JIEBOrO KOH-
Lla TIIOC HeKoTopoe uuciao a. Toraa JieBBHA KOHEIl NPOBOJIOKM
uMeeT koopauHaty a. Ilycts b — KoopauHaTa NMpaBoro KOHNA
nposonoku. Ouesngno, yto a < b. Ilycte X — cnyuaiinas Benn-
YyyHa, paBHaA KOOpAMHATE TOYKMA pa3pbiBa. SICHO, YTO pa3pniB
npoucxoauT B npomexyTke [a,b]. Mcnonbaysa reomerpuueckue
BEpPOATHOCTH, aHaNorwuHo npumepy 4 § 10 nalinem, uro ¢yHk-
LMA pacnpenesieHna U MIOTHOCTb pacupeneiieHua X uMeloT BUIL

0, npu = < a, 0, npu z £ a,

F(z)= :::, npua<z <b, f(z)= Bi—a’ npu a < z < b,

1, npu b < z, 0, npu b < z.

CnyuyaliHaa BeJMUMHA C TaKAM paclpelelieHMeM Ha3hIBAETCA
paBHOMEpHO pacmpenesieHHOI Ha orpeske [a,b]. Ee maTema-
THYECKOoe OMMIAHVE U AUCIIEPCUA UMEIOT CleAyIolue 3HAUCHUA

1 1 b2 —q2 b+a
E(X)_b—a_/Zdz_b—a 2 - o2 !
a

b , (b=a)/2 .
D(X)=Bj—a/(z—b+u) dr:b—ia- / v2dv=(b-l_;) .
a (a=b)/2
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Jlemma 1 (mepaBencrBo Komu-Bymsxosckoro). Jas aw-
6nr caynaiinsir seautun X uY

E(IXY]) < (B(x?)*(B(v?)"/? (12.2)

lokazatrenscrBo. Ilna moBHX BenecTBEHHWX Yucen 2),
Z2 1 @ CIIPABEANMBO HEPABEHCTBO

1
21z2<2( z1+a 23)

KOTOpOE BHITEKaeT U3 oueBMIHOrO HepaBeHcTsa (o™ 1z ~azp)? >
0. Mcnonn3ys sTo HEpaBEHCTBO U cBoiicTBa 1), 2) u 4) MaTeMa-
TUYECKOr'0o OMWIAHNA, HECIOKHO y6eanThCA, UTO

E(XY)) < E(3(5X? +077?)) < 3 (ZEX?) +?E(YY).

MNonarad 3gecs a’ = (E(X’))”z/(E(Yz))”z, noayuaem (12.2).

Canencrbue 4. Jax 41060l cayuaiinott seaununn X
1/2
(X)) < (B(x?)"2. (12.3)

Y6emuThcA B CUpPaBeNIMBOCTM BTOI'0 HEPABEHCTBA MOXHO,
nonoxwus B (12.2) Y =1.

Hycrts k —~ HeKOTOpOE HATYpPAJIbLHOE YUCIO.

Onpenenedue 5. MomerTOM nopsanka k cayuaiinoll se-
anuvnbn X HaseBaercd uucao my = E(XF).

Onpenenenue 6. AGCOMOTHRIM MOMEHTIOM HOpPANKA &
cnyyvaitnolt Besvuunn X nasnbaerca uucao E(|X|F).

Onpenenenune 7. HerrpaasHEIM MOMEHTOM mopaaxa k
cnyuakisoit Besmuunnl X nHasmnBaerca uncio g = E(X —E(X))F.

Onpenenenune 8. Kopapuanueit (koppeasqUoHALIM MO-
MEHTOM) ABYX clyvaliHuIx BesuumH X U Y Ha3shIBaeICH YUCNO

cov(X,Y) = E((X — E(X))(Y — E(Y))).

CsoiicTBa KOBapUanum.
1) mna ao6wx cryvalinbix BeimunH X u Y

cov(X,Y) = E(XY) — E(X)E(Y);
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2) (amauTuBHOCTB) AuA mobux X, Y u Z
cov(X + Y, Z) = cov(X, Z) + cov(Y, Z),
cov(X,Y + Z) = cov(X,Y) + cov(X, Z).

O9To CBOWCTBO JIECKO PACHPOCTPAHAETCH HA CYMMY IIPOM3BOJIbL-
HOCO YMCJIA, CJIaraeMbIX.

IlepBoe cBolicTBO B cMAy JMHERHOCTH MATEMATUYECKOI'O
OXKMAAHUA BBITEKaET U3 PaBEeHCTB

cov(X,Y) = E(XY — YE(X) - XE(Y) + E(X)E(Y)) =
= E(XY) — E(X)E(Y) — E(X)E(Y) + E(X)E(Y).
Bropoe CBOMCTBO CTOJb e OUEBHIHO.

Onpenenenne 9. Kospdunuearom xoppensmuu asyx

cayyaitnnix pennyud X ¥ Y HasppaeTca umcio r(X,Y) =
__ cov(X,Y)
~ VD)D)

MomeHThI ¥ KOBPPUIMEHT KOPpenAnuu onpeneneHnl He BCe-
rna. Hanpumep, ans cymecTBoBaHuA OBLIUHEIX M LEHTPANbHBLIX
MOMEHTOB My, Kr HeobGXoaMMO, UTOOHL! GBI KOHedeH abcoloT-
Heii moment: E|X|* < oo.

KoppenauuouHrii MOMEHT M KO3 (PUIMEHT KOPPEIALMU Xa-
PAKTEPU3YIOT CTENEHb JUHEHHOH 3aBUCHMMOCTH ClyyaiiHnIX Be-
muuuH. YeMm Goabuie mo MoAynmo Kos(pPULMEHT KOPpesAuUy,
TEM CUJIbHEE JIMHENHAS 3aBHMCHMOCTh MEXKAY BEIUYNHAMU.

Onpenenenue 10. Ecau xopapuauma umu kod$pdunmeHt
KOPPEJALMM PABHLI HYJIO, TO TaKUE BEJMUMHEI HA3LIBAIOTCA He-
KOpPpEeJIUPOBAaHHEIMH.

Hna mobrix caydahunix BesuurH X n' Y

D(X+Y)=E(X Y - (E(X)2E(Y)) =

= E((X - E(X))?£2(X - E(X))(Y —E(Y)) +(Y —E(Y))?) =
=E((X -~ E(X)?) £ 2E(X - E(X)(Y - E(Y)) + E((Y - E(Y))* =
=D(X) £ 2cov(X,Y) + D(Y). (12.4)
OrmernM BuTekaomee M3 (12.4) BaxkHOe cBOHCTBO HEKOppenu-

poBaHHBIX BeanuuH. Ecau cnyualinsie Besuunnnl X ¥ Y Hekop-
penupoBaHkl, TO

D(X +Y) = D(X) + D(Y).
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Cunencreue 3. Jlag nonapro HexoppeaupoaanndT CAYLAURBT
geaudun Xi,..., Xk

D(zz; Xi) = én(x,).

D710 yTBEPKAECHNE AOKA3LIBAETCH M0 MHAYKIMUA C IPUMEHEHH-
€M CBOWCTBa aJAUTUBHOCTH KOBAPUAIMM M BLIIENPUBEIEHHOIO
CBOMCTBA HEKODPEJIMPOBAHHLIX BEJIMUWH.

CnoiicTBa K02 hPUDUEHTA KOPPEIANMMN.

1) Ilasa n06EIX MOCTOAHHEKX a, b, ¢, d

r(aX +b,cY + d) = sign(ac)r(X,Y),
rae signz = z/|z|- ¢ynxkoua sHaxa.

9DT0 CBOMCTBO MOMHO NDOKOMMEHTUPOBAThL TakK: AMHEeUHEIE
npeobpa3oBaHuA CILYyYaNHKIX BeJIHYUH He U3MEHAIOT CTEIIECHU X
nvHelnol 3aBucumMoctTu. Ilpu eToM MeHsAeTcA IUIOL 3HAK 3aBU-
CUMOCTHU, €CJIM @ U ¢ PA3HHX 3HAKOB.

2) [n(X,Y)]| <1, n |[r(X,Y)| = 1 Toraa u ToNBKO TOrZAa, KO-
ria CymMIECTBYIOT TakKme MOCTOfHHkIe a U b, utro Y = aX + b ¢
BEPOATHOCTHIO €AVHUIA.

3) Ecau Besmuuant X u Y nesasucumu, o r(X,Y) = 0.

HokxaszatenncTBO. B cuny ceoiictBa nuHelHOCTH MaTe-
MaTHUYECKODO OXKUIAHUA MMEEM

cov(eX +b,cY +d)=

=E((aX +b—-E(aX +b))(cY +d - E(cY + d))) =

= E((aX — aE(X))(cY — cE(Y))) = accov(X,Y).
Mockoabky D(aX +b) = ¢?2D(X), D(cY +d) = ¢*D(Y), 10

cov(aX + b,cY + d) = sign(ac) cov(X,Y)
VD(eX + b)D(cY + d) VD(X)D(Y)’

TaxkuMm o6pa3om, nepBoe CBOMCTBO YCTAHOBJEHO.

s X s Y
Jokaxxkem cBoitctro 2). Honoxum X = ——, Y = .
) vD(X) D(Y)
Coraacho (12.4)

DX +Y)=D(X)+2cov(X,Y)+D(Y) =

_ D(X) cov(X,Y) | D(Y) _
= 508 £ 2750050 t oy = 21 EHXY). (12.5)




12. YACNOBLIE XAPAKTEPUCTUKU CAYUYARHBIX BEANYKH 103

IockosbKy JieBafl YaCTh PTOIO PABEHCTBA HEOTPULATENBHA, TO
147X, Y)20n1-r(X,Y) >0, uTo BKBUBaJIEHTHO
-1<r(X,Y)< 1w |r(X,Y)| < 1.

IIpn r(X,Y) = +1 ua (12.5) caenyet, uto D(X FY) =
Coraacuo 3ameuammo 4 1o Breder X F Y = E(X) F E(Y) c
BEPOATHOCTBIO €JUHMIA, U, CIEXOBATENLHO,

VB /)
Y=2 m}u(E(Y); \/WE( ))-

IIycib Tenepn Y = aX +b. CornacHo nepBoMy CBOKCTBY HMeeM

E((X - E(X)(X — E(X))

r(X,Y) =sign(a)r(X, X) = sign(a) /DX)D(X)

=sign(a).

Y6enuMca B cipaBelJIMBOCTA TPeThero cBolicTsa. Ecan Bemm-
unHel X u Y HE3aBMCUMEBI, TO, COTJIACHO ONpPENEJIEHUIO, BEJM-
yunbl X — E(X) u Y —E(Y) Toxke 6yayT He3aBucuMnul. [loaTomy
110 TPEThbEeMY CBOMCTBY MaTeMaTUYECKOTO OXKIJIAHUA

cov(X,Y)=E(X —E(X))E(Y —-E(Y))=0-0=0.
CrnenosarenbHo, KodpGULMEHT KOPPEAALMN HE3ABUCHMEIX Be-
JMYNH paBEH HYJIO.

O6paTHoe yTBEpXKIEHUE HEBEPHO, T. €. U3 PaBEHCTBA HYJIIO
KO® QD QULIMEHTa KOPPEIAINM He CHeAyeT HEe3aBUCHUMOCTL BeJu-
uyH. IJoaTBepKAEHNEM BTOMY CIYXKUT CleAyIouuil npuMep.

IIpumep. Hycrh cayuaktHada Benuunda X NpUHUMAET 3Hade-
aua +1, +2 ¢ BepoarHoctamu 1/4, u mycts Y = X2. Torma co-
BMECTHEI 3aKoH pacnpejeiennda BenuuuH (X,Y) caenyromuii:

(X,Y)

(—1’ 1)

(1,1)

(2,4)

(—2a 4)

P

4

1

4

1

4

1

4

M HeTpyaHO y6eauThca B TOM, YTO BeawuuHH X U Y 3aBMCHMEI,
a UX koedPHIMEHT KOPPeJNAlMyU PaBeH HYNIO.

3anaua 1. Bearmceauts koepOUIMEHT KOppPENAUUM ciydaii-
HEIX BesimuuH X ¥ Y, onpeneneHHux B 3agaue 1 §11.
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Pemenue. llo nepsomy croilicTBy koedduumenTa Koppens-
LMY OH COBNajaeT ¢ KovdpuuMenToM 14 Beauund X = X —~1 un
Y1 = Y — 1, coBMecTHRIY 3aKOH pacnpeaefieHuaA KOTOPHIX UMeeT
BAA

(X1,11) (0,0) | (0,1) (1,0) (1,1)
p 1 3 3 3
10 10 10 10

ITo cBolicTBy BepoaTHocTel p, 2 13§11 3axon pa.cnpene.neuml

Xy cnenylommit: P(Xy =0) = =, P(X, = 1) = AHa.normmoe
2
pacnpeueneﬂue uMeet Y. Tor‘na, E(X))==< D(X;) ==~ -:;—2 =
25, E(X1Y1) = —. OkoHUaTeNbHO UMeEM
_ BXWw) - (B(G)Y? _ f-gx 1
r(Xl,Yl)_ D(Xl) = 2_65_ =3
3A0AYN

3amaua 12.1. BeruncivTth MaTeMaTUYECKOE OXKUAAHVIE M JUC-
nepcuio BeuuuHbl X, paBHOl UMCAY BHIIaBIIMX OYKOB Ha
urpailbHolt KocTH.

3anaua 12.2. BLiuucanTh MaTeMaTUYECKOE OXKNAAHAE U JUC-
nepcHio BeJUYUHH 13 3azaun 10.11.

3anaua 12.3. BLIUMCINTL MATEMATHUECKOE CXKUIAHUE U OMC-
nepcHio BeJINUMHE 13 3anaun 10.12.

3anaua 12.4. 3akon pacnpeneyieHusa cayydailHolt Beanuuunl
X umeer BUL

X -2 -1 0 2
1 3 1 1
P 5 8 il 3

Beruncoanrs EX n DX

3anaua 12.5. EcTh NpaBMIbHEIA KETOH, ¥ KOTOPOro Ha OX-
Hoil cTopoHe ctrout wnudpa 2, a Ha apyroit — 0, ¥ ecTh NpaBUIbL-
HBI Ky6MK, Y KOTOPOro Ha IPOTHMBONOJOMHEIX MPaHAX HamuUca-
ubl g pwi 1,2 1 3 coorBercTBeHHO. sHeToH M Kybuk 6pocalorca
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Ha cToa. Ilycte X — cnyualinasd BeauurHa, paBHaA CyMMe OUKOB
Ha keToHe M Kyburxe. IlocTpouTh 3aKoH pacHpelesieHUA BeJu-
YuHE! X, BEIYACIATL MaTEMATHUECCKOE OXKUJIAHVE U JAVCIIEPCHIO.

3anaua 12.6. EcTb 1Ba NpapWJbLHBIX JKETOHA, y OLHOTO U3
HUX Ha OIZHOA cTopoHe crouT mudpa 3, Ha apyroik - 5, a y
Apyroro Ha onuoit cropone crour mudpa 1, Ha Apyroit - 5.
YKetoun 6pocarorca Ha ctoi. Ilycts X — cnyudaiinas BenvuuHa,
PaBHAaA CyMMe OYKOB Ha *KeTOHaX. BLIUMCIUTL MaTeMaTUdecKoe
OUJAAHVE U AMCIEPCHIO.

3anmaua 12.7. Ectb npaBuibHuif Ky6UK, y KOTOPOro Ha npo-
THBOIIOJIOKHEIX I'PaHAX HanucaHu uudpsl 1,2 1 3 coorBeTCTBEH-
Ho. Ilycts X ~ umcio envHuu, BHIMaBIIKMX NP Tpex GpocaHusx
kybuxa. Halitu 3akoH pacnpegeieHuA, BEIYUCIUNTL MaTeMaTH-
YecKoe OXMUJAAHUE U JUCHEPCUIO.

3anaua 12.8. Cuyvaifnasa Besmunna X 3aZaeTcsa NJOTHO-
CTBhIO pacnpeaeseHndA

0, npn z < 3,
f@)=4 =5, mpm 3<zg7,
0, npn 7 < z.

Buuncaurs EX.
3anaua 12.9., CnyuaiiHan seawunna X 3axaercsa TIOTHO-
CTBIO pacnpeheleHUs

0 npu z <1,
f(z) = z—% npu 1<z<L2,
0 npr 2 < z.

Briuucnure EX u DX.

3anaua 12.10. Boruucautk koodPUIMEHT KOPpeNflMN BETN-
yn X u Y, onpexnenennvix B 3agaue 11.2.

3anaua 12.11. BeyvcanTh k03GpHUIMEHT KOPPEIAM Beln-
unn X n Y, onpexnenennnix B 3axaue 11.4.

3anaua 12.12. BrruncanTs kos G YUIMEHT KOPpENALUUNA BeJii-
uyuH X n Y, onpenenennwx B 3anave 11.1.

3anmaua 12.13. Beruncants koeGpPuIMEHT KOPPETALMA BEIM-
yud X u Y, onpenenennrix B 3anaue 11.9.
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§13. [IPOU3BOIAIIME U XAPAKTEPUCTUYECKUE ®YHKIMHA

Iycts X — HeoTpMnaTebHAA NENOYNCIEHHO3HAUHAA CayYalk-
Haf BenuuuHa, T. €. X npuauMaer 3uauvenuda 0,1,2,... ¢ Bepoar-
Hoctamu pr = P(X = k).

Onpeanenenune 1. Ilpomssonameit pymxnued uenoun-
CIIeHHO3HAYHOU HEOTPUUATENLHON cilyJaliHoil Benuuuusl X Ha-

0
suBaerca dyuxuma ¢(z) = Y 2Fpp = E(2X), onpenenennas ana
k

KOMILIEKCHEIX z Takux, uro |2| € 1. Haa |z| € 1 pax, onpexe-
nmomuit NpOU3BOAANYI0 GYHKINNIO, PABHOMEPHO CXOAMTCA, TaK

KaK
o0

o0 ©0
[¥(2)| = |Ezkpk| <Y klfm <) m=1.
k=0 k=0 k=0

3ameuanwe 1. IIpou3sBonaman ¢pyHximA OAHO3HAYHO ONpe-
AenfeT paclupefelieHue caydailHoM BeJNYMHBI, MOCKOJBKY pn =

1 4
= ety
IeiicTBuTeNnbHO, MM depeHIMPY A 110X 3HAKOM CYMMBI, I10JIy UUM

dn

%) =) k(k—1)...(k —n+ 1) "pp. (13.1)
k=n

Ilpu z = 0 Bce cnaraemnle B mpaBoif vactu (13.1), kpome
nepBoro, obpamaloTca B HyJdb. IlepBoe ke cinaraemMoe paBHO
nlp,.

Jlemma 1 (o Brrumciaenuu momenToB). [Tyems neompuya-
MEABHAA YEAOHUCACHNOIHANHAA cayialinad eeaununa X umeem
Momenm n-zo nopadxa. Toz0e

dn
d—ﬂr/)(z) =EX(X-1)...(X -n+1)).
2 z=1
Hokxa3zaTenbCcTBO JEeMMhl HeNOCPEACTBEHHO CIERYET U3
dopmyan (13.1), ecam B Helt monowmTs z = 1.
Hockoabky

D(X) = E(X?) - E}(X) = E(X(X - 1)) + E(X) - EX(X),

TO U3 AieMMBI 1 BRITEKaeT CHENYIONMis pe3yabTaT.
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Cuaencramue 1. MarteMaTuyeckoe oK AaHVE U JUCIIEDCUSA BhI-
pakaloTca GopMyTaMu

E(X)=¢'(1), D(X)=9¢"(1)+¢'(1) - (% (1))*.
CsolicTBa npou3BoAamMX $yHKIGAA.

1) [#(2)] < 1 mpm |2 < 1.
lletictBurenbHo, Tak Kak X HeOTpHIATENbHA

()l < E(l*]) = E(lz1¥) < 1.
Ina Toro, 4TobH pa3znnMyaTh NPOU3BOAAIIME QYHKIMMU pa3-
HEIX CAy4dalHEIX BeJWunH, byaeM ciay4dailHyio BeJUUYUHY pUITH-

CHIBATb K MPOM3BOAMAMEH pYHKIMM B KauecTBe UHIAEKCA.
2) IInsa 106HX BEIECTBEHHHIX @ U b

Yax15(2) = 2"Px (2°).

IHokxasaTeabcTBO OIMNpaecTCsA Ha CBOUCTBO JMHEHHOCTH
MaTEMATUYECKOI'O OXUAaHWUA!

Yax+(2) = E(zX¥ ) = 2PB((z°)X) = 2 ¢x (2°).
3) Ecau X u Y HeaaBucuMule clydaliHbie BeJMUMHEL, TO
Yx+v (2) = ¥x(2)¥y (2)-
HdoxazaTenbctBo. [lockoneky Benuuuusl X u Y He3aBU-

CMMEI, TO, KCNOJIb3YH TPEThe CBOMCTBO MaTEMaTUUYECKOTO OXKH-
JaHVA, TIOAyYaeM

Yxqy(2)= E(z(x+y)) =E(zX2Y) = E(2X)E(2Y) = yx (2)¥v (2).

3amaua 1. Haiit 3axkon pacrpenenenus caydaiiuolt peauun-
Hul X ¢ npousBoaameit dyukumelt ¢(z) = %(1 + 2)2.
Pemenue. INockoabky

) = 1 21,1, ,152
¥() = ;(1+2)° = 7+ 52+ ;2%
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TO CpaBHVMBAadA 5TO BbIpaXXeHHE C ollpeAeleHNeM npouaaoz[m.neﬁ
[ee]

dynxwmm ¢(z) = Y z*pk, rae pr = P(X = k), nonyuaem, uto
k=0

P(X=0)=; P(X=1)=3, P(X=2)=1
P(X =k) =0, npu k> 2.

Onpenenenune 2. XapakrepucTUdecKoi ¢yHKIMENR CIy-
yaiiHo#l BeauumnHs X Ha3hIBaeTCA KOMIJIEKCHO3HAUHAH QYHKUMA
@(t) = E(e*X), onpenenennan nna Bcex NeHCTBUTENBLHEIX 3Ha-
yennit I.

Ilna AuckpeTHO# ciyyaliHO! BeNUUMHREI C BEPOATHOCTAMM
pr = P(X = z),k = 1,2,..., xapakrepucTuueckad (GpyHKIMA
6yner onpenendaTbcd GopMyioit

p(t) =) e p, (13.2)
k=1

a JJIA BEJIMYMHEI, MMelolllelf MIIOTHOCTL pacupexRenenun f(z), —
dopmytoi

() = / e''® f(z)dz. (13.3)

Jna cnyyaiiHo#t BeMMUWHH ¢ Npou3BoJLHOU ¢yukuueit pac-
npenenenus F(z) mateMaTnueckoe oxunanue E(e'X) onpene-
JIAETCA C TTOMOIILIO UHTerpana CTunTheca, T. e. XapaKTepUCTHU-
Yyeckaf QyHKUMA onpenenaerca Gopmyraoit

p(t) = / T dF(z). (13.4)

Jns HenpepriBHOK orpanvdenHoit byHkunu g(z) ¥ Hey6niBa-
omieik orpaHnueHHoi HenpeprBHO} cieBa dpynkumuu F(z) unre-

o0

rpan Cruntbeca [ g(z)dF(z) cymecTByer M ero MoxHO ompe-
— 00

JAEJUTh PABEHCTBOM

o0 "2

[ s@are) = lim 3 &) (P - r(Y).

n
k=-n2

— 00



13. NPOU3BOAALUNE A XAPAKTEPUCTUYECKUNE OYHKLIMN 109

®opmyna (13.4) asnsaerca Gonec obueit, uem (13.2) u (13.3).
Tax, cornacHo onpejeienunio uuterpasa Crunrseca, npu

F(z) =Y prlz, 00)(x)
k=1

n3 (13.4) caenyer (13.2), a B cnyuae, korna y F(z) cymecTsyet
naotHocth (dF(z) = f(z)dz), (13.4) npespamaerca B (13.3).

3ameuanue 2. [l LETOUNCIEHHBIX CHAYYalHBIX BEIVUUH
p(t) = P(e).

CrolicTBa XapAKTEPUCTMUECKUX (PyHKIUNA.

1) ¢(0) =1 u |p(t)| < 1 nasa Beex t.

Heticreurensno: p(0) = E(e%) = E(1) = 1; |¢(t)| < EleX| =
=E(1)=1.

Hna Toro, urobnl pa3IW4aTh XapaKTepucTUYecKue (yHK-
LM Pa3HHIX CIYJYalHLIX BENIWUMH, 6yeM ClydaiiHylO BeIVUMHY
NPUIMCHIBATL K XaPaKTEPUCTUIECKON GYHKUMU B KauecTBe UH-
JEKCa.

2) Ilna moGhiX BelleCTBEHHHIX a U b

Cax1(t) = e (at).

3) Ecim X n Y He3aBHUCHMMBIE CilyJaiiHhIe BEJIVUUMHE], TO

px+v (1) = px(t)ey (t).

Caoitcta 2) u 3) caenyoT, B CHIY 3aMedYaHMA 2, U3 aHajlo-
TUYHEBIX CBOMCTB ANA npoussoAammux ¢ynkumii. To oGcroarens-
CTBO, UTO 3aMeuyaHue 2 cHOpPMYyAMPOBAHO ILIA LEJOUMCIAEHHBIX
BEJIMYMH, NPUHIMIMAILHOIO 3HAUEHUA IUIA BLIBOJA CBOMCTB 2)
u 3) He uMeer.

Canencreue 2. Ecau X;,X2,..., Xy - neszasucumvie cayvail-
HBLE BEAUNUNDL, MO

k
PyE . X = H(le ),
=1
m. e. TEPAXMEPUCTUNECKAH PYHKYUT CYMMBL HEICOUCUMBT CAY-
waillnbiz seaunun pacnadaemcd 8 npoussedenue rapaxmepucmue-
cxuz Pynxyud caazaeMuz.

4) XapakrepucTuueckad GpyHKumA p(t) ABJIAETCA pABHOMEPHO
HenpephiBHOH ¢yHKIMeil.
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HoxasarenscrBo. Tak kak F(—o0) = 0, F(o0) = 1, a
dyuxums F(z) He ybBuBaer, T0 ana moboro € > 0 MokHO BHI-
6parb cToab Gosbmoe ¢ > 0, 4To GyAyT BHITOJHATLCA HEpABEH-
ctBa F(—c) < €,1-F(c) < . Toraa nua mo6oro h > 0 nomyunm

fo(t+ ) = p)] < [ |60 — 1R (@) < [ let - 1)+

+2 / dF(z) < b / |eldF(5) + 2(F(=c) + 1 — F(c)) < he + 4.
|z|>e¢

B cuny Toro, uro € u h BLIGUpAJUChL NPOMU3BONBLHLIMU, U3 BTOY
OLIEHKH CcllellyeT paBHOMEPHAH HelpephiBHoCTh Gpynkumuu ().

Jlemma 2 (o Brrumciesuu MomerToB). Ilyemb cayvainas
seauvyuna X umeem abcosromundi momMenm n-zo nopsoxa. Tozda
zepaxmepucmureckar Pynxyus caynainod eeaununst X Judpe-
penyupyeman pazunpu 0< k< n

E(X*) = (- )] _

NloxasaTtenbcTBo. Mcnonnsysa dopmyny auddepentmpo-
BaHUA NOKa3aTeAbHON GyHKUMM, TOIYYNM

;:;tp(t) o E(extX) E(dtk :tX) E(ika ttX) —1kE(Xk ltX)
Ilens ®To paBeHCTBO Ha i¥ u monaras B HeM t = 0, NONy4NUM Tpe-
Byemoe yTBepaeHue. BHecerme quddepeHuMpoBaHUS MO L 3HAK
MaTEMaTHUUECKOT0o OXKUIAAHUA KOPPEKTHO, TaK KaK MaTeMaTuue-
CKOoe OXXUAaHWe — 3To JIMOo cymMMa, mubo MHTEerpaj, a BHOCUTh
nuddepeBIMPOBAHNE TIOK 3HAK CYMMEI M WHTErpaJjla B yKa3aH-
HBIX TPEAOJIOMEHNAX MOMKHO.

Nockomsky D(X) = E(X?)~E?(X), 1o 3 neMMH 2 BhITeKaeT
cleyolyii pe3yanTar.

Caencreue 3. Mamemamunecxoe oxcudanue u Oucnepcus evi-
paocaomces fopMysamy

E(X) =-ig'(0),  D(X)=—¢"(0)+(¢'(0))*.
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Teopema 1 (popmynrr o6pamenuna). Cnpasedauest caedynw-
wue ymeep Hcoenu:
1. Jlax yeaovucaennosnaunoil cayuatinod seauvunst X

x
n=P(X=k)= 51; / etk p(t)dt, k=0,%£1,%2,....

-

2. Ecau zapaxmepucmunecxan gynxyud p(t) cayuainol seau:
wunst X abcoarwmno unmezpupyema, mo cyu,ecmayem nAOMHOCML
pacnpedeaenus f(z), onpedeageman popmyaot

(o]

f(z) = ;—W / e~ % (1) dt. (13.5)

-0

okaszartenncTro. Ilna moboro He paBHOTO HYJIO LEJO
ro YKACHa M UMEEM

T
/e“"‘d‘t — ._(enrm —e nrm) =0.
mm
-7
TOI‘RB. MOXHO HanmMcaTh CJeNyloinee paBEeHCTBO, ClipaBelJINBOe
A1 BCeX LeNIbIX m:

x
1 i 0, m # 0,
E/e Tt = Tpoy(m) = { 1, m=0.
-

WUcnonbaya sTo paBencTBo M omnpeneneHMe XapaKTepMCTHUe-
cKof PYHKUMH LeIOUNCIIEHHO3HAYHOW CclydaiiHOfl BeNMUWHEI,
MOy YuM

w n 00
1 L 1 . itl
;/e '”"go(t)dt = ;/e itk Z etlpdt =

—r —_r l=-o00

o0 1 A . oo
=y pla;/ent(l—k)dtz 3 plig(1 - k) = i

l=—00 “r l=—o00
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IlepBoii nyHKT TeopeMm 1 nmokasan. [lepelineM k nokasa-
TeNbCTBY BTOPOro myHkTa. Jlnsa sToro HaM Hy»xHO ybeauThcH,
uto PpyHkums f(z), onpenenennan papenctsoM (13.5), apnserca
IJIOTHOCTBIO QYHKIMKM pacnpeienenus F(z), ana xoropoit ¢(t)
onpenenserca paedcTBoM (13.4). Tak xak ¢yukuma o(t) ab-

COJIIOTHO MHTErpUpyeMa, TO AJA NMPOU3BOJILRHLEIX a < b B cuay
(13.5) umeem

00

/f(z)dz =— / gp(t)/ “HT dadt = lim —/go(t)/ “Udrdt,

(13.6)
Hcnonbsys popmyny (13.4), nonyuum

/cp(t)/ e e dzdt = f/ “”dF(y)/ e~ ¥dzdt =

-C —00

ere(y=s) _ prels=y)
de(”)/" ——g =
c(b-y)

=2 / dF(y) / dz "“(°(=-v)) / dF(y) / ’i:”dv.

c(a-y)
(13.7)
HasecrtHo, uTo
00 0 00
/uinud’):z’ /ninudv=£’ /sinudv;_n_.
v 2 v 2 v
0 - 00 —-00

MosToMy, oTAenbHO paccMaTpuBaf ciaydau 0 < a—y < b —y,
a-yYy<b-y<O0ma—-—y<0<b—y, nonyunm

efb-y) T, yE€(ab)
lim =00, y¢lalb],
c—+ 00 v x

c(a-y) 3 ¥=a, y=b
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Mycts a u b Touxm HenpepoiBHOcTH $yHKIn F(y). Toraa npu
¢ — oo npasad yactb (13.7) cTpemurca K

b

h/dmm=2ﬂHM—F@»

Yuntnisaa 870 u ucnoansya (13.6) u (13.7), umeem

b
/ f(z)dz = F(b) — F(a). (13.8)

Hockonbky pyHkiMA pacmpelelseHUs HeNpephIBHA CJIEBA, TO C
MOMOWBIO NIpeNesIbHOrO nepexona npv a, 1 a,b, 1 b, rae a, u
b, — Touku HenpepmBHocTM ¢yukumm F(y), pasefcrso (13.8)
PaCNpOCTpaHAETCA Ha MpPOM3BOJbHBIE TOUuKK a M b. Tenepn ua
(13.8) no onpexnenenuio caeayer, uro f(z) ABNAETCA MIOTHO-
cTbi0 pyHruMM pacupenenenusn F(z).

Teopema 2 (0 emuEcTBeHHOCTH). DYNKYUT pacnpedesenud
00no3nauN0 onpedeasemced ceoeill zapaxmepucmunecxoll Pynxyued.

CnpapemMBOCTL 3TOM TeopeMbl B ciaydae, Korjga ¢yHK-
IMA pacrpelesleHUA OTBeUaeT ULEJIOUMCIEHHO3HAUHON ciyuali-
HOU BeJMUMHE MJIM MMEET MJIOTHOCTh PACIIPENENIEHUA, CIHENYET
u3 popmyn obpamenus (reopema 1). B obumem cnydae TeopeMa
2 Toxe cienyeT u3 obmeit dopMyinul o6palueHya, KOTOPYIO MbI
HEe PACcCMaTpPUBAEM.

3anaua 2. Ha#itu 3akon pacnpeaeseHua ciaydaiinoif Bemuun-
Hu X ¢ xapakrepucTuueckolt dpynximeit p(f) = cost.

Pemenue. Xapakrepuctuueckas pywxuma o(t) = cost He
ABJNAeTCA abCONIOTHO MHTEr pUpyeMoit Ha Bceilf mpamoli, nmosTo-
MY €CTECTBEHHO NPENITONIONKUTh, YTo X — AUCKpeTHAdA ciaydaii-
HaA Beanumta. Torxa xapakrepucTudecKas GyHKLUMA NMEET BUL

o o] [ee) o0
oty =Y e p, =Y cos(tze)pe +1i Y _sin(tzy)pr, (13.9)
k=1 k=1 k=1

rAe Mbl BOCIOJIb30BAJNCH popMmyion Ditgepa

e = cosz +isin z.
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Cpasumnsad supaxkenue (13.9) ¢ dpyuxmmeit cost moayuaem, uto
BenuuuHa X JOJDKHA IPUHMMATH JIMOIb ABa 3HayeHud +1 m —1
C PaBHEIMM BEPOATHOCTAMM, T. €.

p1=P(X=1)=—;-, p=PX=-1)=-

3anaun

3anaua 13.1. Hanucath npon3BoaAnyIo ¢yHKIMIO BEAUUUHK
X, paBHO uKCIy BEINABIIMX OYKOB Ha WI'PaJIbHOU KOCTH.

3amaua 13.2. HaiiTu 3akoHBl pacnpenesieHus, KOTOPEIM CO-
OTBETCTBYIOT CJIENyIOINME ITPOM3BOAALIME (YHKLMH:

1) - (1 - —z)_l; 2) AG-1),  3) (513- + gz)n.

3anaua 13.3. Halitu 3akoHH pacupenesieHus, KOTOPEIM CO-
OTBETCTBYIOT CAEAYIOLME XapaKTepUCTIIECKUE (yHKIMA:

1) cos?t; 2) %(cost+cos 2t); 3) §+ %cos 3t.

3anaua 13.4. IlIycte X — HeoTpulaTeNbHAN 11EJIOUMCIEHHO-
3HauHafA BeJIMUMHA ¢ Npou3Boadel pynkumeit Y(z). Bupasuts
yepes 9(z) nponssoaamme ¢pyHxiwm BemaunH X + 1 u 2X.

3anaua 13.5. Halith xapakTepucIndeckylo (yHKIMIO Tpe-
YroJLHOrO pacnpelelleHda ¢ INIOTHOCTBIO

a>0.

Pa(z) = { o(1 - alz[), npu |z < "l

0, npu |z[ > a~1

3anaua 13.6. Hailltu MaTemaTuueckoe o¥maHne M auUcCIep-
cmo caydadsolt Beswummarl X, XapakTepuMcTHUYecKad (yHKIMA
KOoTOpoOif paBHa OXHOU M3 cilexyomux ¢yHKpA

1) altsin(at) (a#0); 2) tizcostsinz(-;-); 3) —e sm‘( )-

3anaua 13.7. BrumcauTh XapaKTepUCTHUECKYIO (yHKUMIO
cayuaiiHo¥ BeJUUMHEI C NJIOTHOCTBIO

2c, mpu0<g<z<],

=1,

0, mpunz<0, 1<z
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3anaua 13.8. Halitu MoMeHTH caydaliHod BeanunHel X, xa~-
1
paKTepUCTUUECKAA QYHKIMA KoTopoit () = TrE
3anaua 13.9. Haiitn xapakTepUCTHUECKYIO (QYHKIMIO CJIy-
vaiinott Besmumab X, NJIOTHOCTh pacipeleleHNd KoTopoit uMme-

€T B Qg 1
f(z) = ze7tl.

3anaua 13.10. Cayuaiinaa BeauuunHa X uMeeT INIOTHOCTH
pacnpeneseHRnd

f(z)= 2h2xe_"2”2, npu z 2> 0,
# f(z) = 0 npu orpunatensenx z. Haiitu xapakrepucTuyeckyio

dyBxumo canyyvalinoif BenuuuHer X .

§ 14. 3AKOHBI PACIIPEIEJEHUA CHYYAUHBIX BEJIUUYMH

1. IuckpeTHHE pacHpexeleHN .

1. BnroOMuannuoe pacupeneixenue. [lycte X — cayuaitvas
BeJIMYMHA, PaBHAM YMCIy YCIEX0B B n UCNHTaHUAX BepHymnim,
M NYCTH BEPOSATHOCTb YCIEXa B KaXKIAOM MCHBLITAHWM DPaBHA P.
Toraa Bemuuuna X MMeeT CMHOMMAJBHOE pacnpenejleHue C
napaMeTpaMy nt 4 p:

PX=m)=Cp"(1-p)"™™, m=0,12,...,n

BrunciuMm npousBomsmyo GyHKuuo GUHOMMAJIBLHOLO pac-
npelenenva. Yuurnsasa, yto P(X = m) = 0 npu m > n, n,
ucnoub3ya dpomyny 6unoma Hurorona (§ 1), nomyuum

P(z) = E Z"P(X =m) =

m=0
=Y CMzp)"(1—p)" ™ = (zp+1-p)".
m=0

Ilnsa BRIUMCIEHNA MaTEMATHUECKOT0 OXUAAHUA U AUCTIEPCHUM
BOCHIOJIb3yeMcA crneacreueM 1 §13:

E(X) = ¢/(2)|s=1 = np(zp + 1 = p)* " |z=1 = np,
D(X) = ¢"(2)s=1 + ¥ (D) = (¥'(1))* =
= np(n — D)p(zp + 1 = p)*~*|:=1 + np - (np)’ =
= n(n - 1)p? — n?p? + np = np(1 - p).
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2. Pacnpenenernue Ilyaccoma. D10 pacnpenenenHue aABis-
eTcA NpeAeNbHRIM AJA GMHOMUANLHOIO PacHpeNeleHUsA, KOoraa
n — 00, a A = np ocraerca nocroauuM (cM. §9). Tosopsr,
yTo cayuaifiHadg BeavumHa X uMeeT pacmpenenermue Ilyaccoma
¢ napameTpoM A > 0, ecim

P(X =m) = 1\m—":e”\, m=20,1,2,...

Ilpoussonamana ¢ynkima pacnpenenenusa Ilyaccona BEIUM-
cnAeTrca cieayoumM obpasoMm:

W)=Y P(X =m)=e Z 7 _ aghs — M-,
m=0

IIpumMenan cineacTeue 1 nmpeawpymero naparpada, Ang Ma-
TEMATUUECKOTO OKUAAHUAA M JUCIEPCUM IIOJIYUMM BRIpaXKeHUA:
E(X) = ¥'(2)ls=1 = A, D(X) = ¢"(2)la=a + ¢'(1) = (¥'(1))* = A,

3anaua 1. Unciio KoCMMYECKUX YaCTUL], IIONATAIOMMX B all-
MapaTHRIA OTCEK paKeTH 3a BPEMSA €€ I0JIeTa pacHpeleseHo 1o
3akony Ilyaccona ¢ mapamerpoM A. Ilpm eToM ycioBHaa Bepo-
SATHOCTD JJA KaxkAoM M3 PTUX YaCTHIl IONACTh B YA3IBUMEIA 610K
pasHa p. HaliTu 3akoH pacnpeneieHMA YUCJa YACTHI, [ONada-
IOLMX B YA3BUMREIA 6JOK.

Pemenue. O6oznaumm A, ={B ysssummuit 6s0ok nonano k
vactnn}, H; ={B annapaTtumlt orcek monano ! wactuu}. Torma
cobrmtna H;, 1 =0,1,2,..., cocTaBnAoT NONHYIO rpynny cobul-
Tuil, ¥ Mo $popmyie moiHol BepoATHocTH (n = 00) (§7)

P(Ak) = iP(HI)P(Ak |H1) = i P(H})P(Aklﬂl),
1=0 I=k

[TOCKOJILKY npn ! < k ouepnano P(A;,.IHI) = 0. CornacHo ycio-
suio P(H;) = —e -2, 1=0,1,2,.... Ucnoms3ya cxemy Bepuyi-

a (§8), Hecnomo TIOHATh, YTC BEPOATHOCTH P(A;,IH;) Ipu
0 € k £ | vmeroT 6MHOMMANBLHOE paclpelciieHHe ¢ BEPOATHO-
¢TI0 “ycnexa” (4acTvNa nonaia B yA3BUMHEIA 650kK) p. IloaTomy
P(Ak|H1) = CFp*(1 - p)'-*, 0 < k < I. OxonuaTensHo UMeeM

Y A
P(Ae) = Y e Chot (1~ p) ™ = Zk.(, P -p) =
1=k
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pke=? i A =-p))'"* _ Op)re™ aa-p) _ O0)* %
e =R

Taxum oSpa.aoM, YUCJIO UYACTUL, NONAAAIOMMX B YA3BUMBIH
650K, TOXe pacnpenelieHo 1o 3akoHy IlyaccoHa, HO ¢ mapame-
TPOM, PABHLIM IIPOU3BENEHHIO Ap.

3. I'eomeTpuueckoe pacupenencaue. [Iposoaurca becko-
HEYHad [OCJIEJOBATENbHOCTh HE3ABMCHUMAIX OJUHAKOBBIX MCIILI-
TaHW, B KaXKJOM M3 KOTOPHIX cobhiTe A HacTymaeT ¢ BEPOAT-
Hocthio p = P(A) > 0. llycts X — cayuvalinaa BennuuHa, paBHAA
YKUCHY MCIEITAHWY KO MOMEHTA MEePBOro HACTYMJEHUA COORITHAA
A. Torna

P(X=k)=(-p)tp, k=01,2,....
HelicrButensuo, ecnu A; = {Hacryniemne cobumrus A B I-M

ucnmranmu}, To {X = k} = A1 A3 ... Ay Arqy. llpunumas Bo BHU-
MaHUe He3aBMCUMOCThL coBuITu#t A;, MoayuynMm

P(X = ’C) = P(lez N -ZkAk+1) =

= P(ZI)P(ZZ) “ P(/T);)P(Ak+1) = (]. - p)kp.
10 pacnpenesieHye Ha3bIBAETCA FreOMeTPUUECKUM, TaK KaK Be-
POATHOCTH P(X = k) 06pa3ylo'r reoMeTpuM4eCKY10o NNporpeccHmio.

BepoaTHoCTh TOro, YTo COGRITHE A HACTYNUT He PaHBbIIE MO-
MeHTa m, 3anaeTcs popMmyoi

P(X>m)=) (1-pfp=(1 —p)"‘pl—:h =({1-p"
k=m

IMponsponaman ¢GpyHKIMA reoMeTpUYECKOro pacipeneseHus
onpe,uenﬁe'rcn dopmyoi

¥(z) = sz(l -p)fp= PZ(Z(l -p) = m-
.ﬂ.ﬂﬁ MaTEMAaTHUYECKOI'0 OXUJAHVUA U MCHCPCH“ nMmeem
Y _ __p(1-p) _1-p
E(X) - “b (z)|2=1 - (1-201 _p))z =1 - »
D(X) = ¢"(2)|s=1 +¥'(1) — (¥'(1))* =
_ wO-p | L i-p_ (i-py
S T—i-pP e T 7 ( ) )
_ 2(1-p)? L l=r_ (1-p?% _1-p
T p? p »  p?
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Ilycts ectn ABe He3aBUCHUMEIE CiydaliHhle BenwuwHe X M
X2, ¥MelolUe reOMETPUUYECKHE paclipelesieHd C MmapaMeTpa-
MM p; U py cooTBercTBeHHo. Toraa Bemmuuna X = min(X;, X»),
paBHAf MUHUMYMY M3 BTUX BEJIUYUH, TOXKE MMEET r€OMeTpUYe-
CKOe pacIpelelieHUe C NapaMeTpPOM p, onpeAelseMbM (hopmy-
a0t 1 —p=(1-p1)(1 - pa2).

Heticreurensuo, oboznaumm g =1—p, g1 = 1—p3, g2 = 1 —ps.
Toraa, UCMOAbL3yA HE3aBHCHMOCTh clydadHuIx BenuuuH X; M
X2, nonyumum

PX=m)=PX1=mXs2m)+P(Xa=m, X, >m) =
= P(X1 = m)P(X2 P m) + P(X,-z = m)P(X1 > m) =

oo [oe]
=qP(l-a) Y dl-@)+(i-0) Y, dl-a)=
k=m k=m+1

=(1-q)1- qz)(i’mTq:'% + ) = (9102)"(1 — q102)-

B cnpaBesIMBOCTH BTOrO YTBEDXKAEHUA MOXHO y6eMThCA 1
He IIPOBOJA BHIYMCIIEHHI, paccMOTpeB ClelyIoNUiA npuMep.

IIpamep 1. OmgHoBpeMeHHO 6pocaloTcss MIpaibHas KOCTh
(umdpm 1, 2, 3, 4, 5, 6) u npaBuibHaA nupaMuika (LMph 1,
2, 3, 4). Hac vHTepecyer caydalinas BeqwunHa X, paBHaA uM-
cny 6pocanuit 10 MOMEHTA IIePBOr0 HACTYIJIEHHA cOBRITUA A =

{BrImana xota 6l oaHa yerBepka}. fcHo, uro X uUMmeeT reome-

5 3
Tpuueckoe pacnpegenenue ¢ P(A) = 51 Hpu sToM, urpann-

HY10 KOCTh ¥ INPAMHUIKY MOXXHO PacCMaTpUBaTh MOOTAENLHO-
cti. O6o3naurm X;, umcno 6pocanuit 1o MOMeNTa NepBOro Ha-
crynnenus cobmrua A; = {Ha KocTW Brmana yeTBepka}, Xz,
yycno GpocaHuift 10 MOMeHTAa NEpBOr0 HACTYNIEHUA coGRITHA
Az = {Ha mupaMu ke Brmana ueTBepka}. ficHo, yro BTH Benu-
YWHEI HE3ABUCUMEL M MEIOT r'eOMEeTPUYECKHE PACHpeNelieHH ¢

aPet!

1-q

P(4;) = g u P(4,) = z cooTBeTcTBeHHO. OQUeBMAHO, TaKKe,
yto X = min(Xi, X3).

2. PacnpeneneHus, UMelolue NIOTHOCTh.

1. PaBrOMepHOE pacnpeneiesue And Jobux a < b zanaer-
CA MJIOTHOCTHIO

: npy = € [a, B]

1
fz) = g Map(2z) = { g‘“’

apu z & [a,bl.
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XapakTepucTudeckad (yHKIMA paBHOMEPHOro pacmpenese-
HUSl BRIUMCIAETCA CIeAyIoIuM o6pa3oM:

o0
1tb tta

() = / e'*? f(z)dz = —/ e'**dz = eﬂ(b _ea)

— 00

B § 12, npumep 2, 66INM BRIUKCIIEHK MaTEMaTHUECKOE OXKIUIa~

HMe ¥ Oucnepcus paBHOMepHoro pacnpexeienusa: EB(X) = b : =
_ (b-a)?
D(X) = T

2. IlokasaTenbHOE pacmpenelleHMe BO3HMKAaeT KaK Ipe-
JAeJbHOE IJIA reoMeTpUYecKoro B ciexdyloweit cxeme. Paccmo-
TpuM ynaoTHsommecs npu A | 0 MoMeHTH Bpemenu kA, k =
0,1,2,.... B moMeHTHI BpeMeHU kA 0CYIIECTBISIOTCA HE3ABUCH-
Mble OJWHAKOBRIE MCITLITAHNMA, B KaXKAOM K3 KOTOPHIX cobuiTne A
HACTYIAET C BEPOATHOCTLIO pA = AA, rae A > 0 — nocroAnHasa
BenuunHa. O6o3naunM XA — BpeMa X0 MOMEHTA NEPBOTO HACTY-

nnenud coburua A. Toraa Bennmumna );—A paBHa 4MCJIY WUCIKI-
TaHUii K0 MepBOro HACTYIUIEHMA cobuITUA A U uMeeT reoMeTpu-
yeckoe pacnpeznenerue. IIockoabKy no6oMy GpUKCHMpOBAHHOMY
MOMEHTY BpPEMEHU £ COOTBETCTBYET M =~ % UcnuiTaHuif, TO co-
rjacHo m. 3

POa> = (55 5) mR( 5) -

=(1-pa)™ =~ (1 - AA)P*/A n ™7, AlO.

B nocnennem npmbamkeHHOM paBeHCTBE MCIIOJNb30BaH “3aMeda-
TenbHuii npenen” (cM. § 9). Ilepexons K AONOIHMTENLHBIM BEPO-
ATHOCTSM, NONYYaeM, UTO NpelesbHOe pacupeneienue Ans Xa
uMeeT BHUIX

1—e™*?, nopmz>0,

0, npu z < 0.

F(z) = {
D10 — nokazaTeNbpHOE pacHpeneseHne, UMeIolee MIOTHOCTD

()_{)\e"", mpu z 2 0,
#r= 0, npu z < 0.
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Ilna xapakrepUcTUYECKOH PyHKIMK NOKA3ATEIBLHOTO pacnpe-
AEeNEHNA MMEEM BhIparKeHME:

e o)
— tlz — Az _ A
go(t)_/\/e e ¥de = .

1}

MaTtemMaTuuecKkOe OXMAAHME W AMCIIEPCUIO BLEIYMCIUM C ITO-
Moiubio ciaeactsua 3 §13:

.y . 9
E(X) = —i¢'(0) = *'(—,\‘T,)zL:or‘- %

D(X) = ~¢"(0) + (¢#'(0))" = ~ g heot ()7 = 5

3anaua 2. [lycTth BpeMs oXKUZaHUA peruvcrpauvy npubopom
COJIHEYHOI'0 HENTPHUHO PACTIPEREIIEHO 10 NOKA3ATENLHOMY 3aKO-
Hy ¢ napamerpoM A. K MoMeHTY BpeMeHu § uacTHua He 3ape-
rUcTpUpoBaHa. Kakopa BEpOATHOCTH TOro, UTO HAUMHAA C MO-
MEHTA BPEMEHU S OXMUAATh PErMCTPALMM NPUAECTCA HE MEHbIUIE
yem Bpemda h?

Pemenune. OGoznauum X — BpeMA OXXMIaHUA PErucTpalymn
C MOMEHTa BKaioueHus npubopa. ITockoasky sennumua X pac-
npeneneHa MO MOKa3aTeNbHOMY 3aKoHY, To npu t > ( BhmosHsa-
erca paBenctBo P(X > t) = e~*. Hac unrepecyer ycioBnas
BepoaTHocTh P(X > s+ h|X 2 8). Ilo onpexnenemmo ycinopHO#H
BEPOATHOCTH

P(X2s+h —X(s+h) _
PUX> s+ hlX > 0) = Tps it = o =7

TaxkuMm o6pa3oMm, eciy BpeMa OXKUIaHUA COBLITUA paclpeneileHo
TI0 TMIOKa33aTeJbHOMY 3aKOHY, TO MHPOpPMAIMA O TOM, UTO COGBI-
THUe He HACTYIMUJIO K JaHHOMY MOMEHTY He YJydillaeT IIaHCHI Ha,
€ro HacCTyIIEHUE B JaJbHeAmEM.

D710 CBOHACTBO HA3LIBaETICA OTCYTCTBMEM MOCHENEHNCTBMA, U
UM obJaZaeT TOJBKO NMOKAa3aTeNhHOE paclpeielieHue.

3. HopmaanbHOE pacnpengenenue 3a0aeTcA MJAOTHOCTLIO

@)= 7=

(z—o)?
exp(—T), -0 <z <00,



14. 3AKOHb! PACMPEAENEHWUA CAYYARHBLIX BEAWYUH 121

rnec>0unac€ (—oo,oo) — HEKOTOpHIE NapaMeTphl.

D710 pachnpeeseHre YacToO TaKXKe HA3bIBAIOT IayCCOBCKMM
pacupeesIeHueM.

Eciua =0u o = 1, To HoOpManbHOE pacupeneieHNe C TAKAMM
napaMeTpaMy Ha3biBaeTCA craRmapTHLIM. PyHkuuA pacnpene-
JIeHUs B 9TOM Cllydyae UMEeT BUJ

xr

N(@) = o= / e=t12gy =
=1+ # e 12t = 2 (1+ ¥(z)), (14.1)

0

rae ®(z) - dyuxuma Jlanaaca, yke BcTpeuaBmasca HaMm B § 9.

Jlerko y6emurnca, uro ®(z) apaserca npu z € [0,00) pyuxum-
et pacnpeaenenuns penuumarl | X |, rre X — caydaiiHas BeaMumHa
CO CTaHA3PTHHEIM HOPMAJbHLIM pacnpeneneuneMm. JleicTButens-
HO

P(IX|<z)=P(-z < X <z)= \/—lﬁ/e‘*aﬂdt = ®(z). (14.2)

B cuny etoro csoiictBa ®(z), z € (0,00), MHOrAa Ha3KBAIOT
¢yHxuueil oTpakeHHOr0 HOPMaJLHOrO pacupenenrenuda. Ias
OTPUNATENLHBIX & GYHKUMIO paclpeldesieHusa clleAyeT mojaraTh
paBHO HyNIO0.

BriuncauM XapaKTepUCTHUECKYI0O GYHKUMIO HOPMAJLHOTO pac-
npenenenna. Mcnosb3ysa omnpedelieHMe XapaKTepHUCTHUECKOH
GYHKLMK M Jenad 3aMeHH [epEMEHHBIX B MHTErpaiaX, moJyduM

(o)
_ iz 1 _(-’5"“)2 —
"’(‘)—/“’ \/fme"p( ) o =
00
1, . ¥
=mae“‘/exp(zt —F)dy-:

2,2 ®
= T (-t ) )i

- 00
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Tenepb, UCIIONBL3YSA METOL KOHTYPHOI'Q MHTEr PUPOBAHUA, MOMK-
HO nocjenuuit MHTErpaJ npeobpasosarn

[o ] [ee]
1 _(y_ _ e -2, ./
> /exp( (ﬁa \/5) )dy-— /e dv = V2.
- 00 -—00
CaenosatesnHo,

‘P(t) = eita—tr:t’/2_

Ilna BLIUMCIIEHUA MaTEMAaTUUECKOrO OMUAAHUA M JUCIEpPCUM
HOPMAJIbHOT'O pacnpelelieHus IpuMeHuM ciencreue 3 § 13:

E(X) = —i(p'(O) = —i(ia _ azt)eita-,igﬂplt:(’ = —iia = a,
D(X) = —¢"(0) + (¢'(0))? =

. ; - 2,3 .
— _(_0,2 +(m _ a,2t)2)e:ta o’t /2|t=0 + (’0)2 =
=0?+a?-a®=02
TaxyM ob6pa3oM, mapaMeTpHl @ U 0 UMeEIOT AJIA HOPMAJLHOTO
pacrpenesieHusl CIEeAYIOMMHA CMBICI: @ — MAaTEMATHUYECKOE OXKK-
JaHue, 0 — KBaAPATHHIA KODEHb U3 JUCHEDPCUMN.

Ilnst HOPMAJILHOTO pacHpEeNENIEHNA CO CPEAHIUM HOJb HECIOMK~
HO ¢ noMmompio JeMMmul 2 §13 BruMCANTL Bce MoMeHTH. Ilpu
a = 0 XapaKTepUCTUUECKYIO (YHKIWIO HOPMAJILHOTO paclpene-
JIeHA MOYKHO NPEACTABUTH B BUIE CJIEAYIOLIEro pAAa

21t21

o0
—y243
p(t) =710 = 3 (-1)' T
1=0

HoaToMy

dk 10 dk
m<ﬁ(t) = Z( 1) 21[! dt" 2 =

1=0

Z ( 1)12”'21(21 ) ..(21— k+ 1)t21—k,
Ik/2

H, CjIeJOBAaTEJILHO,

k
o
iif—<,a(t)| = { (-1 2::/2(,:/_2)!“, npyu k — yeTHOM,
- =
“ 0, npu k — HEYETHOM.
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Coraacuo nemme 2 § 13 umeeM, UTO BCe HeUeTHBIE MOMEHTHI paB-
HHI HYJIO, a JJISl YETHRIX ClpaBeliuBa hopMmyna

o221

E(X*) = =37

=e?(20 - DN,

rae npuHaro o6osnauenwe (20 —-1)1=1.3-5-.... (21 -1).
Hcnonvayn pyuxumio Jannaca &(z), MoxxHo BHIpa3uTh Bepo-

ATHOCTb TOr0, UTO Cly4aifHas BeauunHa X, pacipelefieHHaA 110

HOPMaJIbHOMY 3aKOHY C IapaMETPaMM a ¥ 0, JIEXKUT B 33 JaHHEIX

npenenax. CupaBeqnuBa caexyoman Gpopmyia

P21 < X <25) =3 (2 (”;“) —«b(”‘ ‘“)). (14.3)

o

a
nMeeT CcTangapTHoe HOPp-

llelicTBUTEABLHO, BENMUMHA
MaJIbHO€e paclpeAeleHue, MOCKOIbKY B cuiy $opmyan (10.6)

e—v’12,

fxoa(y) =

ex])( ("'y+ﬂ—“)2) \/_

21ra

Ipumenas dopmynu (10.1) u (14.1), momyurm

P(21< X <z5) = P22 ¢ T2 < 22

- w(22) -n (250 = (o(252) -2 (252))

Cnencreme 1 (mpanmio “36%). Jasg #opmassro pacnpede-
aennol cayuetnot seaununn X co cpedunm a u ducnepcued o2

ry—-a X—-a 2.‘2—0)_

P(|X — a| < 30) = ®(3) =~ 0.9973.

HOpasuao “30” o3nauaer, 4yro ¢ 60MabIIOK BEPOSTHOCTLIO, paB-
Holt 0,9973, 3HauyeHUA HOpMaJibHO pacnpeheieHHoll cayualiHo
Benuuunkl X nexar B uHTepBale (a — 30,a+ 30).

IloxaszaTenbcTBO npaBMia “30” ocHoBaHO Ha ¢opMmyne
(14.3). Hpumenas (14.3) ¢ £;=-30 + a,22=30 + a, moayurm

P(|X-e|<30)=P(-3c+a< X <3c+a)=
=3(2(3)-2(-3)) =1 (0@ - o-9) = 5.

a
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C HOpMaJIbHEIM pacHpejesIeHUeM Mbl y»Keé BCTpEdaluCh B HUH-
TerpasnHoil TeopeMe Myaspa—Jlannaca (§9). ®opmyna (9.8)

npu a, = 2" "P p = 227" yopepsaaeT, YTO BEPOATHOCTE
p n = ok n = VT y P ) P

HacTynJenus cobuitna A He meHee my U He 6oyiee my pa3 npu
60JIbLIOM KOJMNYECTBE MCIBITaHMi (n — 00) npubIwKeHHO paB-
Ha BEPOATHOCTM TOro, YTo ciyuaiiHad BeawumHa X CO CTaH-
AAPTHLIM HOPMAJIbHBIM pacHpeneleHneM NMPpUHUMAET 3HaAUEHUS
B Ipenenax oT a, A0 by,.

4. IlsyMepHOe HOpMaJbHOe pacmpeneacaue. IIycts X n
Y - He3saBUCHMEIe HOpMaJbHO pacHpelelieHHhe clydaiiHbie Be-
JIMYUHEL C IAPAMETPAMHM a1,01 U dg,02 COOTBeTCTBeHHO. Torxa
no ¢opmyie (11.3) coBMecTHaA NAOTHOCTL paclpeaeleHus pas-
Ha Npoun3BeNeHUIO

(z-a1)® (v- ﬂz)’)

20, 202

1
o) = 52— e~

B obmeM cayuae coBMeCTHafl IIOTHOCThL OBYMEPHOro HOp-
MAaJBLHOIO pacupenejJeHus UMeeT BUL

f(z,9) =

_ (::—a.l)2 r{z—ai)(y—a2) (‘!I—ﬂz)2
= TroroaVi-12 exp W=r2)e] T (@-r)oros "2(1—r2)a%)‘

CMbICa napaMeTpoB, BXOJALUIMX B 8Ty GopMyy, cienyomuii:
a1 = E(X),a2 = E(Y), 0} = D(X),0} = D(Y),r = n(X,Y) -
K02 OUUMEHT KODPEIAINM.

3ameuanne 1. [Ipu r = 0 NI0THOCTH ABYMEPHOr0 HOpPMAIL-
Horo pacnpenenenuna seawums (X,Y) pacnagaerca B npounsse-
JleHne mioTHocTe# Besmun X M Y, a pTO 03HauYaeT, YTO BeaU-
unHbl X ¥ Y HesaBucumul. TaknM o6pa3om, cBoliicTBO He3aBUCH-
MOCT# KOMIIOHEHT ABYMEPHLIX HOPMAaJIbHO pacrpelejeHHLIX Be-
JIMYMH NOJHOCTBIO XapPAKTEPU3YETCSA YCIOBHEM PaBEHCTBA HY JIIO
KOBpPUIMEHTa KOD peNALuH.

3Aa0A4YM

3anaua 14.1. Cayuaiinaa BenuuuHa X pacnpenaeseHa 1o
HOPMAJILHOMY 33KOHY C MaTEeMAaTUUYECKMM OxujanueM m = 40
¥ aucnepcuest 02 = 400. BLIMMCAUTL BEepOATHOCTb MONANAHMA
cayyadvoit Benuuunn B unTepBaJ (30,80).
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3anaua 14.2. /Ise urpanbHbie KocT 6pocaloT A0 Brimane-
HUA uncyaa 6 xorAa 6W Ha oxHoM M3 HMx. HaiiTm BepoATHOCTH
TOr'0, YTO BIEpBHIE YMCJI0 6 TMOABUTCA Npu k-oM OpocaHum,
k=1,2

3anaua 14.3. IIycts X;,X2,...,X, — He3aBHCUMEIE CIY-
yaliHele BEJMUMHEI, paclpejesiecHHhle PaBHOMEPHO Ha OTpes-
ke [0,1]. Haittu dyHxmmm pacnpeiieseHua cayyalHBIX BeINdUH

Y= max X; u Z= min X;.
1<k<n 1<kg<n

3anaua 14.4. Cayuaiinasa sennuuna X pacrnpenesieHa paBHO-
MepHO ¢ MaTeMaTnyeckuM oxkuianmeMm E(X) =4 n mucnepcueis
D(X) = 3. Hailtu nioTHOCTH pacnpeesieHus BeIMUMHEL X .

3anaua 14.5. OxgHopoaHaA NPOBOJOKa ANMHOA 1 MeTp pac-
TACMBAETCA 3a KOHIUMI U pa3puBaercaA. Cinyuaitnan seauunna X
paBHa AauHe Goibliero Kycka NnpoBoJjoku. Buiumcaurh ¢ynk-
LMIO paclipele/leHHUa BeINYUHN X .

3anaua 14.6. IIycts X1, X2 — He3aBHMCHMHe cayualiHnie Be-
JIMUMHE], MMEIOMNE FreOMETPHUUECKOE paclpeleseHue:
P(Xi=k)=¢*(1-4¢),k=0,1,2,..., I =1,2. Haittu pacnpene-
Jenme BenuuvHel Z = max(X;, X3).

3anaua 14.7. VIzgenna UCILITLIBAIOTCA Ha Neperpysky. Um-
ciao n3nenuil He orpaHudeHo. Jlma KaxZoro u3neiaud BepoOAT-
HOCTh BHIAEPXXaTh neperpy3ky pasHa 0.8. Ilocne Toro, kak nep-
Boe M3JeJiie He BRIAEP>KAT IEPErpy3Ky, HCILITAHNA IPEKpallia-
jorca. Hality 3akoH pacnpeesienus BeIuuHel X paBHoONi uuciy
MCOBITAHHBIX M3xenuit.

3anaua 14.8. Cnyvaiinan BemuuuHa X pacnpeneiesa 1o
HOpMaabHOMY 3aKoHY. VI3BecTHO, uTO ¢ BeposaTHocThIO .15 ona
NpyMHMMaeT 3HaueHnsa Menbiie 1.06, a ¢ BeposaTHocThio 0.1 6oab-
we 3.38. OnpenennTh MATEMATUYECKOE OXKUAAHNE M ANCIIEPCUIO
BeJNUMHE X .

§15. PACIPEAEJEHUS CYMM HE3ABUCHUMBIX
CIAYYANHBIX BEJAUYNH. CBEPTKM PACIPEIEJEHUM)

PaccMmoTpuM cHayasa [Be HE3aBUCHMbIE LEIOUYUCHCHHO3HAU-
Hble HEOTpUUATeNbHEIE cnyyaiiHnie Beanunusl X u Y ¢ pacnpe-
neneamamu pr = P(X =k),k=0,1,2,..., m g =P =1),l =
0,1,2,.... B cuay Toro, 4To BEeAMYHHK HE3aBUCHUMEI, COORITUE
{X = k,Y = 1} nmeer BepoarnocTs prqi. Cymma S = X +Y
ecThb ciydaifnad Besmumua, u cobuite {S = r} paBHO cymme
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cobrruit {X = k,Y =r—k},k=0,1,...,r. Iockoabky crnarae-
MBle HECOBMECTHH, TO BEPOATHOCTE U, = P(S = r) paBHa cymme
BEPOATHOCTeH cobuITuii M, cilenoBaTeLHO, 3a0aeTca GopMyoi

r
U= prgr-r, r=012.... (15.1)
k=0

Pacupenenemme U = {u,}%2,, onpenenennoe sTMMu paseHCTBa-
MU 10 pacupeneiieHnuaMm P = {pk}f___o n Q = {q1}{2,, Ha3uIBaeTca
cBepTrOil pacnpenenersnit P u @ u o6o3navaerca U = P+ Q.

Ceeptra U = P * Q saBasgercsa pacnpeneieHMEM CyMMHl S =
= X + Y mne3zaBucummx Besmund X u Y ¢ pacnpenenesuamu P
¥ () COOTBETCTBEHHO.

Teopema 1. ITycms pacnpedesenuam P = {pr}3,, Q= {a}2,,
U={u,}2, omeenawnm npoussodsujue ynrxyus

Yp(2) = szpk, Yq(2) = Zzlm, Yu(z) = zz'ur-
k=0

1=0 r=0

Tozda, ecav U = PxQ, mo Yy (z) = ¥p(2)¥g(z) v naobopom, ecau
'lbU(z) = ¢p(z)1/)q(z), mo U =Px Q.
HokasarenscrBo. [lepemuokus dynkumu ¥p(2),¥q(z)

TakK, 4yToOHI B pe3ym>'iafre MOJIyuYnJicsa pAnd 10 CTENEHAM 2, ITOJy-
M

o0 r
vp(2)a(z) = Y (3 praes) 2" (15.2)
r=0 k=0

W3 sToro paBeHcTBa CIeNyeT yTBepAcHMe TeopeMul. lleit-
creutensho, u3 (15.2) u (15.1) caneayer, uro npomssenenue
dyuxumit p ¥ YPQ ABIAETCA NpOU3BOAsUIEH PYHKIMEH CBEPTKU
pacnpenenenuit U, n Ha060poT, Ipon3Bo AflIaa GYHKIMA CBEPT-
KM paclpeieyieHnii pacnalaeIcA B IIPOU3BEAEHUE IIPOM3BOLA-
mux GYHKUMA KOMIOHEHT.

Iipumep 1. llycth HesaBuCHMbIe BeJNUUHEI X U Y HMeOT
pacnpenenenmna IlyaccoHa c mapamerpamMm Ay ¥ Az COOTBer-
crBerro. Torma cymma S = X + Y cHoBa pacnpeznesneHa 1o
sakoHy [lyaccona c mapameTpom A = A; + Az. IelicTBUTENBLHO,
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¥Yx(z) = G- Yy (2) = e*2-1), a torma, cornmacro Teope-
Me 1, Ys(z) = eM1122)3-1) B1o cuoba npoussoasman dyHKumA
pacnpenenenua Ilyaccona, Ho ¢ napaMeTpoM A = A; + A
IlycTh uMeroTcA HE3aBHCHMMEE LEJNOUNCIEHHO3HAUHKIE HEO-
TpuuaTenbHble Beawuuan X;,l = 1,2,...,n, ¢ pacnpenenesm-

amu P = {p{’},. Kaxum 6yaer pacnpenenenve cyMMHl S, =
n

3" Xi? CoctaBnsana cyMMy MoCJIeOBATENBHO, T. €. KAKILIA pa3
I=1
npubapndd N0 OAHOMY CJAraeMoMy, HECIOXKHO MOJYUYUTL, YTO
pacnpefeneHue BeJWuvHE S, 6yneT mmeTs Bug Py *x Pox .- -x P,
CBepTKy HECKONBKMX pachpelefieHuit onpenesiAeM peKyp-
PEHTHLIM criocoBoM: CHavaJla CBROpDAUMBAEM IEPBLHIE ABa pac-
NpeJeseHuA, 3aTeM pe3ybTaT CBOpauMBaeM C TPETbUM M T. A.
U3 teopemnl 1 cnenyer, uTo cBepTKa pacnpeneneHuil o6nanaer
cBoilcTBaMMu KoMMyTaTUBHOCTH P * Py = P x P) u acconMaTuB-
HoCTH (P * Py) * Py = Py x (P2 x P3), 108TOMY B Kakoit mocaemno-
BaTEJhHOCTH CBOPAUMBATL paclpelesieHus, 6e3pasiuuHo.
3anaua 1. BpocaloTca HezaBucUMO APYT OT Ipyra IBe mpa-
BUIIbHEIE MpaMuIkd (Ha rpanax mudps 1,2,3,4). Haditn pac-
npejesieHve CyMMH IM$p, BRIIaBOMX Ha o6enx mupaMuakax.
Brumcauth GyHKIMIO pacupexelieHUA 8TOW CYMMBEI.
Pewenne. BoaMokHble 3HaYeHNA CYMME! BRITaBOMX 1M¢p
cocTaBiamoOT MHoxkecTBo {2,3, ... ,8}. OBosnwaumM p; BepoAT-
HOCTb TOro, UTO BeJuuuHa X, paBHafA cyMMe 1M} p, IpUHIMAET
3nauenue k. IIpaMeM nmoxcueToM MOXXHO NPOBEPUTL, UYTO LIS
k = 2,3,...,8 Bumoanserca py = (4 — |5 — k|)(1/4)%. Tax, Ha-
npumep, p2 = (1/4)%, a ps = 3(1/4)%, nockonrky cymmy 2 naet
Toabko ojmu Habop (1,1), a cymmy 6 coctaBamoT 3 Takux Habo-
pa: (2,4), (3,3), (4,2). Toraa ¢pyHxkumsa paclipeiiejieHusl paBHA

0, npu z £ 2,

p2 = 1/16, mpu 2< z < 3,
p2 +p3 = 3/16, npu 3 < z < 4,
P2+ pa+ps = 6/16, npu 4 < z < 5,
P2 + p3 + pa + ps = 10/16, npu 5 < z < 6,
P2 +p3 + pa +ps + ps = 13/16, mpu 6 <z <7,
P2+ p3 +pa+ps+ps + pr = 15/16, mpui7<z<8

p2+ps+ps+ps+ps+pr+ps=1, npu 8 < z < co.
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PaccMOTpUM Teleph He3aBYCUMEIE Clydaiinble BeldumHel X ¥
Y, umeromue nnorHoct pacnpegnenenusa f(z) u g(y) coormer-
crBento. Coranacuo (11.2) u (11.3) ana mobrx a <bucec< d
BEPOATHOCTDb TOr'0, YTO Ciayd4aisnii BekTop (X,Y) npunansiexur
npAMOYrobHuKY [a,b) X [¢, d), paBHa

b d
Pla<X<becgY <d)= //f(x)g(y)dzdy.

INockonnky aroboe AOCTATOUHO XOopollee MHOMECTBO A Ha mioc-
KOCTM MOXXHO NpPEeNCTAaBUTh B BUIE CYMMEl HENEpeCeKalomMXc
NPAMOYTOJIBHUKOB, 10

P((X,Y) € 4) = / j F(2)a(y)dzdy.
A

Mycts S = X +Y. Obosnauum A = {(z,y) : 2+ y < s}. Toraa
{S<s}={(X,Y)e A} u

P(X+Y<s)= / f(2)g(y)dzdy = ] (7f(z)g(v - z)da:) dv.
sty<s S0 oo

B cuny onpeneiseHusa MIOTHOCTU U3 BTOrO NPEACTABJIEHUA Clle-
ayer, 4ro GyHKIMA

h(v) = / f(z)g(v — z)dz (15.3)

SABJAETCA MIIOTHOCTLIO pacnpenenenuna cymmul X + Y. Onpe-
neneHnyio oTo# ¢opmynoit ¢ymnxkumio h HasmBalOT eBepTKOM
$ynaxnui f v g u obo3navator h = f*g. TakuM oBpa3oMm, nior-
HOCTb paclupelesleHUA CYMMHEl IBYX HE33aBMCHUMBIX CJy4aMHBIX
BeJINYMH, UMEIOLIUX IIOTHOCTH PacIpelesieHsa, paBHA CBEPTKe
NAOTHOCTEN pacHOpeNeseHnii ClaraeMeIx.

Ecau Benvuuunt X u Y HeoTpunatensHsy, T. e. f(z) = 0 npu
z <0, ug(y) =0mnpu y <0, To popmyna ceeprru (15.3)
MpeBpaliaeTcA B Cleayiouyio: npu v > 0

h(v) = /f(z)g(v - z)dz, (15.4)
0
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a upu v < 0 mmeem h(v) = 0. PaBencrTso 11yJno mioTHOCTH HpU
OTPHUATENLHBIX 3HAYEHUHX APryMeHTa oTparaceT ToT $aKT, Hro
CYMMa ABYX HEOTPUUATENBHLIX BEAWYUH HCOTpPULIATEILHA.

Teopema 2. IIycmb f,g u h - naomuocmu pacnpedeaenus u

pr(t) = /e”’f(x)dz‘, py(t) = /ei‘rg(z)dz,
en(t) = /e“’h(:n)da:

- coomasemcmaypuue UM rapaxmepucmuveckue dynxyuu. Tozda,
ecan h = fxg, mo pa(l) = p;(t)py(t), v naobopom, ecau py(t) =
= ¢s(L)py(t), mo h = fxg.

HokazaTtenncTno. C noMomsio 3amMensl NepeMeHHOi UH-
TErpUpoOBAHNA JIEFKO YBEeAUTHCA, YTO NpOM3BeeHMe XapaKTe-
pucrudeckux ¢yHRUMIA @ (L) 1 o, (t) MOXKHO NpescTABUTL B Clle-
AYIOUEM BUAC:

er(t)py(t) = 7 f(z)e' g(y)dzdy =

't f(2)e ("~ Dg(v — z)dadv =

¢ity ( /m f(2)g(v - a:)d:c) dv.

— Qo — 00

é\.s é\,S

f
~—g 83 2‘3\3

V3 sToro paBeHcTBa cienyeT, uto mpousBefeHHe @y (1)py(1)
ABJIAETCA XapaKTepUCTUUeCcKoA PyHKuMe cBepTkM h = fxg, u
HaoGopoT, XapaKTepucTUYecKasd QYHKIMA CBEPTKA NAOTHOCTEH
pacnpeaelleHUs pacnanaeTcs B IPOU3BeeHUE XapaKTepUcCTnYe-
CKVX (YHKIMI KOMIOHEHT.

CBepTKa HECKOJBKUX NMuOTHOCTeW pacnpelesienua onpenens-
€TCsI PeKYPPEHTHBIM CrocoboM: CHayaJjla CBOPAaYMBAXOICH Iep-
Bhle JBe IUIOTHOCTH, 3aTeM pe3yJbTaT CBODAaUYUBAETCA C Tpe-
Theil m 1. K. U3 Tecopemnl 2 crenyer, 4To CBCPTKa MJIOTHO-
crell pacnpenenenuii obiianaeT cBOMCTBOM KOMMYTATWUBHOCTH
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fi* f2 = fax fi m accoumaTupnocTu (f1 * f2) * fa = fi * (f2 * f3),
No3TOMy He MMeEeT 3HAYEHWHA, B KAKOM MOPAJKE CBOPa4YMBaTh
NJIOTHOCTHU pacmpeneilenud. SIcHO, YTO IWIOTHOCTL pacnpeseie-
n
HuA cymmel S, = ) Xj, rae X; — He3aBUCHMMEle ciydaliHble Be-
1=1
JAUYMHBL C IJIOTHOCTAMM pacnpeldenenus fi(z), paBHa CBCpTKe
NJI0THOCTEN cnaraeMeix, T. €. h(s) = fi * fax - * fo(s).
IIpumep 2. lycts S, = X; + Xo+ -+ X, rue X; — He-
3aBUCUMEIE CAy4YallHnle BeJMUUHEI, pacHpefesieHHEle IO NoKa-
3aTENILHOMY 3aKOHY ¢ MapameTpoMm A, T. €. X; uMeloT oburyio

JIOTHOCTD N
Az
Ae™*, nupuz >0,

i) = {
TOI‘IIa. NNJOTHOCTBb pa.cnpe,ZIe.TIeHPLﬂ CyMMH Sﬂ HUMEET BN
A" s,

gn(z) = (n—1)! ’
0, npu s < 0.

0, npm z < 0.

npu s 2 0,

Y 6eaMcs B CIIpaBeIJIMBOCTH 3TO (OPMYJIHl C IIOMOMIBLIO WH-
aykumu. Jus n = 1 sra dopmyna BepHa, MOCKOJbBKY gi(s) =
= f(s). IpeanosoxumM, uTo oHa BepHa AJIA n = k U JOKakKeM
ee 1A n = k + 1. HockosibKy BeJIMUYMHEL HEOTPMUUATCIbHLI, TO
npuMeHaa papeHcTBo (15.4), umeem

gr+1(s)

8
Als—z) AAz) -1 _
9k *f(8)=/)we A )—((k_i)_f)_!_e ATy =
0

8
Pl B SRIPTCY) Ly
= —W /E I = Te .
0
3anaua 2. HaiiT nioTHOCTh pacnpeneseHys CyYMMH ABYX He-
3aBUCHMBIX ciydaliHnix BeauwunHd Z = X + Y, rae Benuuuna X
pPaBHOMEpPHO pachpenejeHa B MHTepBade [a,b], a Y umeer nop-
MallbHOe paclipeejieHue ¢ HapaMeTpaMu m u o2,
Pemenue. Obosnaunm h(z) — nioTHOCTL pacupeneseHus

cymmul Z. ITo dopmyae (15.3)
b

h(z):/b_l_ ! exp(—%)d:,

a\2ro
a
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WX 110CJe 3aM€EHbI IT€pEMEHHBIX

(b=(2=m))/o
! 1 e_'Z/Zdt.

h(:) =3 7
(a=(z2-m)})/a

Ucnonnsysa onpenenenue dyurmmm Jlamnaca § 9, okoHuarensHo
TOJIy YUM

0= g (2(0157) s (2=te22))

3A0AYUUN

3anmaua 15.1. BpoueHns!l ABe urpanbHble Koctu. KakoBa Be-
POATHOCTbH BHIMTAJEHUA Ha ABYX KOCTAX B cymme 6 oukoB?

3anaua 15.2. Bpomeny urpansbHafd KOCTh M IIPABUJILHAA TTN-
pamuaxa (uméppnt 1, 2, 3, 4). KakoBa BeposATHOCTb BHINAAeHUS
B cymMe 8 OUKoB?

3anaua 15.3. CMmemaHnbl jBe CpyNnbl Aetajield, coaepKalumx
ny U np aeraieil kaxaas. Uncno 6pakoBaHBEIX AeTatieil B Ka-
waoit rpymme X v Y umMeloT BMHOMMAaJbLHBIE pacnpelelleHnA

PX=m)=C'p"(1-p)"* ™™, m=0,1,2,...,n,

PY=m)=C.p"(1-p)**™™, m=0,1,2,...,ny,

cooTBeTcTBeHHO. HaiiTm 3akoH pacnpenenenmsi yucia Gpako-
BaHHbIX HeTadel (X +Y) B cMemanHoi rpymme.

3amaua 15.4. [lycts X, pacnpenesieHa c NOKa3aTesbHOM
NJIOTHOCTBIO
4e~%, 0Kz,

0, z <0,

A=) = {

a X, He 3aBucut ot X1 M paciupenelieda C NJIOTHOCTHIO

1

- <
f2(£)= 2) 2<E\4,

0, z<2, 4<uz.

Hattitu nnorrOCTL pacnpenenenusa cymmbl Z = X; + X».
3anaua 15.5. Cuyualinas Benuuuna X paBHOMEpHO paclipe-
nenena B untepsade [0,2], cayuaitnaa BeauunHa Y paBHOMEpPHO
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pacnpenencHa 8 untepsaie [—1,1], X n Y nesasucumm. Haiitn
NAOTHOCTh pacnpeneneHud Beamayanl Z = X + Y.

3anaua 15.6. [lycTs cayuaitsan Bearunna X MMeeT nokasa-
TeJbLHYIO TJIOTHOCTh C NMAapaMeTpPOM «, 3 BeJuuMHa Y pacnpe-
IelleHa paBHOMepHo na umHTepBane [0,b] U He 3aBucuT ot X.
Haiitu naotHOoCTH pacnpenenenusa BesmuynH X +Y n X - Y.

3anaua 15.7. BLIuncanTh NIOTHOCTL pacnpelesieHHa CyMMEI
Z = X; + X3, B koTopoli X; pacrnpeneiieHa ¢ IJIOTHOCTHIO

x

a) 2<2<4,
z)=¢ 6
h=) {0, z<? 4<z,

a X, He 3aBucuT oT X; U pacupenesieHa ¢ NJIOTHOCTHIO

1
2 1$z<3,
0, z<1, 3<z.

§ 16. HEPABEHCTBO YEBBIIIEBA. 3AKOH BOJbLIIUX UUCEN
B TEOPHUHA BepOHTHOCTEﬁ YacTO OLUEHMBAaXOT BEPOATHOCTU CO-

6r1THil, MOPOMKAEHHBIX CIy4YalHOK BeJMUUHONW, yepe3 MOMEHTHI
cny4yaiiHO BeJIMUUHDI,

Jlemma 1. ITyems X — neompuyameadnad caywaiings oeauNu-
na, m. e. X > 0. Tozda dax awbozo € > 0

P(X >¢) < 24,

HMoxaszarenncrpo. OueBUAHO, UTO ANA HEOTPUIATEJh-
HOM ciiyualiHol Beamuunel X CIpaBel/INBO PaBEHCTBO

Tjo,e)(X) + Mie,00)(X) = 1,
rae 14(z) - nuaukaTop MHOMKecTBa A.

CornacHo YeTBepTOMY CBOHCTBY MaTeMaTHUECKOTO OMMIaA-
s (§ 12) n3 oueBnanoro nepabeHcTBa X Ij¢ o0)(X) 2 €1, 00)(X)
cnenyet, uto E(X 1| o) (X)) > eE(I} 00)(X)). Hcnombays oty
OIIEHKY M TOT (aKT, UTO MaTeMaTUUYECKOe OXKMIAAHNE HEOT phLa-
TenbLHOW ciyydaiiHo# BeNMUMHLI HEOTPUNATENBHO, MOJYUYUM

E(X) = E(X (To,6)(X) + T 00)(X))) =
= E(XTp,y(X)) + E(X T, 00)(X)) >
2 E(X T 00)(X)) > €B(Ie 00)(X)) = eP(X > €).

TTonenus npaByio U j1eBylO YACTV BTOr'O HEPABEHCTBA HA £, HO-
Ny4YuM TpebyeMylo OLIEHKY.
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Jlemma 2 (mepanercrBo UeGnuuesa). Jas awbod cayuai-
ot seaununnl Y ¢ KOHEUNBIM 8Mopbla MOMENTOM U abozo & > 0

D(Y)

P(lY - E(Y)] > 8) < 20

(16 1)
Hokazatennbcrso. B cuny nepabencrna (12.3) us koucuy-
HOCTM BTOPOrO MOMCHTa CNEAYCT, YTO MATCMATUUECKOE OMKUa-
HME U JucTepcusa cywecTByloT. IIpuMenum semmy 1 ans cny-
vaitnoit pesmumnist X = (Y — E(Y))? u € = §2. Toraa umeem

P(IY - E(Y)| > §) = P((Y — E(Y))? > &) <
< E(Y - E(Y))? __D(Y)
= §2 - 52

Cnencrue 1. Jag awboii caynaiinodi eeaununn Y ¢ xoneu-
NOLLM BTNOPHM MoMeNmOoM U 2w0bozo § > 0

D(Y)

P(lY ~E(Y)| <& > 1- (16.2)

Hockonbky cymMMa BEpOATHOCTH COBLITUA ¥ BEPOATHOCTHU €ro
AOTIOJIHEHNA paBHa equnnle, To ouenka (16.2) nenocpencrsenno
porTekaeT u3 (16.1).

Caencreue 2. ITycmy X;, X2, ..., Xn — Hesasucumue cayuaii-
NOLE BCAUNUNDL C KOMEUNBLMU 8MOPUMU MoMenmamy. Tozda dax
awbozo § > 0

P(|z":x, —in(x,)l ;5) < %in(x,), (16.3)
=1 =1 =1

p(}ix,—z":rs(x,ﬂ <8)>1- %in(x,). (16.4)
=1 =1 =1

n
Hoxasatenncrio. lloxoxum Y = Y X;. B cuny anam-
=1

n
TMBHOCTU MaTeMaTuueckoro oxumanua E(Y) = Y E(X;). Ilo
=1

cneactsuo 3 §12 umeem D(Y) = Y D(X;). Hoxacrasnsaa stn
=1
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Brpaxkenus B (16.1) u (16.2), nonyuaem (16.3) u (16.4) coor-
BETCTBEHHO

3anaua 1. VanammBanue opyavd npu cTpeabbe BEAET K To-
MYy, UTO KaKJLI BRICTPEN yMeHbHIaeT BEPOATHOCTD IIONa aHUA
B 1esab Ha 1 %. IIpu nepBoM BRICTpEJie BEPOATHOCTD IOMa aind
pabua 0.8. IIpousBoaurcsa 100 Bumctpenos. Haiity rpanuns:, B
KOTOPRIX C BEPOATHOCTLIO He MeHblell (.85 Gyxer 3akiioueHo
YUCJO YOoNaNaHWMA.

Pemeunue. ITockonpky KaxkarIil BLICTpeN yMeHbIIaeT Bepo-
ATHOCTE Nonanaumua Ha 1 %, To 1ipu BTopoM BICTpelie OHA paB-
Ha ps = 0.8-0.99, a npu I-M pasra p; = 0.8 - (0.99)'~1. HycTs
BeJIMUMHa X IIpUHVMMAaeT 3HadeHWe 1 B ciydae MonajaHuA MpH

71
I-m BricTpene u 0 B cny4ae npomaxa. Cymma Sy, = Y X Gyzaer

=1
HUCIOM nona,na,ﬂnﬁ Opy n BEICTPEJIaX. HOCKOJI]:Ky

E(X;)=1-p = 0.8(0.99)""1,
D(X;) = E(X]) - E*(X;) = 0.8(0.99)~* — (0.8(0.99)'"*)?,

TO, VICHOJIL3YA U3BECTHYIO GOPMYNY HJA CYMMEI UJEHOB reoMe-
TpUYecKol mporpeccuy, NoxyunM

1- (0.99)"

ZE(X;)—OS o

300 =08 125"~ 0o 1N -

= 50.72,
n=100

~ 50.72 - 0.456 ~ 22.87.

n=100

o1 (0.99)" 1+ (0.99)"
=08 0.01 (1_0'8 1.99 )

Ipu n =100 u3 (16.4) creayer, uro

100 100

P (Z E(Xz) -6 < Sigo < ZE(X}) + 6) P
=1 =1
100

1
- 5 3 D(X)) = 0.85,
=1

rae § BrbupaeTcA Tak, YTOOH BHIIOJHAJOCH NOCjelHee paBeH-

100
cro, T. €. § = (3 D(X1)/0.15)1/2 & 12.35. Taxum o6pasom,
=1
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100 100
STE(X)) -6 = 38.37, Y. E(X;)+ 6 = 63.07. CnenosarensHo,
I=1 =1

C rapaHTUpoBaHHON BepoATHOCTHIO .85 uncno monanauuit npu
CTa BLICTpenax GyneT 3akJIOYeHO B nmpeaenax oT 38 mo 63.

PaccMoTpuM pa3nuuHble BUALI CXOOMMOCTH HOCJEA0BATE Ib-
HOCTeil cnydyaiHbIX BENUUMH.

Onpeneneume 1. [oBOpAT, UTO MOCIENOBATENBHOCTD CIY-
Yaliupix BeauuuH X, CXONUTCA NpU N — 0O K BeauuuHe X B
cpemmeM KBanpaTuusoM, ecau E(X, — X)? — 0.

Onpeaenenue 2. MoBopsaT, UTO MOCIEAOBATENLHOCTD CJIY-
Yaliupix BeaumuvH X, CXOAWTCA IpPU n — 0O K BeauuuHe X mo
BepoarHOocTy, eciiu P(| X, — X| > €) — 0 ana mwoboro ¢ > 0.

Onpenenenue 3. ToBOpAT UTO MOCIENOBATENBHOCTE CIIY-
YafiHnbix BenauwuuH X, CXOOWICA MpU N — OO K BeiuuuHe X ¢
BEPOATROCTHIO €OUHUNA, €CJIN BEPOATHOCTH MHOMKECTBa BCeX
MCcXonoB U3 2, MIA KOTOPHIX UMEET MECTO CXOAUMOCTH YUMCJIO-
BHIX mochenoBaTennHocTeil X, (w) — X(w), uMeer exMHMUHYIO
BEPOATHOCTh, T. €. P(w : Xp(w) — X(w)) = 1.

Caenylounit ¢yHIaMeHTAJbHEI pe3yabTaT T€OPUMU BEPOST-
HOCTell MeeT Ha3BaHMe “3akoH Gosbumx umcen”. [lycTs mpo-
BOJUTCA BOINbIIOE KOJIMUECTBO HE3aBUCHUMEIX ONMHAKOBEIX BKC-
NEepHUMEHTOB, B Ka)XJIOM U3 KOTODHIX HabmiomaercA ciyuaitHas
BeJINUMHA OQHOM M Toi ke npupoanl. C MaTeMaTnuecKoil TOUKM
3peHNA BTO O3HauaeT, YTO HabiIoHaeTICA MOCIEXOBATEILHOCTD
HE3aBUCHMMEIX CIyYalHBIX BEJVMUMH C OJAMHAKOBLIMM paclpene-
neauamu. Ilpeamonaraercs, 4To CyIIECTBYET MATEMaTUUYECKOE
OXKM JaHME OTAENbHO B3ATOM Beanumunl. O6o3naumM ero m. 3a-
METVM, YTO MaTeMaTUUYECKUE OXKIAaHVA ¥ OAVHAKOBO pacnpene-
JIEHHBIX CIYYaiHLIX BeJIMYMH oavHakoBH. Torza cpeasee apudg-
METHYECKOE BCEX 3HAYEHWA CIYyUYaMHhIX BEAUYMH, MOJYyUYEHHBLIX
B pe3yibTaTe BKCIEPUMEHTOB, IPUGIMKAETCH IPU BO3PACTaAHUMA
YKcia PKCIIEPUMEHTOB K HecaydaliHoMy YMCIy m.

Teopema 1 (3axkoE Goapmux wumcexn). Hyecmb {X;}2, -
n0CLed0BATREADHOCTNE KESABUCUMNE 00UNGKOEO PACHPEOEAENNBT
cayualinnz seaunun ¢ Mamemamunecxum oxcudanuem m = E(X;)
u xonewnwmu ducnepcusmu D(X]) < oo. Tozda seaununa X, =

1 n
= = 3" X1, paenas cpednemy apupmemuuecxomy nepewz n ae-
=1

Aunun u3 nocaedosameavnocmu {X3}52,, czodumcs npu n — oo
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8 cpednem K8AOPAMUNKOM, MO GEPOAMNOCTIU U C BEPOAMKOCTMIIC
edunuye x MamMeMamuNeckoMy oxcudanuo m.

HdokaszatenbcTrBo. MH nokaskeM JMIIb CXOAUMOCTb B
cpesHeM KBAADaTUYHOM M IO BEPOHTHOCTU. Y TBEDKACHUE O
CXOOMMOCTH C BEPOATHOCTBIO eJuHMIIA ocTaBUM 6e3 nxoka3sa-
TEJLCTBa, NOCKOJBKY AOKa3aTENLCTBO TaKoil CXOAMMOCTH IO-
Tpebopano Grl BHAUNTENBLHBIX JOMONHUTENLHEX CBeneHuil u3 Te-
opuu BepoATHOCTeEH.

IlokarkeM cXxoaMMoOCTh B cpenHeM KeaaparTuuHoM. laa sroro
BLIUMGJAMUM KBaJPaTUUYHOE OTKJIOHEHUE E()_(_ n —m)?. Ucnonssya
cBolicTBa nUHERHOCTH M aAAMTUBHOCTH MATEMATUUYECKOTO OXKM-
JaHUA, HeCNOXKHO yY6eaurhcsa B ToM, 4To

E(X.) = E(%g}(;) = %Z;E(Xz) =L.am=m.

Toraa 1o onpeznenenmo mucnepcun E(X, —m)? = D(X,,). na
BBIYVCIEHMA AUCNIEPCHN BOCTob3yeMca cBoiicTBoM 2) u caen-
cteueM 3 § 12. B pesynbTaTe nonyumm

=1

= %D(i:x,) = :_QE":D(X,) = 2D(Xy). (16.5)
=1 =1

B nocneaneM paBeHCTBE MH BOCIOJIb30BANUCH TEM, UTO Caydait-
Hble BeJWUMHH X) 0MHAKOBO paclpeAeseHkl M, CIeA0BaTEbLHO,
¥MeXoT oavHaKoBble Aucnepcum. IlpaBasa yacts B (16.5) crpe-
MMTCA K HYJNIO TIPH N — 0O, 4 BTO M O3HAYAET, YTO Xy — M B
cpenHeM KBaJApaTUYHOM.

IlokaskeM CX0AMMOCTD N0 BepoATHOCTH. Bacnoib3yeMcea onen-
Koit (16.3) ¢ 6§ = ne. Ilna moboro € > 0 no HepaBercTBY Yebh-
meBa UMeeM

P(Xn~m|>e)= P(Iix, - zn:E(X;)| > ne) <
=1 =1

z>=:1 D(X1) _ D(Xl).

n2¢2 ~  ne?

=
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[IpaBa# yacTh BTOrO COQTHOUIEHVU CTPEMUTCSH K HYJIO NIPU n —
oo ans nmoboro ¢guxcuposannoro €. Corsacio onpeneAeHUIo 2TO
03HaYyaeT, YTo Xy, — M IO BEPOATHOCTH.

IIpvep 1. Ilycts » pa3 BpocaeTcAa CMMMeTpUYHAf OAHO-
poarasa MoHera. Brimaaeuuio repba 6yneM npunMcHIBaTh 3Ha-
yenue 1; a Brimagenmioo pemetku — O, MHbimMu crosamm, npo-
BOJATCA N CaydaRHaIX BKCIEPUMEHTOB, B KaXKIAOM M3 KOTOPHIX™
Habmonaercsa caydalinaa penuunna X, 1 = 1,2, ..., n, co 3naye-
Huavu 1 u 0 B 2aBUCMMOCTH OT BEIIIAAEHUA Tepba UM pemeT-
k¥, rae |, — Homep Gpocanus. Bemrmmnnr X; He3aBUCHMEL, T10-
CKONBKY Gpocanus HUKak Mexay coboil He cBasanbl. Ilocxonb-
Ky MOHeTa CAMMETPUYHAA, TO BePOATHOCTU BLIMAJEHWA repba

W pemeTK# cosnanaloT v paBuml 1/2. Toraa m = E(X;) =
1 11 1\21 1\21 1
= 1§+OE = 5, D(X[) = (1—5) 5+ (0—5) 5 = z Bennuuna
n

Xn = ’l—l Y~ Xi BelpasxaeT J0MI0 BEMABIMX repGoB npu n Gpoca-
1=1
nuax MoHeThl. Cornacso aakony GoAbIIMX WwiceN X, CTpeMUICA
K 1/2, 7. e. k BepoaTHOCTH BrinaleHus repba. Ecau 6m mole-
Ta 6b13Ia HECUMMETPUYHOM, T. €. BEPOATHOCTD BblllaAeHNA repba
Guwna 6u1 paBHa p, p# 1/2, Tom =E(X;)=1-p4+0-(1-p)=p, n
10 3aKOHY OONBLIMX 4MCeJ ROJA BeIMaAeHUi repba byaer cTpe-
mMurhbcAa K p. Taxum oBpasscmM, Epocas MoHeTy Bojbinoe 4amcio
Pa3 U BEIYMCIAA BEJUUMEY X5, MOXHO C GONBLINONK TOUYHOCTHIO
BHIYMCJNTE P, T. €. yCTAHOBUTh, CUMMeTpUIHAA MOHETA MJINA HET.

B 6onee obme#l cutyanun, ecau NpoBoAATCA 12 HE3ABUCHMBIX
OZVIHAKOBHIX CIYYa#HEIX BKCIIEPUMEHTOB, B KaXKA0M M3 KOTOPHIX
MOKEeT HACTYNUTh UJIM He HACTYNUTh cobhrtue A, To wacrtoTa
[DOABJIEHUA BTOr0 COORITUS, B CUAY 3aKOoHa GoJgmux umncesn, 6y-
xet crpemutbes K P(A). HelicTBuTeanHo, Kak U B npuMepe 1,
NoNoXUM BemuuRy X;, paBHol 1, ecsiu A nactynuio B I-M skc-
nepuMeHTe, X PaBHOH Q, eciu He Hactynuio. Beawuumnm Xj,

l=1,2,...,n, HE3aBUCKMHI, TaK KaK HE3aBHCHUMEI DKCIIEPUMEH-
_— 1 B
1. Torma X, = = 3 X; - wacrora nossaenus cobmrtusa A.
n
=1

Quesnmio E(X;) = P(4), D(X;) = P(A) — P2(A) = P(A)P(A).
Moo TIPUMEHUTD 3aKOH GOJIBLIMX YKCeN, U3 KOTOPOro Crely-
et, uro X, — P(A).

3anaua 2. Ha neppoH cTanium MeTpo KaxIble 5 MUHYT Npu-
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XOAMT CIYyYaiiHOEe UMCHO MACCAXKUPOB, PACHpele]eHHoe 110 3a-
koHy IlyaccoHna ¢ napamerpom A = 250. 3a To e Bpems c Iep-
pOHa OTNPaBJAITCA NPOXOAKIIME [10€3]a, KOTOPDhIE MOTYT yBe3-~
TH KOJIMUECTBO NTaCCAXKUPOB, UMeEIOlIlee PABHOMEPHOE paclipeie-
nenue B npoMexyTke [195,205]. MoxHO M pacCUMTHBATEL, YTO
NeppPOH He MEPENONHUTCH, ECIU TAKOW PEXXUM I10IEPKUBAECTCS
NoCTOAHHO?

Pemenne. Illycrs X — uncio naccaskupos, NPUIIEANINX Ha,
MeppoH B TeUeHUe k-ro MATUMUHYTHOrO 0TPe3Ka (O0TCUET MOMKHO
BECTH OT NPOM3BOJILHOIO MOMEHTa), a Yi — YMCIO CBOBOIHBIX
MeCT B IIPOXOJMBHIMX 32 TH 5 MMHYT IOe3AaX. 3aMeTUM, YTO
E(X:) = A = 250 u E(Y:) = (195 + 205)/2 = 200. Hycts N, —
YUCJIO MacCCAXKMPOB, A0OABWBIINXCA 33 N MATUMUHYTOK K MUMEB~

HNIMMCA Ha NMeppoHe, & ¢ — IIPOU3BOJIbBHOE NOJMOXUTEIABbHOE YMUCIO.
n

Tockoabky N, 2 Y (X — Vi) u E(X;) — E(Y;) = 50, To mpu
k=1
n > ¢/50 crpaBennuBO

P(N, < ¢) < P(Xn:(x,, ~Yi) < c) =
k=1

= P(kzn:(xk -Y — E(Xk) + E(Yk)) <c-— 5071,) <

sl

<P(| 320X = Yi — B(X:) + B(¥)| > 500~ ¢) <

k=1
> D(X) - V)
< "E:l (X~ ) = DXi-n)
S (50n-c)2 T n(50 - c/n)?

npu n — o0o. Ilocjensee HepaBeHCTBO BHITIOJHEHO §Jaromaps
(16.3). Takum o6Gpa3oM, DepemoJHeHMe MeppPOHa HensGexxHo,
nockosbky P(N, > ¢) =1~ P(N, < ¢) — 1 ana moboro c.

3A5AUYM

3anaua 16.1. YcTpoiicteo cocront n3 60 HezaBucumo pabo-
TAIOIIUX DIEMEHTOB. BepPOATHOCTL 0TKa3a KaXKIOTO BIEMEHTA
3a BpeMa ¢ paBHa 0.05. OueHnTb CHU3Y BEPOATHOCTBL TOrO, YUTO
YUCJO OTKa3aBIUMX 33 BpeMsa ¢ vJIeMeHTOB Oy AeT He Gomlle ye-
THIpEX.
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3anaua 16.2. Urpansuada kocth noabpaceBaerca 100 paas.
OneHUTh BEPOATHOCTL TOTO, UTO CYMMApHOE UMCJIO OYKOB By-
net orauyathed oT 350 He Menee ueM Ha 30 ouKoB.

3anaua 16.3. Moueta 6pocaerca 1000 pa3. OueHuts CHU-
3y BEPOATHOCTL OTKJIOHEHUA YACTOTHI NOABJNeHUA repba ot 1/2
MeHbIne, yeM Ha 0.1.

3anaua 16.4. BeposaTHOCTb HACTYINEHUA HEKOTOPOTO COBLI-
A A B kaxaoM u3 1500 wcnmranui# pasHa 0.2. Mcnonnays
HepaBeHCTBO YebmilieBa, ONEHUTL CBEPXY BE€POATHOCTL TOTO,
YTO OTKJIOHEHME YHCHa HACTYNJeHMt cobrtusa A oT MaTeMaTu-
yeckoro oxuaanua 6yner 6oxaee 40.

3anaua 16.5. BepoATHOCTH TOro, YTO U3neave ABIAECTCA Ka-
yecTBeHHBIM, paBHa 0.9. CkoJubko cleayeT NpOBEpPUTH U3AE-
nuit, uToBLl ¢ BepoOATHOCTHIO He MeHbilek 0.95 MoxHO GBIIO
YTBEPXKIaTh, 4TO abCOMI0THAA BEIMUMHE OTKJIOHEHUA NONUA Ka-
yecTBeHHBLIX uanenuit or 0.9 ne npesurcur 0.017

§17. IIEHTPAJNIBHAA NPEAEJNBHAS TEOPEMA

Muorve ¥3 caydyalHEIX ABJEHMA BO3HUKAIOT B pe3ylbTaTe
B3auUMOAEHCTBMA GONBMIOro UMUCIAa MAJLIX CJHYyYaliHhIX BO3MYy-
menmit. [IpyMepaMy MoryT Ciay>XMTh NOMEXH B PaAMOTEXHUKE,
auddy3nH B HUIKOCTAX ¥ r'a3aX, POCT HEKOTOPHIX MUKPOOPIra~
HU3MOB M T. A. IIp¥ onpeRefieHHHIX YCJOBUAX AEHCTBME TaKMAX
Bo3MyULleHUll TPUBOMIUT K HEOXKUAAHHOMY (PEHOMEHY: BEJIUYUHA
pesyabTUpylomero (CyMMapHOro) Bo3feHcTBUA CTAHOBUTCA Ma~
JI0 OTJIMYHOM OT HOpPMAaJbHO paclipenelieHHoOU ciyudaiHoli Bean-
uyne. lleap HacTosmmero naparpaga — AaTh MaTeMaTUUYECKOe
oBocHoBanMe pTOMY ¢$eHoMeHy. CaM peHOMEH COCTaBIAET CYTh
npeaeisHol TeopeMul, KOTopad B cuay ocoboll BaXKHOCTH HA3LI-
BaEeTCA HeHTpaJbHOA.

Ilpu nokaszarenbcTBe NpeAelIbHLIX TEOPEM, T. €. TEOPEM O
CXOJMMOCTH IIPM N — 00 (PYHKIMIA pacrpeliesIeHUA HEKOTOPhIX
CNy4YalfiHRIX BEJWYHH, 3aBUCAINNX OT MHIOEKCa 7N, K paclpene-
JIEHUIO NMpeJeJbHOU BeMNUMHE], YXO6HO MMeTh ZIejio He C pac-
npenejleHUAMHM BEJIMUYMH, a C XapaKTePUCTUUYECKMMU (yHKIMA-
MY BTUX BEJIHWUUH. DTO CBA3AHO C TEM, UTO XapaKTepucTHUe-
ckve PyHKIMM Goslee yAOGHH IUIA aHAJIATUYECKOTO N3yYeHUsA, U
C TEM, YTO CXOJAMMOCTb pacnpeseileHH U CX0AMMOCThb XapaKTe-
PUCTYECKAX QYHKIUA BKBUBAJIEHTHRI, O YEM CBHUJAETENLCTBYET
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ClleAyIOIWMHA pe3ynbTaT.

Teopema 1. ITyems ¢n(t) — zapaxmepucmuxecxue Pynxyuu
caynatinnzr seauvun Zn, o Fn(x) - fynxyuu pacnpedesenus Z,,
m. e. pn(t) = E(e'*Z7), Fu(z) = P(Za < z). ITyems p(t) - zapax-
mepucmunecxas Pynxyus caynatinod eeaununnt Z, a F(z) - dynx-
yus pacnpedesenus Z, m. e. p(t) = E(e'*?), F(z) = P(Z < z).
Toz20a cacdywuue ymeepHceHUS IKOUBAACHMHDL:

1) e xagcdolf mouxe nenpepuenocmu gynxyuu F(z) umeem Me-
cmo czodumocmy Fp(z) — F(z) npu n — oo;

2) @n(t) — ©(t) 025 avbozo t € R! npu n — oo.

Ilnsa qoka3aTenbCcTBa ®TOrO Pe’yabTATA UCHONBIYIOTCH CIOMK-~
Hble MATEMATUUECKUE PACCY>XIEHUS, [I0BTOMY €ro MOMKHO OIly-
CTHUTL.

HokasatennctBo. ¥bemumea, uro u3s 1) creayer 2).
HycTh £ — NPpOU3BOJIbHOE CKOJIb YTOAHO MaJioe uucio. Tak Kak
F(—00) =0 n F(o0) = 1, To MoxHO BrifpaTh Takoe 6onabluoe um-
CJ10 ¢, YTO BHINOJHAIOTCA HepaBeHcTBa F(—¢) < €/2, 1 — F(c) <
€/2, u B Toukax —c U ¢ dynxima F(z) apnaerca HenpeprBHOIM.
Ucnoanaya cxommmoctu Fy(—c) — F(—c) u Fu(c) — F(c), mox-
HO BHIGpaTh CTOJb Goubiro¥ Homep N, uTo mpu Bcex n > N
BhINOJTHAIOTCA HepaBeHcTBa Fp(—c¢) < €, 1-Fu(c) € . Ha nnrep-
BaJe (—¢,¢) KOMIJNEKCHO3HAUHYIO QYHKIMIO e'T MOMXHO paBHO-
MEpHO C TOMHOCTBIO JO JI060ro Maloro € NpubGIM3NTL HEKOTO-

m-1
poit crymenuartoit dyuxumeit h(z) = 3 hil, ., ,)(z). Moxuo
k=0

CUUTATB, UTO Co = —C,Cm = ¢. OUEHNM pa3HOCTL MeXAy Xxa-
pPaKTepUCTUUECKUMY QYHKUMAMY ©n (1) 1 (). IIpu Bcex n > N
nMeeM

len(t) — o(t)] = | 7 AR, (z) - 7 e“‘dF(a:)| <

<| / (6 = h(=))dFu(=)] +] / h(a)dFy(z) - ] W(e)dF (=) +

+| j (h(z) - e“”)dF(x)I + |7eitzan(Z)| +| ]C e“’an(z)|+
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+| 7e"’dF(z)| + | ] e'”dF(x)| < e(Fa(c) = Fa(~c))+

+| Z_ hi ((Fu(ck1) = Fuler)) = (F(eetr) — F("k)))i"‘
k=0

+e(F(c) — F(=¢)) + (1 = Fa(c)) + Fa(—¢) + (1 — F(c)) 4 F(~e).

B cuny Bu6opa ¢ moclieqHue YeTHIpE ClaraeMhbIX B NpaBoii va-
CTM BTOrO COOTHOMIEHVA He NPEBOCXOAAT 3¢. B Toukax ¢ umeer
MecTo cxomumocthb Fy(cx) — F(cg). IloaTomy

limsup {n(t) — @(t)] < 5e.

B cuzy npousBOJLHOCTY € 3TO 03HAUAET, YTO pn(t) — ¢(t) npu
n — 00.

IokaskeM Tenepb, uTo yTBepwaeHue 2) Biaeder 1). IIycrs
D - kakoe-Hubynmp cueTHOe BCIOAY IUIOTHOE MHOMKECTBO TO-
YeK Ha NpAMOA, HaIpMMep, MHOXKECTBO pPalMOHAJLHEIX YU~
cell. YNOPAROYKM BTO MHOMKECTBO M 0BO3HAUUM €ro alieMeH-
TH Z1,%2,...,Zn,.... JIOCKOJIBLKY NOCIENOBATEIBLHOCTL HEOTPU-
naTenbHux uucen {Fu(z:)}2, orpanudena emmHulei, To oHa
coAepUT No Kpaiineli Mepe oAHYy noamocliefoBaTeJIbHOCTH
Py (21), Fmpa(z1), - ooy Finy o (21), ..., CXONAIYIOCA K HEKOTOPO-
My NpelleIbHOMY 3HAUEHUIO, KOTOPOe Mhl o6o3naunm G(z,). Us
mocnexoBaTebHOCTH uncel Fr, (22), Fnya(22), - oy Fny o (22), - .-
[0 aHAJIOTMYHEIM MPUYMHAM MOMXHO BRIJEJHTH ITOIIO0CIEI0BA-
TeAbHOCTb Fpn,, (22), Frnga(22), -+ -y Fingo (22), ..., cXomamytocs
HekoTopoMy npeneny G(zz). llpomomxan Takoit BEIGOp, MOX-
HO AaA nm06oro uesoro k BHAEIUTL TAKYIO IOCIEROBATENb-
HocTh Fin,, (2k), Finyu(2t), . ..y Py, (2k), . .., A0A KOTOPOI OnHO-
BPEMEHHO NIpU BCeX r < k BBINOMHAMTCA NpeHelbHEIE COOTHO-
IeHUuA n]i-r& Fo,.(zr) = G(z,). CocTaBuM mocyie10BaTeNbLHOCTD

pyuxumit {Fn,, ()}, Dra nocinenoBarTensHocTh 06pasoBana
M3 NepBOoHaYaAbLHOMN MocienoBaTesbHOCTH QyHkumin {Fy(2)},
¥ oGnazaer cleayioliuMm cBolicTBoM: nnA mobolt Touxy zp M3
CUeTHOT'0 BCIOAY MJIOTHOI'O MHOXkecTBa D mMmeer Mecto

n]g{.lo Fpa,. (zx) = G(z). (17.1)
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DTo crpaBeaMBO, TaK Kak B CHJy Halllero BhiGopa npu n > k
nocnenoBaTelbHOCTh unced Fp,  (zp) ABafeTca nomnocienosa-
TEJBHOCTHIO NoceA0BaTeNbHOCTY Yucel Fo, (zk), Fm,,(2k), - - .,
F,.(zk), ..., koTOpas cxoauTca K npexeny G(zi).

NockonbKy pyuximn Fr,  (Z) e y6mBaioT, HeoTpUHATETbHEL
¥ paBHOMEPHO OrpaHMYEHHl eIuHULEll, To dyukuma G(z), onpe-
HeJieHHas Ha MHoKecTBe D, obnanaeT Temu ke cBoiicteamMu. Ee
MOHO HOONpeAeNUTh Ha BCeil BellecTBeHHOU ocu TaK, UTOOHI
oHa 6bliIa HeNpephIBHOM clieBa U HeyGhIBawoine. Ilpu sToM BO3-
MOKHO NPUAETCA U3MEHUTh €€ 3HaueHMs B ToUkaX pa3phiBa. B
cuny roro, uro {Fp,,  (2)}32; — mocienoBarenbHocTh Heybnisa-
OIUX QYHKIMA, U3 CXOAMMOCTH Ha BCIOAY MIOTHOM MHOXKECTBE
clenyeT CXOAUMOCTh BO BCEX TOUKAX HEUPEPHIBHOCTU (YHKUIMU
G(z).

Y6enumcsa Teneps, yro G(z) ABiserca ¢pysxuMeil pacnpene-
nenus, T.e. uto G(—o00) = 0 u G(oo) = 1. Ilycts 8T0 HeBepHO,
TOor/Ja MBI UMEEM, YTO

6 = G(00) — G(—0) < 1. (17.2)
HAns Toro, urobu ucxona us (17.2) npwiiTu K npoTUBOpEUMIO,
BOCTIONTb3YEMCA yTBEPKACHUEM, UTO ¢n(t) — ¢(t) ana moboro
t € R!. Tak xax ¢(0) = 1 u dyuxuma (i) HenpepsiBH2, TO ANA
moboro £, 0 < £ < 1 — §, MOXKHO BRIGPATE JOCTATOYHO MAJIOE

MNOJNTIOXXUTEJNbHOE YHCJIO T TaKoe, UTOo 6y,ue‘r BLEOIOJHATHCA HEpa-
BEHCTBO

1
;|/¢(t)dt| >1-5>64+5. (17.3)
-7

Mycts ¢ > 4/(r¢) TakoBo, YTO TOUKM —¢ U ¢ ABIMOTICHA TOU-
kaMu HenpepusHocty ¢ynkiuu G(z). Torma BBUAY Toro, yro
Fm,.(—¢) = G(=¢),Fn,.(¢) — G(c) n pemonnaerca (17.2),
MOXHO BrI6GpaTh cTOJNbL Gonbinoif Homep N, uro npu Bcex n > N
CIIpaBeNIUBLI OLEHKH

ann(c) mnn( c)<6+—

Npumennna dopmyay (13.4) ana xapakrepucTrueckoil ¢yHKIMU
gom,m (t), upu n > N mosyuuM CIeAYIOLULYIO OLEHKY

‘/(pm“(t)dti—l./ /“’dtdFmM(x)+/ /’“‘dtdFmM(m)

lolge -7 lz|>e—T
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< [ [leldtarn, @+ | [ 2=, @) <

lz|ge~7 lz|>¢

<27 (Finan(€) = Fnpu (=) + 2 < 27(6+ 5) + T = 20(6 + 3).

B cuny paBHOMepHOi OrpaHUYEHHOCTH XapaKTEPUCTUUECKUX
¢yHKIUA, B JeBoi YacTU 3TOro COOTHOMIEHUSA MOXKHO NepeiiTu K
npeAesy o4 3HAKOM MHTerpajia. B pe3yiasTaTe NOJYy4YUM Hepa-
BEHCTBO

| / p(t)dt| < 20(8+ ),

KoTopoe NMpoTuBopeuuT HepaBeHCTBY (17.3). Tem camuM Hallle
npeanonoskenve (17.2) ABnAeTCA HEBEPHEIM, M, ClleJOBATENBHO,
G(z) aBnsercA pyHkimell pacnpeneseHns.

B cuny y:ke noxasanunoii nepsoll yacTM TE€OpEMEl M3 CXOIU-
MocTu dyHkumii pacnpenenemma Fy,  (z) k pysHxumm pacnpene-
aenma G(z) eaenyer CXOMMMOCTb XapaKTePUCTHUECKHX (yHK-
Wit @, (1) K XapakTepucTUUecKol (GYHKUMM pacHpeNelleHUs
G(z). TlockoabKy MHI mpesamosaraeM, 4to pn(t) — (), To
¢(t) aBnaAeTcAa XapakTepUcTUYecKOl (yHKIMel pacOperneleHus
G(z). Cornacno teopeme 2 §13 xapakrepucTiueckasn $yHKIMA
OJHO3HAUHO ompelesiseT (GYHKIMIO pacnpenelenud. [losTomy
G(z) = F(z).

UTo6LI 3aBepMTh AOKA3aTEALCTBO TEOPEMEI, HAM OCTAJIOCH
1I0Ka3aTh, YTO BeA MocieloBaTenbHocTh {Fy(2)}5%, cxomnrea k
F(z) . IlpeanonoxuM, 410 oTo He Tak. Torma ¢ nomomnio onu-
CaHHOT'O BhIlE METOJa AUAaroHAJBLHOTO BhIGOpa MOKHO Gynet
yKa3aTh NOANOCIeA0BATENLHOCTD Nk, ANA KOTOPOY MOCie0Ba-
TeabHOCTb {Fy, (2)}§2, cxomrca K HeKoTopoil ¢pyHIMM pacrpe-
nenenusa G*(z), ornnunoii ot F(z) mo kpaiiHeil Mepe B oaHOIM U3
TOYEK HeNpephIBHOCTU. [lo yske HOKa3aHHOMY, XapaKIEPUCTH-
yeckoit hyukumeit nnsa G*(z) 6yner dpyuxuma ¢(t). Ilo Teopeme
€AMHCTBEHHOCTY HoJhkHO 6uiTh G*(z) = F(z). D10 mpoTuBOpE-
UUT CHEJIAHHOMY N PEAIOJIOMKEHUIO.

JlemmMma 1. Ecau dynxyus pacnpedeaenus F(z) nenpepuona na
acell npamodl, mo cxodumocms Fy(z) — F(z) das awbozo z € R!
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IXBUBAAEHMHA pABROMEPHOT cTOOUMOCTU: NpU N — OO

sup |Fn(z) — F(z)| — 0. (17.4)

zeR!
HoxasateanbctBo. /lna npoussonsuoro € > 0 pazobrem
murepsan [0,1] Ha untepsanm [yk,yr+1),k = 0,1,...,m, Tak,
urobul 0 < Y41 — Yk £ €. CuurtaeMm, yro Yo = 0,yms41 = 1.

Mockonrky ¢yuxuma F(z) nenpeprBHa M He yOmiBaeT, TOo Cy-
WECTBYIOT TaKUe TOYKM Zk, uTo F(zp) = y v 2p < Zpy1, b =
=0,1,...,m. Hockoasky Fn(z:) — F(zi) n1pu n — 00, T0 MOXHO
yKa3aTh cToJib Gonbiroe N, uyto npu n > N GyAyT BbINOJHEHBI
HepaBEHCTRBA

|Fn(z‘k)-—F(.’bk)|<€, k=01,...,m+1.

B cuny stux oneHok mis aoboron 2 Nuk =0,1,...,m 6yaem
MMeThL

0 < Fua(zi41) = Fa(zr) < [Fa(2k41) — F(zrs1)l+
+ F(zr41) — F(zi) + |[F(2e) — Fu(zi)| < 3e.

Mcrnoan3ys Temepb MOHOTOHHOCTE Qyuxumit F,,(z) m F(z), ana
n > N noayyum

sup [Fu(z) - F(2)| € max sup (Fu(z) — Fa(zg))+
rzCRt ogkgm ze[zk,::k.l.;)

+1Fa(ar) — Feo)l+  sup  (F(s) = F(zn)} <

ZE[Tx,Txpr

< mx {Fa(zisr) = Fa(er) + |Fa(a) = F(za)l+

+F(-’Dk+1)—F(.’ck)}<3E+6+6=56.

Tak Kak € BRIGUpaJIoCh TPOU3BONBLHLIM, M3 BTOI OLIEHKH CIIEAYET
yTBepKIeHUE J1eMMBI.

Teopema 1 o6 B5KBUBaJIECHTHOCTHU YTBEPXKAEHHHM O CXO0AMMO-
CTN XapaKTepucTUdecKuX GyHKIMA U GyHKIMU pacnpenenenus
urpact NPUHIMINAJNBLHYIO POJib IIPM J0OKa3aTelIbCTBe Cleaylo-
IEr'0 OCHOBOIIONAralollero pe3yibTaTa TEOPUM BEepPOATHOCTeM.
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Tcopema 2 (merTpanpBHas npenesapHas Teopema). Ilycms
{Xi}{2, - nocaedosamersrocms nesasucUMBE 00UKAKOBO PACHPe-
FeneNNUT CAYNATNBT BEAUNUK € MAMEMAMUNECKUMU ONCUOAHUA-
MmuE(X)) = a u xoncunnmu ducnepcuamu D(X;) = 0. Hoaoncum

n

Sn = ) Xi. Tyems Fa(z) = P(Z, < 2) - dynxyus pacnpedesenus
=1

Sn ~na

ovn '’
ACHUA NOPMAAbHO20 3axona co cpednum 0 u ducnepcuedl 1. Tozda
npu n —* 00

caynalinol seaununu Z, = a N(z) - pynxyus pacnpede-

sup |Fn(z) — N(z)| — 0. (17.5)
reR!

HNoxasarenscrro. XapakTepucTuueckad (yHKUMA HOP-
MaJILHOT'O pachnpeneneHus co cpeanuM 0 u aucnepcueii 1 nmeer
Bum ¢~ /2 (¢m. §14). Mycts pn(t) = E(e'*?») - xapakrepucTu-
yecKad QYHKUMSA Besmuunbl Z,. CornacHo Teopeme 1 1 nemme 1
JOCTATOYHO JOKa3aTh, UTo Aja moboro 1 € R}

Pn(t) — e V12, (17.6)

Mycts p(t) = vy, (t) = E(e!*Y") - xapaxrepucTndeckan ¢yHKuUs
BEJIMUKHEL Y] = —'-a——a Benvuuny Z,, npeacTaBUM B BHIE CYMMBI

HsenuumH Y], Aesennoit na \/n:

_ Sn—an _ 1 - (Xy—e) _ 1 -
O S D Y N

BenunuuHbl Y; He3aBYCHMBI M OAMHAKOBO pacrpenesyieHbl, MNMO-
CKOJibKY TaKUM CBOHCTBOM 06sagaioT BenuyuHel X;. Mcrnons3ys
CBOMCTBO 2 U CJISACTBME 2 NAA XapaKTepUCTUYECKHX (yHKIMAN
(§ 13), nonyunm

on(t) = oyr v, (71—,—‘) = Hw.(%) = so”(ﬁ)- (17.7)
=1

o ¢popmyne Teitsopa, npuMeHentoi k dyrxkumm (1), umeem

o(t) = (0) + £ (0t + £ 02 4 a(r)2?, (17.8)
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rae aft) — 0 npu t — 0. CorsraceEo nepBoMy CBOMCEBY XapaKTe-
puctudeckoi ¢ynrumu ¢(0) = 1. ITo enencrsmo 3 §13

E(Y) = -ip'(0), D(YV) = —¢"(0) + (¢'(0))".

Ucnonb3ys m3BecTHEIe HaM CBOWCTBA, BHIUMCIMM MaTeMaTude-
ckoe oxupanve E(Y)) u mucnepcuro D(Y)) :

E(v) = B(X2%) = LE() ~a) =0, D¥) = 5D(X)=1.

B pesynbtare umeem ¢’(0) = 0, ¢”(0) = —1. loxacrasnaa atu
anauvenua B (17.8), nonyunm

2
(1) =1~ = +a(t)t.
Iosromy dopmyny (17.7) MoxHO nepemicaTth B BUAe

o= (1 () 2"

12 t 2 2
Obosnaumm fn(t) = — 5~ + a(—\/—ﬁ)—;. Toraa npfa(t) — —1?/2,

Bn(t) — 0, u, IpuHMManA Bo BHMMaHue “3aMevaTesbHLIA npenen”
lim(1+ )7 =,
M0 1y UM
lpn(t) — ((1 + ﬂn(t))llﬁn(t))ﬂﬁn(t) - 6_12/2-

Tpebyemoe coornomenue (17.6), a, crenoBaTenbHo, U Teope-
Ma 2 #oKa3aHH.
3ameuanue 1. Kak cienyer u3 noka3aTeibCTBa, BEIUYVHY
n

Zy, MOHO NPENCTABUTL B BUde Z, = Y. Y, TAe cilaraemele
=1
Y,
Yoi= \/_‘rT HE3aBUCVMEI ¥ 0JUHAKOBO paclpeleseHkl CO CPeTHUM

E(Y,;) = 0 u aucnepcueii E(Y,?)) = % ~ 06paTHO NPOIOpLUO-
HalbHOW uMciy ciaraeMbix. YacTo oKa3bIBaeTCH, UTO 3aBUCH-
MOCTB CJIaraeMbIX Yy ; OT n ABJAeTcA 6ollee CIOKHON, YeM 3aBU-
cumocts Buma Y)/y/n. Tem He MeHee, eciit BTU ClaraeMule IIpU
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KaxKJIOM 1 HEe3aBUCHMBI, MMeIoT cpeatee 0 U aucnepcuo, obpat-
HO NPONOPUVIOHANBHYIO 1, TO IPY HEKOTOPOM AOIOJHUTEJILHOM
orpalndyesuy cnpaseanuBo cootHomenue (17.5). Ouenp Baxk-
HBIM 06CTOATENHLCTBOM fAABJIIAETCA TO, UTO LHEHTpaJbHasd Npeaeilb-
Haf TeopeMa CIpaBelUIMBa AJA CIYUYaiHbIX BeJUUMH X; ¢ MI06bI-
MM pacnpenenenusmu, 1isa kotophix EX; = 0,D(X;) = 02 < co.

3ameuanme 2. U3 popmyn (17.5), (10.1) u (14.1) caenyer,
yTo /A §1 < S2

P(s1<5n<52)=P(82:/1_m$ s *la":“):
- 5(252)- R (558)-
~N(sza\—/1m) N(sla\—/ga):
() -e(55) o

TIpumep 1. [1puBesem BLIBOA MATEr paJibHOM Teopemul MyaB-
pa—Jlannaca (§ 9) u3 uenrpasbHolt npenenbHoit Teopemsl. Ilpo-
BOJAATCA N UcnuITaHuil Bepuyanu, 1 Hac MHTepecyeT UMCJIO Ha-
crynnenuit cobritua A. Ilycte cayvaiinag sBesmuuuna X; npuHm-
MaeT 3HaueHue 1, ecau B I-M ucneItanum cobrnite A HacTynuio,
u 0 B mpoTuBonoyioxHoM cayuae. Torna E(X;) = p, D(X;) = pq,

n

rae p=P(A) u g = 1-p. Obosnaunmm S, = ) X;. Besmunna S,
=1

PaBHA YUCIY HACTYMJIEHUA cobwitusa A B n ucnbrtanviax. Ilns

i M =227 Hcnonp3sya BBe-
vapg T ey

ZAennnle o6o3nauenna u (17.6), monyumm, uro ana Pn(mi, ms)
(onpenenenue cm. § 8) cnpaBeaIMBO COOTHOIIEHUE

my < my MOJOXKUM @, =

P, (ml,mg) P(m1 S < mz) = P(m1 <8, <my+ 1) ~

~ %(q> (b,, + \/%W)—Q(an))z 2(®(bn) - ®(an)).

B nocneanem npubiamxkeHHOM paBEHCTBE Mhl BOCIOJb30BAJUCH
paBHOMepHOM HenpepbiBHOCTbIO OyHKIMK B(z). [TonyuenHoe co-
OTHOUIEHHUE M COCTABISAET yTBEPXKIUEHNE NHTErpalbHON TeopemMbl
Myaspa—-Jlannaca.

3anaua 1. [IpousBoantca crpenbba ¢ 6OABUIONO PACCTOAHUA
M0 KPYIJIOA MMINEHU TaK, YTO NPU KAXKIOM BHICTpENE II0Naa-
HUe PABHOBO3MOXHO B JI06yI0 TOYKy MumeHu. IlpoMaxoB HeT.
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MumeHs pasfieneHa KOHLUEHTPUUECKMMU OKPYXKHOCTAMM, pag-
HOOTCTOAIMMU ApYT oT apyra Ha 10 obnacteii. llentpansnan
oblacTh ABAAETCA KPYI'OM C paluyCOM, DABHBIM PacCTONHUIO
MEXAY OKPYKHOCTAMMW, M IOMN3JaHue B Hee oueHuBaerca B 10
oukoB. [lonanaune B npuieramomee K Heit KONbLO OLIEHUBAETCA
B 9 oukoB, B nocieayomee — 8 OUKOB U Tak Aaltiee — Ao 1 ouka
ANA NOCHENHET0 KOMbla. BHIUMCIUTL NpubiamkenHoe 3HaYeHUE
BepoATHOCTHU Toro, uro npu 100 HezaBUMCHMEBIX BHICTpenax Oy-
net nabpano ot 360 mo 430 ouxos.

Pemenune. [lockombKy Bce TOUKM MUIUIEHNM PABHOBO3MOMKHEI
JUIA NoNaJaHuA, TO IMIAHCKH MOMaJaHNA B KaXKA0€ M3 KoJell Omy-
ChIBAIOTCA FeOMeTPHWYECKMMM BeposaTHocTaAMmU. Ilnomams kpyra
paBHa 7r2, rae r — pajmuyc. O603HAUMM pPacCTOAHME MEXIY
OKpYXHocTAMM uepe3 d. Jlerko moacuyMTaThH, UTO MJIOINANbL K-
ro xombua pasHa wd2((k + 1)? — k?) = =d%(2k + 1). 3a uyne-
BOE KOJILLO NPWHUMAETCA MEHTP Kpyra, a 3a 9-e — mocaenHee
Koabllo. Ilmomans Bceit Mimunenn pasna 1007d?. Cinemnosarteimns-
HO, BEPOATHOCTh Monafanud B k-e koablo paBHa (2k + 1)/100,
k=0,1,2,...,9. llycte X — cayuyaiiHad BeJMuMHa, paBHad Uu-
cJy ouxkoB, HaBpaHHBIX IpU 0AHOM BrIcTpede. Toraa 3akoH pac-
npedenenna X 3anaercdA cienyloueit Tabauneit

X |10] 9 8 7 6 5 | 4 3 2 1
p | L3 5 7 9 11 [ 18 | 15 [ 17 | 19
100 | 100 [ 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

Briuucisaa MaTeMaTUYeCKOe OKUAAHME M INMCIIEPCHUIO BEIU-
upan X, noayunm E(X) = 3.85, D(X) = E(X?) - E}¥(X) =
= 5.5275. CnexnoBatennHo, /D(X) ~ 2.351.

Nycts X; —~ cnyuaiinaa Benuunya, paBHaA YUCIY OYKOB NMpPH

n
l-m BricTpene. Torma S, = Y X; — cyMMapHOE UMCIIO OYKOB IIPH
=1
n BrlcTpesax. IIpuMeHAA HEeHTpaNbHYIO OpeleJbHYIO0 TeOpEMY
(Tounee popmyny 17.6), miua mobuix s < s MOAYIUM

P(s;1 < 5n < 82) & %(‘I’(”;—\/—&E‘)U{T:) —Q(%;)(jﬁ))).

IloacTaBnAs B npaBylo YacTh BPTOTO COOTHOUIEHUA 3HAUEHUA Ma-
TEMaTUUYECKOTO OXWJIAaHWA, TACEepPCHM M nmapameTpoB n = 100,
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sy = 360, s2 = 430, noayuuM, 4To BepOATHOCTHL HabpaThb npy
crpeanbe ot 360 no 430 oukoB NPHUOIM3NTENLHO DABHA

5(@(1.91) — &(~1.06)) = -12-(<1>(1.91) + ®(1.06)) & 0.825.

3A0AUM

3anaua 17.1. UrpanbHasa kocth nonbpacwBaerca 420 pas.
KakoBa BEpoATHOCTb TOro, YT0 CYMMAapHOE YUCHO OUKOB byner
HaXOIUThCA B npenenax ot 1400 no 15057

3amaua 17.2. Ilpu BLICTpesIe 10 MUILIEHN CTPENOK IMONanaeT
B NecATKy ¢ BeposaTHocThIo (0.5, B AeBATKY — 0.3, B BOoCcbMepKYy
~ 0.1, B cemepky — 0.05, B wecrepry — 0.05. Crpenok caenan
100 Brictpenos. Kakopa BeposTHOCTH TOr0, UTO0 OH HabGpan He
menee 900 ouxon?

3anaaa 17.3. [Ipennonoxum, 4To Ha CTAHIMIO CKOPOU ITOMO-
MY BRLI3OBEI B TEYEHME CYTOK HOCTymNaloT o 3akony Ilyaccona
c nmapameTpoM A = 73 ¥ B pa3Hble CYTKM NX KOJMUYECTBO He 3a-
BUCUT APYT ot aApyra. Onpenesmuth BEpOATHOCTL TOrO, YTO B

Teyenne roxa (365 mHe#t) obmiee ymcio BHI30BOB GyleT B Ipe-
nenax oT 26500 xo 26800.
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YacTpb 2
MATEMATHUYECKASl CTATUNCTHUKA

MaremaTudeckaa CTATUCTUKAa — BTO AUCHMILINHA, M3Yydalo-
Iad MeTOobl OLIEHUBAHUA U CPABHEHWUA pacHpelieieHuil cnyyvaii-
HBEIX BEJIMUMH U UX XapaKTepUCTVIK N0 Hab 10 neANAM cayyaliHRIX
BEJIMYMH.

§18. CiyuAilHAA BBIBOPKA.
OMIMPUYECKAA $YHKIMUA PACNPEIEJIEHUA

Mycte X — cayuvaiinas BeaurHa ¢ GyHKUMe pacnpeaeicHua
F(z) = P(X < z). Ecau B xoze ciy4yaifHOro BKCIIEpPUMEHTa Ha-
6nroHaeTCA ONHO 3H3UEHME CiyuyalHoi BenuumHel X, To cyme-
CTBeHHOI MHpopMaluy 0 pacupenesneHvy X MM €€ XapaKTepu-
CIMKAaX MOJAyunTh Hedb3A. OxHaKo, ecim NpoBOAMTCA Gosburoe
KOJIMYECTBO He 3aBUCHMAIX APYT OT APYra OAMHAKOBHIX CIyuaii-
HbIX BKCIIEPUMEHTOB, B KayXIOM M3 KOTOPHIX Habiofaercs 3Ha-
yeHue ciyyaiinoll Bemuumunl X, TO HpH JOCTATOUHO GOJLlIOM
KOJIMUYECTBE BKCIIEPUMEHTOB MOYKHO IMOJYYHTh XOpPONIUE OleH-
Ku QYHKIVMM pacrpelAciieHUd BeJMuMHE X U €€ XapaKTePUCTHK.
ITocTpoeHne TaxkuUx OLICHOK U ABAAETCA OJHON M3 OCHOBHHIX 32~
Jau CTaTUCTHKH.

Onpenenenue 1. Cayualinoit BraGopkoit o6mema n, 0T-
Bevalomei cnyuaiiHoii Benuunsae X ¢ dyHKIMe# pacnpenenenus
F(z), nasnBaeTca Ha6op n HE3aBUCMMEIX CIYYaliHEIX BeIMUNH
X1, X2,...,Xn, K&XKIad M3 KOTOPHIX MMeeT pacnpeneienne F(z).

Onpeaneneune 2. Cayualinaa BeIW4MHa, ABJIOMWIAACH
dyHximeii cnyyalino# BHIGODKM, HA3LIBACTCH CTATMCTHMKOM.

Takum oBpa3om, and mobolt AocTaToyHo xopoureil (Hanpm-
Mep, Kyco4YHo-HenpepuBHo#) dyrkumu g(£), £ = (z1,22,...,2Zn),
pesmuvHa (X1, Xo,...,X,) — cTaTucTHKA.

Benwwma Xy = gk(X1,X2,...,Xn), rie gr — oToGpaxe-
Hue us R" B R!, comocTaBisiomee Ka)XAOMy BEKTOpy & €
R"™ Ty M3 ero KoopIuHaT, KOTOPafA 3aHUMAaeT k-e [0 MOpPAAKY
3HaueHUe B yNOPAJOYEHHOM IO Bo3pacTaHuwio HaBope, cocTa-
BJIEHHOM U3 KOODAMHAT BEKTOpa, Ha3klBaeTcA k- mopamkoBoi
cratucTukoit. B uwactHoctn, X(3) = min{X;, Xs,..., X5} u
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Xy = max{X1, Xa,...,Xn}. Habop ynopsimoueHunwix ciydaii-
HeIx BesmuuH X(1) < X(2) < -+ € X(n) Ha3pIBaeTCA BAPUANUOH-
HBIM PSAOOM.

YacTo AJA KPaTKOCTH ciaydaitnyio BeIGopry Xi,Xa,...,Xn
OB BEeMUHAIOT B OJWUH CJYydYailHBIE n-MepHBIL BeKTOp X =
= (X, Xa,...,X5). OkcnepumenTaTop (CTATMCINUK), KaK Ipa-
BMJIO, pacriojlaraeT oAHOM peasm3aumell »Toil ciryuaitHO!l BEI-
Gopku, T. e. Habopom uucean ¥ = (21,Z2,...,T,), NOJYUEH-
HEIX B pesyibTaTe HabmioneHwmit BenwuuHul X NIpM n He3aBu-
CHMBEIX NOBTOPEHMAX CRYyUYaNHOro SKCUEPHUMEHTa B OJAWH3KOBHIX
ycaosuax. CoriacHo Teopuy, OLEHKU NapaMeTpPOB BeJAUUMHKL X
MJIM ee paclipellelleHUsA, OCTPOEHHbIE NO Cay4yaiiHoit BRIGOpKe
(X1, X2,...,Xn), 6yAyT cXoaMThCA HPH B — OO K MCTHHHOMY
3HAYEHMIO TIapaMeTpa MM paclpelneleHUIo Jnbo No BEPOATHO-
CTH, aunbo ¢ BEpPOATHOCTBHIO €AMHUIlA, T. €. AJA OOYTHU BCEX pea~
nu3aimii Be16opkn. Taxkum o6pa3oM, yxke 1o ogHOM peanu3auyu
(z1,22,...,2n) cayJalinoit BHIGOPKY, KOL A 1 BEIIMKO, MOXHO I10-
CTPOMUTH OLIEHKY, C BOJIbIIOl BEPOATHOCTBIO XOPOUIO AMNPOKCH-
MUPYIOIIYIO UCTUHHBLIA TapaMeTp WM pacipelelieHue.

IIpumep 1. PaccMoTpuM 3amauy o npubiavkeHHOM BhIUNMCIIE-
HUM BEPOATHOCTH BHIMAJEHWUA repba NaA HeCMMMeTpHUJHOH Mo-
Hethl. IlycTh p — BepoATHOCTL BrImanenwd repba, a 1 — p — Be-
POSITHOCTH BhIIaleHus pemeTku. lna roro, yrobu npubawkeH-
HO BRIUMMCIUTL DapaMeTp p, NPOM3BOAATCH He3aBUCUMEIe Bpoca-
HMA MOHETEI, ¥ KAKALI pa3 BemiaBmeMy repby conocrapiisiercs
€IUHULA, 3 pellleTKe — HOoJb. TaxumM o6 pa3oM, MBI UMEEM TIOCTIe-
JIOBATEIBHOCTb HE3ABUCHMEIX OJMHAKOBO pacnpelelleHHLIX Cay-
YalHBIX BEJMYHH

x 1, eciu npu I-M 6pocannu Brnanaet repb,
H =
0, ecuu npu I-M 6pocaHny BRINAZAET pelIETKA.

Ha6op Bemnuun (X1, X2,...,Xn) ABaAercA cnydaiiHoit BhI-
Gopkoi nua Bemuuunst X ¢ P(X =1) = p,P(X =0) =1-p.
Mockoabky E(X;) =1:p+0-(1 —p) = p, To 13 3aKoHa 60IDb-
mux uynced (cM. yacth 1, §16) cuemyer, uro cayuaiinas Be-

— 1 B
auunHa X, = - 3" X1, paBHaA HoJie BHITABIIMX rep6oB, cxo-

AMTCA C BEPOATHOCTHIO €IVMHMIA NPU 7 — 00 K BeJUUMHE pP.
CirenoBarensHo, craTucTuka X, ABJIAETCH Xopoluel oueHKoi
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AJNA p, €CIN N AOCTATOYHO Beauko. Ilpu MHorokpaTHOM 6po-
CaHUM MOHeTH! HabmiomaTesh, UMeeT Juilb HAGOp n UMces BH-
ma (1,0,1,1,0,...,1) = (z1,22,...,2n), T. € ONHY KOHKDET-
HYIO peaju3alyIo ciaydaiiHoil Beibopxu (X, Xa,...,X,). Bme-
CTO ciayyaiiHol BENMUMHE X, OH TOME MeeT ee pealu3aimIio

n
Z, = 1 3 2. C MaTeMaTUyecKodl TOYKM 3PEHMA peanu3als
=1

cayuaiinoll Buibopxu (21, ..., Ts) NpeacTaBisier cobaii 3HaueHne
Cay4aiHOro BeKTOpa X NpU KaKOM-TO SJeMeHTapHOM MCXOJKe,
peanv30BaHHOM B 1eJIOH NMOCNeToBATENBLHOCTH BKCIIEPUMEHTOR.
ITOCKOMLKY CXOAMMOCTh Xp — P MMeeT MECTO JULA MOYTU BCEX
VCX0J0B (C BEPOATHOCTHIO €AMHMUA), TO M Ty NPU AOCTATCGYHO
Goubiux n 6yaer Gamska K p.

3ameuanuwe 1. Oaua U3 OCHOBHEIX 33aJay MAaTEMATHUECKOI
CTATHCTUKA COCTOMUT B IIOCTPOEHUM ITO CIYYaMAHBIM BEIGOpPKaM X
APYTUX CAydaliHbIX BeJIMUMH, KOTOPHIE CHYKaT OlleHKaMy napa-
METPOB WJIM paclpenejcHui. DTU OLEHKM NPU HEOr PAHNYEHHOM
YBEJNUYEHUH YUCIa KOMIOHEHT BHIOOPKM CXOUATCA C BEPOSATHO-
CTBIO €IWHULA MM TI0 BEPOATHOCTU K WUCTVHHOMY 3HaUECHUIO
napaMeTpa HabOnonaeMo BeJIMUWHBI MM €€ PacHpepesIeHuIo.
IIpuknamgHasa CTATUCTUKA VIMEET JEJI0 ¢ KOHKPETHHIMU Deanun3a-
IMAMM CIYYaAHRIX BEJUYMH, MOJYYEHHHNMHU B XOJAE CJIyYadHbIX
eKcnepuMenToB. OHa MCHONb3YeT OLEHKM M GOPMYJIbI MaTeMa-
TUYECKON CTATUCTUKM, IIPA BTOM BMECTO CJYYaMHEIX BeMYUH
X] MOACTABNAIOTCA UX KOHKPETHLIE PeajIU3alny .

PaccMoTpyM 3amayy O IIOCTPOEHMM OHEHKM Iif §yHKIMM
pacnpeaenenua F(z) cayvatino Benmumumt X no cayuaitxoit
BEIGOopKe X = (X1, X3,...,X,). Takoil ouenkoit 6yneT ciryxmMThb
TaK Ha3blBaeMaf BMIMPUYECKaA QYHKIMA PacIpeneleHud.

Onpenenenue 3. Imnupuueckok ¢pynxmueli pacopene-
JICHMHA, NOCTPOEHHOM 10 caydaikHol Buibopke (X1, Xa,..., Xp),
HA3LIBAETCH ClydaliHad QyHKIMA

Fa(2) = =3 Ncooiny(X1),
=1

rae 1,4(y) — muauxaTop MuHOMKecTBa A.

3ameuanue 2, [lna KoHKpeTHOH peanusaimu (z1,22,...,Tn)
Bui6opky (X1, Xa,..., Xy) ¥ QUKCHMPOBAHHOrO YKCIA T BEIUUYUHA
F,(z) paBHa none Tex 3HaueHM# &, KOTOPhIE MEHbILE Z.
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3ameuanme 3. CpoiicTBa eMIMpUUYECKOil GYHKIMM pacnpe-
Aenenus Fy,(z) aHanoruyHe cBoiicTBaM o6kIYHOK GyHRUMHU pac-
npenenenua: F,(z) — Hey6uBaioman $yHKIMA 110 2,
0 < Fa(z) € 1 mas moboro z, u F(—o00) = 0, Fr(oo) = 1.
3ameuarue 4. DMIMpUUEcKyo GYHKUMIO pacipeleleHUsd
MOXKHO ormcaTh cleiylomuM obpazom. OT Munyc 6ecKoHeuHO-
CTH BIJIOTH 10 NEpBO# MOPAAKOBON CTaTUCTUKKM X(;) 3HaUeHUe

1
F,(z) pasio nymwo. Nanee snauenne F,(z) yBenuumsaeTcs Ha ~
n

k
B KaxIo# u3 Todek Xy, T. e. F(z) = - upu z € (Xrys X(e41)l-
Ecnu HeckoNbKo 3HaueHuii X (i) COBNAlaIoT, To 3Hauenue Fy,(z)

yBeJIMyuBaeTCH Ha —::, JOMHOYEHHOE Ha uucio copnadenuis. Ilpu
z GosbpireM 4eM n-s NOPAAKOBAA CTATHCTURA X(n) 3HAUCHUE
F,(z) papno 1.

Ins moboro GUKCHPOBAHHOTO z clydaliHan BeanwuuHa Fy(z)
UMeeT Clelylollee paclpeaeieHue

P(Fa(2) = £) = CK(F(2))*(1 - F@))"™*, k=1,2,...,n.

Ileficreurenso, coburue {Fn(z) = k/n} cocrour B ToMm, uro
‘mpowsomao poBHo k ua cobmrmit {X; < z}, 1 = 1,2,...,n, n,
clleAoBaTeNbHO, IPOM3OULIO0 1 — k IPOTUBOIIOJIOKHEIX COBLITHIA.
Bocroneayemen ¢xemoit Bepuynan (§ 8). Byaem rosopurs, urto
B |-M McHBITaHMM HacTynun ycnex, ecnu {X; < z}, 1 Heynaua,
ecin {X; > z}. Toraa BeposaTHocTh ycnexa p = P(X; < z) =
= F(z), a BepoatHocTb Heyaauu ¢ = P(X; > z) = 1~ F(z). o
¢opmyne Bepuynnu (8.1) BepoATHOCTH HACTYMNIEHUA POBHO k
ycnexos pasra CXp¥¢"~F u era BepoATHOCTL paBHa BepoATHO-
ctu cobutua {Fu(z) = k/n}. Uto u Tpe6oBanoch moka3aTh.

B pamMxax npuBeNeHHOH CXeMHI JIEFKO BEIYNCIANTL (YHK-
IMIO pachpejie]leHus NopANKoBo# CTaTUCTMKU X(,). Coburue
{X(m) < 2} o3mauaer, uTo HACTYNMAO He MeHee YeM 1 COBEITMH
puna {X; < z},1=1,2,...,n. BepoaTHocTh Takoro cobritusa no
dopmynam (8.2), (8.3) pasna

P(X(m) < £} = Pa(m,n) = Y Cx(F(2))*(1 - F(z))"~* =
k=m

=1- Y CE(F()(1 - P(a))*.
k=0
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Ilna KpalHUX MMOPAAKOBEIX CTATUCTUK BTHU (POPMYJIIH NPUHAMA-
IOT IPOCTOI BUA:

P(X(l) <z)=1-(1- F(2))", P(X(n) <z)=(F(z))".

ITpumep 2. IlycTh HabmionaeTcd cleAylomlas peasin3alvs BbI-
6opru: 0.2; —1.7; —-3.6; 2.1; 5.2; —3.4; 4.1; 1.8; —1.3; 2.6.

'papuk sMmnupudeckoit QYHKIMM paclnpedesleHUA AJA 3TOU
peanu3anyu uMeeT BUI

9.9 —
(k] ——

a7 —

0§ e

051 E——

L am— 02
«— 04

v

-3A .34 A7 43 0z 18 21 as a1 82

Puc. 9

D10 cTyneHuyarad (YHKIMA, MMelOMas#s B TOYKaX BLIGODKM
ckauku pa3amepa 0.1.

Cuenyonmit peayiabTaT YTBEPXKAAET, YTO BMIMPUYECKAA
dyuxuma pacnpenenenus F,(z) aBasercs xopomeil oueHkoil nns
dyHKuMM pacnpenenenus F(z).

Teopema 1 (I'musenko). C seposmuocmsio edunuya npu
n — 00
sup |Fn(z) — F(z)| — 0. (18.1)
z€R!

IokazaTenbcTBo. Mbl JOKaKEM BTO yTBEPsKACHUE JIULIb
AJA caydas, Koraa (yHKumsa pacnpeneinenus F(z) Henpepris-
Ha. Jlna nponssoasHo# ¢yHkmmMu F(z) HokasaTensCcTBO ocylme-
CTBJIAETCA AHAJOIMYHO, XOTA U TpebyeT JMOMONHUTENbHEIX Pac-
cyxaeHuil. Ilycts € > (0 — NIpou3BOJIbHOE MaJlOe YUCJIO, AJIA KO-
Toporo uncio m = 1/ nenoe. Tak kak pyuximsa F(z) Henpepris-
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Ha ¥ He y6nIBaeT, TO MOXKHO BRIGpaTh TaKyIO BO3pacTalolylo No-
CJIEJOBATENBHOCTD YUCEN £y = ~00, L, .- .3 Em=1,Lm = 00, UTO

F(zo)=0, F(z\)=¢, ..., F(zi)=¢k, ..., F(zm)=1.

Iockomnky ¢pynmmu Fp,(z) u F(z) apasioTca HeyOHBalolWMMU,
TO anA awboro k u z € [Tk, Tx41) CHPaBEIINBE COOTHONIEHNSA

Fa(z) = F(2) < Fa(zr41) — Fzk) = Fa(zr41) — F(zi41) +e,
Fu(z) = F(z) 2 Fa(zi) — F(2r41) = Fa(zr) — F(zi) —e.
OTcioa cienyer, 94To

sup |Fu(z) — F(z)| € max |Fa(zx) — F(zp)| + €. (18.2)
zeR! o<k

<m
Honoxim Y; = ]l(_w,z)(Xz). IIockonbKy BeMUMHE X; He3aBUCH-
MBI ¥ OTMHAKOBO PacCIlpelelieHE], TO M BEJIUYUHE! Y] HE3aBUCHUMEL

M OIMHAKOBO pachpelenennl. B cuny ompeneneHusa MaTeMaTu-
YeCKOro OXKMAAHUA U MEepPBOT0 CBOMCTBA MUCIIEPCUM UMeEM

E(Y1) = E((- o0 ,2)(X1)) = P(Xi € (—00,2)) = P(X; < z) = F(a),
D(Y1) = E(I{_co,2)(X1)) = E* (V) = F(z)(1 - F(z)) < 1.

Torxa, corjlacHo 3akoHy Gonbmmx uvcen (Teopema 1, § 16), ana
mo6oro ¢UKCHpPOBaHHOI'O T

Fa(#)= 13 "% — B(%) = F(2)
=1

C BEpOATHOCTHIO eauuuia. IloaToMy I8 KoHedHoro Habopa To-
YeK ZTg,T1,...,Tm KaKIOe U3 IPeJeNbHAIX COOTHOIEHU
Fu(zx) — F(zx), k = 0,1,...,m, 6yner BLIIOJHATHLCA C Be-
POATHOCThIO eIuHMIa. Tenepb, IpMHAMAaA BO BHUMaHUE OLEHKY
(18.2), nonyuum, 4To C BEPOATHOCTBIO €AUHUIA

. 1

limsup sup |Fp(z) - F(z)| e =—.

n—co zeR! m
CobriTHe, cocToAllee U3 TeX UCXOA0B, AJIA KOTOPEIX BHITOJTHAET-
cA BPTO HepaBeHCTBO, obo3nauum {)y,. DTo HepaBeHCTBO cHpa-
BEIJIMBO JJIA BCeX HaTypaibHuXx m. CleloBaTenbHO, ANA TeX
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UCXO0A0B, KQTOphle BXOLAT BO BCe colblivA {2, OUAHOBpEMEH-

0o
HO, T. €. BXOJAT B Npou3dBeaeline H Qm, BBITTOJIYIACTCA COOT-
m=1

o0
noutenue (18.1). Corsacuo Jlemme 1 §6 P( I Qm) = 1. Ta-
m=1

KMM 06Dpa30M, MHOXECTBO MCXOOB, MUIA KOTOPEIX BBIMOJIHAETCS
cooTitomenue (18.1), MMeeT BepOATHOCTD CAVHULIA.

Cohopmyaupyem 6e3 QoKa3aTesbCTBA CLIE OAMH pe3yJBLTAT,
KOTOpHI/i XapaKTepusyeT KauecTBO oueHxu Fp(z). VI3 Hero cue-
KyeT, UTo oueHKa Fy,(z) ABJAeTCHA JOCTATOYHO XOPOWCEH oLeHKoH
dyuxuMn pacrpeneneuns F(z).

Teopema 2 (Koamoroposa). Hycms

o2 | Cenca, o<,

0, npu 2 < 0,

- ¢yrxoua pacupegeneaun Koamoroposa. Tozda, ecau gynx-
yus pacnpedeaenus F(r) nenpepiana, mo dasg anbozo z

P(va max |Fa(z) = F(@)| <2) > K(z),  npun— oo

DTOT pe3yaLTaT MOXKHO N1€pPedOpPMYIMPOBATEL CJEAYIOLIAM
o6pa3om: cnyuaitnaa Beanunta Z, = /n max |Fo(z)— F(z)| npu
z€

6ONBLINX N UMEET GYHKUMIO PpacHpeleleHHA, MaJjlo OTJINYAIONLY-
toca oT K(z). B cuny sroro, ana mo6oro Hanepex 3aAaHHOrO
MaJIoTo YKCHAa &, BHIGNPAA 21—, Tak, YTOBH K(z1—¢) = 1 —a, MaT
2]l—-a
TMOJyMM, UTO ONeHKa max |Fo(z) — F(z)] <
TE

Jn
C BEpOATHOCThIO, Npubu3nTensHo paBHol 1 — ¢. Takum obpa-
30M, C BEPOATHOCTHIO, GIM3KO} K enmHMLe, JUIA BCeX & OLEHKa
Fa(z) otnnuaerca ot F(z) He Gonee ueM Ha z1_q/\/n.
Ilepe#igeM K OUEHUBAHUIO IIOTHOCTH PpacCOpeNeieHHd CIy-
vaiinoit Besuumunl X. Ilycts f(z) — nnortHocTs pacnpenene-
uuA eenvumuel X, u nycrs (X1, Xa,...,X,) — caydaiiHaa sn-
6opra, orBeuaroman BeanuuHe X. BriBepem npoussoasioe uu-
cio h > 0. Monosxum xp = [z/h]h, rae [a] — o6osnauaer nenyio
YacTh YMCHA @, T. €. [a] — Hanbosbumiee menoe uMcio, He Mpe-
Bocxonsmee a (Hanpumep: {2.31] = 2,[-2.11] = -3).

BbLITIOJIHAETCHA



18. CNYUANHAA BbIBOPKA 157

Onpenenenve 3. 3IMOUpMYECKOR BIOTHOCTLIO pacnpe-
JeJIeHMs, T0CTpoeHHoM no cayuaiinoit Buibopke (X, X2,..., Xp).
Ha3blBaeTCs caydaihHada GyHKImA

1 n
fan(z)= h Z ][[xu,n+h)(Xl)-
=1

PaccmoTpum a1y dynxnuio noapobuee. Koraa ¢ mpoberaet BClo
BEUIECTBEHHYIO OCh OT —00 IO 00, ynuclno k = [z/h] npunumaet
Bce lleable 3Hauenud ..., —2,~1,0,1,2,.... O6oznauuMm v; — uym-
cno Tex 3HAYeHV BenuuuH Xj, KOTOPBIE NONAJLAIOT B MHTEPBAI

n
[kh, (k-{-l)h), T. e. Yy = Z: ]I[k,,,(Hl)h)(Xl). IIpukh <z < (k+1)h
=1

uMmeeM k = [z/h],zn = kh, u, cnenopatensHo, fu x(z) = % Te-
[epb ACHO, KaK NOCTPOUTh rpaduk PyHkumu f, n(2), KoTOpHIHK
Ha3LIBAETCA TMCTOrPAMMOM pacnpenefieHna ciayuaiiHoil Beau-
uynnl X. Hy>kHo pa36urb BCIO BEWECTBEHHYIO OCh Ha MHTEpPBa-
el qavsel b w kakaomy unrepsaay [kh, (k + 1)h) conocrasuts
YuciIo %.

IIpumep 3. IlycTs nana ciaeayrollas peanu3auus BrGopkH,
cocroAmeit na 20 KOMIIOHEHT:

0.78; —0.12; —0.61; 0.92; 0.55; 1.63; —1.16; 0.01; —0.45; 0.20;

—0.38; 0.62; 0.46; —0.22; 1.11; —0.77; 0.37; 0.72; —0.24; 0.42.

TC'ucrorpamma c marom h = 0.4 nia eTo# peanusanmm UMeeT
clenyomuit BuA:

1
z
8
§'__,(
sl
B"
—d
.
— o
| B 2 1
L E T
1
H ..I t
||!°|!| |
1 1 T N N N

82 .28 24 20 18 12 08 04 0 04 08 12 16 20 24 28 32

Puc. 10
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DMIOupHUUecKan IAOTHOCTS pacnpenederus f, p(z) ncnonassy-
€TCA B KauecTse oueHk# ana f(z) — nioTHocTM pacnpeneneHus
cny4JaitHoil BemmunHel X.

Teopema 3 (0 CXOMUMOCTM PMOMPUUYECKUX MJIOTHOCTEH
pacupenenenun). Hyems n — oo v h — 0 max, wmo nh — oo.
Toz0a e xaxcdoii mouxe z, 8 xomopoil naomnocms f(z) nenpepsis-
#a, fon(2) — f(z) no sepoamuocmu.

Iloka3aTensCTBO. B HEAAX YIPONIEHUA IOKA3aTENb-
CTBa MblI He ByJeM mepexoJuTh K Npefesly OAHOBpeMeHHO HpH
n— oo, h — 0 u nh — oco. llpenennuriit nepexon 6yaer ocyine-
CTBJIeH 10cnenoBarensHo. CHavyala HepeiiieM K npexeny MIpu
n — oo npu (purcupoBanHoMm h, a 3atem — npu h — 0. Hpen-
JIOMKEHHOE HUKE JOKa3aTeJbCTBO XOPOIIO OTPAXKaeT CYIIECTBO
nena. JlokazaTelbCTBO YTBEDMKIAEHUA TEOPEME! 3, B KOTOPOM
OCYIeCTBIAETCH OAHOBPEMEHHLIN NpesesibHLIA ITepexo, He Ha-
MHOTO CHOMHee, HO OHO HCIOJAb3YET BAPUAHT 3aKOHA GONBIIMX
aucel, KOTOPHLIA MbI He paccMaTpPUBAJIM.

Monoxum V) = iz, 2, 45)(Xi). Kax u Xi, Benuunnse V) asns-
IOTCA HE3aBUCHMEIMHU M OAMHAKOBO pacnpeaeienHuIMuA. MaTeMa-
TUUECKOE OUAAHME U AUCIIEPCUA BEIWUMHE Y] UMEIOT BUJ

E(Y)) = P(X € {zn,zn + })),
D(Y)) = P(X € [zh,z4 + h)) = P3(X € [zh,zn + h)) < L.

IMpumensna 3akox Bosbmmx uncea (Teopema 1, §16), monyunm,
YTO IPYU 1 — 00

n
Fan(@) = = 3" Yi - 1E(Y1) = P(X € 24,25 + b))
=1

no BepostHoctu. Jasee, nockonsky f(z) HenpepsiBHa, a Ty —
npu h — 0, umeeMm

zh+h

1

PP elenant )= [ @y f)

Zh

Takum 06pa3oM yCTaHOBIIEHO, UTO ITO BEPOATHOCTH

fm Jim, Fnale) = 12
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WMeHHO 9TO MBI ¥ MIaHUPOBAJIN HOKA3IATh.

3ameuanue 5. UTobu obecrieunTh BLIIOJHEHRE YCJIOBHI Te-
opeMmbl 3, CIeAyeT NpY MOCTPOECHUM BMIMPUUECKOR NIOTHOCTHU
pacnpejelienns BuibupaTh h B 3aBHCHMMOCTM OT 1 TaK, YTOOH
npu 60abIIKMX 1 ¥ MaJbIXx h npousBedeHue nh Toxke GuLIO0 60ab-
muM, Hanpumep, h = 1/ /m.

B nanbuelfiem HaM noTpebyercs cReAYIOMHaa XapakTepucTu-
Ka GYHKUMMA pacupeneseHN .

Onpeneneune 2. KpaaTuansro mopaaka p GyHKIMHU pac-
npenenenua F(r) nasniBaeTcs TaKoe YMCIO zp, AJIA KOTOPOLO
F(z)<p, a }'1113'1 F(z) > p, ecv oHO €IMHCTBEHHO, a €CIM MHO-

P

JKECTBO TAKMX UKCeJ COCTABJIAET LEJHA UHTEPBAJ, TO MoJIaraeM
2p — CpeJHAA TOUKA MHTepBaJa.

Jlns nenpephiBHOM cTporo BospacTalomeii ¢pyukumm F(z) npu
moboM 0 < p < 1 kBaHTHIL 2, eluHcTBenHa # F(z,) = p. B nan-
HOM CJIydae BTO PABEHCTBO CIYXXUT OOpeneleHHeM KBaHTUJIM.

Ksautrns nopaaxa 1/2 dynxuwvm pacnpenenenmnsa F(z) nasni-
BalOT MeOUaHOM! paclipeleseHU.

Jlna cnyvaiiHoit BEJIMUMHEL C HEITPEPLIBHOW CTPOro Bo3pacTa~
el pyHkuveil pacnpeneyeHUs BEPOATHOCTh TOr0, YTO BeJH-
YMHa NpUMeT 3HauyeHUe MeHbIlle MeAMaHBl, paBHAa BEPOATHOCTU
TOro, UTO OHa IIPUMET 3HaueHue HoJyibIle MeIMaHKEl U paBHa 1/2.

MHorue 4NCJIEHHBIE XapaKTEPHCTUKM BMIUPHUYECKOro pac-
npeneieHUA CAYKAT B KAUECTBE BHIGOPOUREIX XapaKTEPHUCTUK.

Onpenenum BHGOPOYHYIO KBAHTHIL IOPAAKA P, KAK KBaH-
TUJIb NOPAIKaA P AJIA BMIOMPHUYECKOTo pacupeaenemms Fy,(z), 1. e.
OnpefesUM €€ PaBEHCTBOM

) X(inpl+1)s eciiM np — He NeJloe YMCJIO,
2y = 1
i E(X([m,]) + X([npl+1)),  €CIM np — mejloe Yncio,

rae [a] — uenasn yacTh uKciIa a.
Bubopouran Menuana — 9T0 MeJnaHa SMIMPUUECKOTO pac-
npeaesenna. OHa paBHa BeJuunHE X((n41)/2), €CIM N — HEYET-
1
Hoe, U E(X(n/z) + X((n42)/2)), €CIM N — YeTHOe.

B caenywouiem naparpade peub HOWAET 0 APYrux BLIGOPOY-
HBIX XapaKTepUCTUKAX.
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3amaua 1. Buiunciuth BRIGOPOUHYIO KBAHTUAL MOPAAKA P =
= 0.35 ana peanusanum BuIGopku w3 npumepa 2. OnpenesuTs
BLIGOPOUHYIO MeaUaHy. ’

Pemenue. B npumepe 2 £,)=-3.6, 25 =—-3.4, 25 =—1.7,
Ty ==13, Ty =0.2, 2y = 1.8, T(ry = 2.1, 24y = 2.6, 25y =4.1,
20 =5.2. Tak xak n = 10, To [np] = [3.5] = 3. CnenoparensHo,
2935 = ¢y = —1.3. Hockonbky 10 — yeTHOE uyMcno, TO BBIGO-

pouHas MEAnaHa paBHa %(z(ﬁ) + 2@) = %(0.2 +1.8)=1.

SAITAYH

3anaua 18.1. B TeueHune qHA exxeyacHble U3MepeEHUA HAIPS-
KEHHUA TOKA B DJIEKTPOCETH LAY CIEAYIOINE 3HAUCHUA:

227.3; 219.1; 215.3; 229.6; 231.8; 218.7;

222.4; 229.2; 225.8; 219.5; 219.9; 217.1.

MocTpouTsb rpaduk sMIMpUYECKO GYHKIUM pacnpenesieHHA
U BREIYACJHTHL BEIGOPDOYHYIO MeaUaHy.

3anaua 18.2. I[IycTts HaGnogaeTcs CAEAYIOWAA peaNTU3ATIMA
BLIGODKM, cocToAme u3 40 KOMITIOHEHT:

042 -044 059 079 -0.10 0.12 048 -1.27
0.59  0.65 1.27 -1.40 -1.57 -1.61 1.45 1.26
086 -0.88 -0.14 -0.52 0.53 1.38 0.02 -0.26
0.23 -062 -0.02 -0.46 -0.89 -0.39 -0.53 1.70
-08 040 097 083 041 -034 -1.09 0.58

Hoctpouts ructorpammy c marom h = 0.4 xua sroit peanusa-
vu. HanucaTh peanmsanyio BApHMAILMOHHOTO PAAA, BEINMCIANTH
KBaHTUJIb nopsaka 0.8 1 BLIGopOUHYIO Meamany.

§ 19. OIEHKM IAPAMETPOB
PACNPEJNEJEHUSA. BEIEOPOUHBIE MOMEHTB!

Ifycte X = (X1,X3,...,X,) — cayuatinan Br6opka, oTBeua-
roptas Besvunde X ¢ pyuximeit pacupenenenun F(z). llycrs 6 -
HEKOTOPHI Mapamerp, XapaKTepU3yIOLMid pacnpeneneHne cay-
vaifHolt Benuuunnt X, nanpumep: 6 = E(X) - maremarnueckoe
oxunanue uwim 0 = D(X) - aucnepcus, wmm § = E(X*) - mo-
MeHT nopsaxa k. Ilycts no cayua¥inoit Buibopke X nna napame-
Tpa # moCTpoeHa HEKOTOpPaA OLEHKA 7,;()_(’ ), KoTOpasa ABNAETCA
ciy4aiiHoil BeJIMYMHOIA.



19. OLUEHKUN NAPAMETPOB PACNPEAENEHNA 161

Onopenenenne 1. Oueska 7, ()?) Ha3bIBAETCSl COCTOA-
TeJLBOM OLIEHKOH napamerpa f#, ecan 7,,(/?) — 6 no BepoAT-
HOCTHU YU 7 — 0O.

B aroMm omnpenesneHud, eciyM roBOPMTb abGCONIOTHO CTpOroO,
peun MAET O COCTOATENLHON IOCIeNOBAaTEeILHOCTH OLIEHOK, a
TepMMH “COCTOATENbHAA OIEHKA” CIYKUT COKPAIUEHHLIM Ha3Ba-
HUEM LJIS BTOrOo MOHATHA.

Onpenenenne 2. Onenra vy, ()_(. ) Ha3LIBAETCA HECMEIen-
Boit ouenkolt mpamerpa 8, ecm E(y, (X)) = 6.

Onpenenenne 3. Onenka y,(X) Hasusaerca unnapmant-
HO# oTHOCUTeabHO capura (GespasznuuHolt x casury), ecan
ana moboli mocTosaHHOK ¢

'y,,(Xl+c,X2+c,...,X,,+c)='yn(X1,X2,...,X,.)

PaccMOTpMM KOHKpETHHEIE OLEHKUM NapaMeTpPOB paclpeldelie-
HMA caydaiigoll Besuuuael X. Jna Toro, 4Ttobul B nanbHeilmem
He YCJIOXHATH $OPMYIMPOBKYM TEOPEM, MEI CPa3y HPEANOJOXKYIM,
YTO BLIIOJHAETCA CAEeAyIollee YCIOBUAE: €CJIM PACCMATPUBAETCS
OLIEHKA MOMEHTA MOPAAKA k MK NEeHTPaLHOT0O MOMEHTA MO P -
Ka k, 10 y ciayuvaiiHoli BemuunHer X KOHeYeH MOMEHT MOPSJAKA
2k. D10 ycnosue Ham noTpebyercs ANA TOro, HTo6L MPUMEHATH
3akoH Boabuinx uyucen (§ 16).

1. Bui6opouHoe cpeaHee. B kauecTBe olleHKM 1A Ma-
TeMaTHdyecKoro oxumanua m = E(X) ucnoansyerca oueHxa

n
X, = ;IL—I_Z:I X1, KOTOpaA HA3LIBAETCA BHIDOPOUYHBLIM CpeqHUM.
3ameuanue 1. BriBopouHoe cpenHee ABIAETCH CpPEXHVIM
3HayYeHneM (MaTeMAaTUYECKHMM OXMUAAHMEM) MJIA DMIMPUYECKOU
YHKLUMMU pacIpeneeHUs.

B 8TOM yTBep:IE€HUU NPUCYTCTBYET HEOBRIUHOE HACHOEHHE,
CBf3aHHOE C MOHATUEM “CaydvaiiHmii’ . DOMnupudeckan yHKUMAS
paclpeleseHusa caMa 32aBMCUT OT CAydad, T. €. KLKIOMY 3Haue-
HUIO cay4aiiHoli BEIGODKM OTBEYaeT CBOA peasid3alya oMIIMpH-
yecko# PyHKuMM pacnpepnesnenus. PaccMarpusas sTy peaiusa-
HMIO KaK OOBIuHYI0 QYHKHMIO pacHpenesieHUs, MBI MOXXEM BBEIYU-
CINTb CpejHee ToM caydailHOM BeJVYUHEL, KOTopad eif cooTBeT-
cteyer. CornacHo 3ameuannmio 4 § 18 ota BenmumHa npuHUMAET
3nauenusn (ecau ux ynopsagounts) X(xy, k =1,2,...,7n, c paBHsI-
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1
Mu BeposTHocTAMM —. Cpesnee xe 2TOl AMCKpeTHOM caydaii-
n
1
Holt Benuuuun 1o ompenenenmio (cm. §12) pasuo ) X)— =
k=1 n

= X,, T. e. paBHO BEIGOPOYHOMY CpeaHEMY.

Teopema 1. Bubopoxnoe cpednee X, seagemcs necmeuennot
cocmoamensnoll oyenxoldl Mamemamusecxozo oacudanus E(X).

HokazarTeanbcrTno. HecMemenHocTh ABaAeTCA clegcTBu-
€M LENMOYKH pPaBEHCTB

E(X,) = %E(zﬂjx,) - %zn:E(Xz) = %im =m.
1=1 =1 =1

Cocroarensnocts X, CHeayer W3 3akKoHa 6osblux umcen
(§ 16), cornacuo koTopomy X, — m IO BEPOATHOCTH.

Ilna BRIGOPOYHOTO CpelHero OYEBUAHO Cllellylolllee paBeH-
CcTBO

Xo(Xi+¢...,Xn+¢)=

= 23 (X +¢) = e+ Xn(X1, Xa,..., Xn), (19.1)
i=1

KOTOpO€E MOXXHO 0XapaKTepM30BaTh KaK CBOMCTBO aJAUTUBIIOCTH
BhIGOpPOUYHOI'0O CpeOHEro.

2. Bub6opouHas nucnepcus. B KauecTBe OlEHKU AJA
aucnepcun D(X) ncnonbasyerca oneHka

n
2 _ 1 ¥ \2
S, = E (X1 — X5)?,
n—1
=1

KOTOpafA Ha3kIBaeTcA BLIGOpOUHOM MucHmepcuen.

BribopouHaa aucnepcua XapaKTEPU3YET CPeETHEKBAApaTUU-
HOE OTKJIOHEHUEe BRIGOPOUHKLIX BEJUYMH OT BHIBOPOYHOrO Cpen-
HEro.

B onpenenennu BBIGOpOYHOW mMUCEPCUM MHOMKMUTEID

n-1
1
B3AT BMECTO MHOXWTEJA ; AJisg Toro, 4Tob6bl ﬂOﬁHThCH BaXXHOTr O

CBOICTBA HECMEIEHHOCTH OLEHKN S2.
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Teopema 2. Bubopounas Oducnepcus S2 seagemcs uneapu-
anmuoti ommocumeadbno cleuza HecMewernodl cocmoAmMerbnoi
oyenxoll ducnepcuu D(X).

HDokasartennbcrBo. Ucnonssysa pasercreo (19.1), nony-
M

S2H(Xy+¢y., Xn+c) =

1
n—-1

n
E(X;—}-c——)_(—n(xl +¢...,Xn+0¢))? =
=1

n

= ==Y (X = Xa(X1, ., Xa)) = S2(X1s o, Xn). (19.2)
=1

DTo jpoKaskBaeT MHBAPUAHTHOCTbL OLEHKM S2 OTHOCUTENHLHO

caBura.

Mposepum HecmemenHocts. Ilycts m = E(X;), 0?2 = D(X)).
Monoxum Y; = X; — m. Torpa E(Y;) = E(X)) —m = 0,D(17) =
=D(X;) = 62. B cualy MHBapMaHTHOCTH OTHOCUTENLHO CUBUra
S2(X) = S2(Y). Hanee umeem

n n
S2P)= == M-V = =Y (v -2V, + V) =
=1 =1

n-—1 -1 n -

n
1 s 20 2 n =2
= XYW T et e =
=1

=Yy 7 (19.3)
=1

n—-1

Hcnonb3ys TpeThe cBOMCTBO MaTeMaTHUecKoro oxxkuzanm (§ 12)
u pasencrBa E(Y;) = 0, nonyuum

B = LB(Yn) = LB(X v+ 2wy -
=1 =1

I<j

= 3 (om0 +2 T BEe) = 5 3 R0R) = T

I<j
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Teneps, npumennn (19.3), naiizem, yrto
E(53(X)) = B(SA(V)) =
- SR -
1=1

n-1

n 52 no? n o
n—lE(Y"): ——-;—:0‘2.

n-—1 n-—-1

-
Cnenoratensuo, S2(X) ApnseTcA HeCMeLCHHOM OLleHKOM Ancnce p-
cuM caydaiinolt BenuunHel X.

HokaskeM cocTositesbHOCTh. AHajornuno (19.3) umeem

n
53 1 Z <2
=1

n—1

= (Y xp-x0). (19.4)
=1

B cully COCTOATENBLHOCTH BHIGOPOYHOrO CpeaHero Xp — E(X)
no sepoaTHocTH. IlockoNbKy KBaApaATh! HE3ABUCUMBIX OAUHAKO-
BO pacnpefesieHHBIX ciaydallHEIX BeJIMUMH ABJAIOTCA HE3aBUCHU-
MBLIMM OJIMHAKOBO paclpejlesleHHBIMY BEIMYKUHAMH, TO N0 3aKOHY
Gonbmmx uucen (§ 16) umeem

3=

n
> X7 — E(X?)
=1

n
o BepoATHOCTU. Tak Kak T 1, 1o n3 (19.4) cnenyer, uto
—

S2(X) - E(X?) - E}(X) = D(X)

0 BEPOATHOCTH, a 3TO M O3HAUAET COCTOATEJLHOCTb OLEHKU
2 —
Sp(X).
3ameuanue 2. Jlna pa3nruHbIX BEIYKCIeHUM yacTo GbiBaer
yaobHell nmonb3oBaThcA clienywouel dbopMmynoil ana BeiGopouy-
HOM AMCIIepCUM:

53 1 - <2
SiX)= — > X} - ==X,
1=1
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O1a popmyna conepskurca B (19.4).
3. Bbi6opouHble MOMEHTLI. BLIGOpOUHLIM MOMEHTOM
P
nopsaaxa k, NOCTPOEHHBIM N0 BRIGOPKe X | Ha3bIBAETCH BEJINYH-
Ha

n
(k) _ 1 k
Xp == I§_1:X,.

AHAJIOrMYHO cayyalo ¢ BLIGOPOUHBEIM CpegHMM Jerko ybe-
AUTHCHA, YTO BHIGOPOYHEIL MOMEHT LOPAAKA k ABIAETCA MOMEH-
TOoM nopsaxa k ana emovpudeckodt GpyHKUMM pacnpenesleHUS.

e
Teopema 3. Bubopounvli momenm XEl ) ABAAECMCA NECMEU,CH-
noll cocmoameadnoll oyenxoii MoMenma my.

llokasaTensbctno. HecMemeHHoCTh ClieyeT U3 PABEHCTB
n n
(k) _ 1 ( k) _1 Ey _ By _
E(X,’)=-E ;x, _ngE(X,)_E(X ) = my.

CocroaTenbHOCTD HENOCPEACTBEHHO BLITEKAET N3 3aKOHA 604b-
IIAX 4YyICceJI: IIPKH N — 00

n
XV = 13" xF - E(X*)
I=1
[0 BEPOATHOCTH.
BrIOCOPOUYHBIM NEHTPAILELIM MOMEHRTOM mopanka k, k > 2,
NOCTPOEHHEIM IO BhIBODKE X , HA3BLIBAETCA BEJIMUMHA,

n
58 =Y (X - Xy
I=1

E
Teopema 4. Bubopounvil yenmpassuuii Momenm S'f,) A844-
emcs uneapuanmnoll omnocumesdrno cdsuza cocTnoameEsbHOl 0YeN-
X0l YLeNMPAALHO20 MOMENTG Jif.
HokxasaTenbcTBo. NHBapMaHTHOCTb OTHOCUTENBHO CABY-

(k) 3
ra oueHku S, *(X) ycTaHaBIMBaEeTCS TOYHO TAK XKe, KAK MHBApU-
—
aHTHOCTb oueHkH S2(X) (eMm. noxasaTenscrso Teopemul 2). Ilns
JOKA3aTeNbCTBA COCTOATENLHOCTH BOCHOJb3YEMCA PaBEHCTBOM

k-1
a* — b =(a—b) ) amp -7
m=0
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B cuny sroro paseHcTBa
ii(x, - Xt -1 S - B =
=1 =1
n k-1
= (Xa—E(X)2 3 3 (X1 - X)X - E(X))t1-m =

=1 m=0

k-1 n
= (Xa —~E(X)) Y 2300 - Xo)™(Xi — E(X))F=1-m,
=1

=0

(19.5)

Ipumenssa ovenxm (12 1), (12.2) u cpoiictsa 1), 2) MaTemaTu-
yeckoro oxunanusa (§12), momyuum

B(| (X - Kom(%i - BOOP1m) <
=1
< S E(I(K - X)X - B <
=1

1/2
< n max {(B(X; - X)) ! (E(x, —E(X))z"'z"""‘)l/z}.
1ign
B cuny coctosTensHocT! BeIGopounoro cpeanero X ,—E(X)—0
1o BepoATHOCTU. C NOMOIIBIO IIPAMBIX BHIYMCJIIEHUHA MOMHO TIPO-
BEPUTH, YTO MATEMATHUECKUE OXKUAAHNA KBAAPATOB CHYYaAHBIX
semvunt (X;— X )™ u (X1 —E(X))¥~1~™ xoneunn u ue 3aBucar
ot l. Takum oGpa3oM, B npasoit wactyt (19.5) cTout BenuuuHa,
paBHAA MPOU3BENEHUIO BEJIMUYMHBI, CTpeMAERCcA 10 BEPOATHO-
CTH K HYJIIO, Ha BeJNIMYMHY, abCOJIOTHBIA MOMEHT KOTOpO# paB-
HOMEPHO OrpaHUUeH 1o . MOXKHO JOKa3aTh, YTO NPOU3BEACHUE
TaKUX BEJIUYMH CTPEMUTCSH K HYJIO o BeposgTHocTu. Torna us
(19.5) cnenyet, yro AnA TOro, UTOGEl HOKA3aTh COCTOATENb-

=(k
HOCTb BLIGOPOUHOr0 HEHTPAJLHOI'O MOMEHTa Sf, ), JOCTATOYHO
ybeanThes, uTo

n
1
LS (X ~ BQO)* — E(X - B(X))*
I=1
110 BEPOSTHOCTU. DTOT HAKT cllelyeT U3 3aKoHa BONBLLIMX UM-
cen, Tak Kak Bemuununl (X; — E(X))* apnsorcs nezasucumbmvm
M OJMHAKOBO PacHpeeeHHBIMHU.
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4. BubopouHmit kospPruumenT kKoppenauuu B
§ 18 naHo ompenenenue caydaikHo¥ BrIGOpKM 06beMa n, oTBe-
yaroumeii oqHoi caydaliHoli BeawuuHe. AHAJOTMYHOE NIOHATUE
MOXKHO BBECTM AJA ABYX M Gollee clydaMHBIX BeJWUMH.

Onpenenenune 4. Canyuaktnoit Brbopkoii o6 wema n, o1-
Bevalollell nape cayudaiinex BeamuvH (X,Y), Ha3smBaeTca Ha-
60p n HE3aBUCHMMHIX OOVHAKOBO pacClpeleseHHRIX [ap Ciydaii-
ueix Beawund (X1, Y1), (X2,Y2), ..., (Xn, Ya), kasknas u3 koToprix
MMeeT TaKoe »Ke COBMECTHOE Daclpelle/leHue, KaK U fapa Belu-
uun (X,Y).

Ouenkoit nas cov(X,Y), nocrpoento#t mo BriBopke ()?, ?) =
= (X1, "h),...,(Xn,Ys)), cnyxur BeiGopounan xoBapuamus,
onpeneyigeMan no GopMyie

1
n-—1

Ca(X,Y) = i:(Xz = Xa)(Yi - Yy). (19.6)
=1

B xauecTBe oneHku ana kosdduumenrta koppensammu r(X,Y)
KCIIOJIb3yeTC BHIGOPOUHEINA KO2(pPHIUEHT KOPPEJIAnUY, Ofl-
penenseMulii mo ¢hopmyie

ouE7) __ HH X -T)

R,,()?, 17) = = — = .
VsIs) \/ 5 (X1 = Xn)2 35 (% = V)2
=1 =1

Jlna BEIGOPOYHOM KOBapUaLMK M ANA BHIGOpPOYHOro xos¢hhuum-
€HTa KOPPENANMM HECIIOKHO [TOJYYUTh CIEeAYIOHE BLIDAMKEHUA:

Ca(X,Y) = —= Y XiYi— (25) XV, (19.7)

R, (X,Y) = = . (19.8)
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—_— —
TeopeMma 5. Bubopounas xosapuayus Cn(X,Y) seasemen un-
aapuanmnoli ommnocumearno clsuze mecMeuennoll cocmosmens-
notl oyenxotl xosapuayuu cov(X,Y).

HNokaszaTenbcTBo. Mcnonssya ¢popmyny (19.6) u sn-
KJalxu, aHanornunnie (19.1), (19.2), Hecnoxuo npoBeputh, 4To
ANA MobLIX ¢),cs CNPABEATINBO PaBEHCTBO

Cu(X +8,Y +&) =Ca(X,Y),

roe ¢, = (€1,¢1,...,¢1),¢2 = (c2,¢2,...,€3) — Nn-MepHEle BEKTOpa C
OIVHAKOBLIMM KOMIIOHEHTAMM. DTO PaBEHCTBO U O3HAYAET, UTO
BHBopoUYHad KoBapUalMa C’n(j(’ , ?) UHBAPUAHTHA OTHOCUTENBLHO
cBUra.

IoxkameM HecMemeHHocTh oueHkn (19.7). B cuay uusapu-
AHTHOCTM OTHOCHTENIbHO CABUra MOMHO CUUTaTh, 4T0 X; M Y)
umeioT Hyinesne cpennve (EX; = EY; = 0), unaue u3 aTux Be-
JIMYMH MOYKHO BLIYECTh MATEMATUYECKIE OXMUAAHUA, HE U3MEHUB
onenky. IIpu HysneBbIX cpeaunx

E(X.¥.) = 55 Y E(XiY) = ZB(XY).
=1

Tencpn HecliokHO ybeaThCA B HECMELIEHHOCTH OLIEHKU:

-

EC,(X

) E(XaY,) =

)= (=

Iocnennee paBeHCTBO BEPHO, INOCKOJbKY MEI IpeiioJIONUIH,
uTo Benuuusnl X U Y MMeIOT HyJleBhle CPeIHMeE.

Ilnsa nokazaTenbCTBa COCTOATENBHOCTU BOCHOIb3yeMcsa (op-
mynoii (19.7). Ilockonbky AByMepHEe BeanuunH (X;,Y;) apnsa-
JOTCA HE3aBMCUMEIMM UM OJVHAKOBO pacrpeleleHHEIMUA, TO Mpo-
U3BEeJeHUA UX KoopauHaT X,Y; OyAyT He3aBUCHMBLIMHM OAMHAKO-
BO pacnpefeleHHEIMUA BeanuuHamu. Ilpumennm 3akon Gonbmux
uncen (§16), cornacHo koTopoMy

=Y XiYi - E(XY)
=1
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no BepoaTHOCTH. Tak Kak BHIGOPOUHOE CPeaHee ABIACTCH €OCTO-
ATenbHON omenkoit, To uMeeM X, — E(X),Y, — E(Y) no sepo-
arnocTn. Mcnosbaya 8T NpelebHEIE COOTHOWEHUSA B popMyTe
(19.7), nonyumm, uro

n
Ev Iy n (1 ¥ 7
Ca(X,¥) = 2 (; Y xiv - Xﬂy,,) — E(XY) - E(X)E(Y)
1=1
mo BepoaTtHoctu. IIpaBas uyacTh BTOr0 COOTHOIIEHUA PaRHa
cov(X,Y). Crnenosarennno, Cn(X,Y) aBngerca cocronaTention
olleHKoM KoBapHaluu.

Teopema 6. Bubopounnil xosfpuyuenm xoppessyuu R,,()?,?)
ABATENCH UNEAPUAHMNOE OMNOCUMEABNG €08ULA COCTOAMEAdH O
oyenxoll xoaffuyrenma xoppeasyuu r(X,Y).

HokasaTenbcTrBo. IlockombKy BHIGOPOYHHIA Koadduum-
€HT KODPEJA¥NA paBEH OTHOWIEHUIO BLIGOPOUHOM KOBapuanmm K
KOPHIO M3 NIIPOU3BEAEHUA BHIGOPOUHKIX AMcIepcuil, TO UHBapU-
aHTHOCTh OTHOCUTENBLHO CABUCA M COCTOATENLHOCTL 3TOH OleH-
KM cllefyeT U3 aHAJOrWUHKIX CBOMCTB BrIGOpOoUHON KOBapHaIMK
¥ BEIGOPOUHRIX Iucnepcuii.

3anaua 1. IIpy o6paborke AauuHmx 15 ucnwiTaHuwil cnop-
TWBHOTO CaMOJeTa OLIIW MOJYUYEHH CAeAyIolMe 3HAYEHUS €ro
MakxcuMaJsibHOM cropocTn: 422.2; 418.7; 425.6; 420.3; 425.8;
423.1; 431.5; 428.2; 438.3; 434.0; 411.3; 417.2; 413.5; 441.3;
420.0 M/cek. OnpenenuTs HeCMeleHHBE OLLEHKM MaTeMaTuue-
CKOTO OKUAAHUA M AUCHEPCHM MaKCUMaJbHOI CKOPOCTM camo-
JeTa.

Pemenue. Ina Toro urobrl ynpocTUTL BhLIUMCJIIEHUSA, BOC-
ONb3yeMCsl CBOACTBOM MHBADUAHTHOCTM OTHOCUTEABLHO CJADU-
ra Ui BEIGOpOUHON ImMcliepcun, a AJA BRIBOPOUYHOro CpeHHero
ucrnoas3syem paseHcTBo (19.1). Torma BMecTo McxoxHo# pea-
JIM3alMM BRIGODKA MOMHO DPacCMOTpeTh, HAllpUMeEp, peajin3a-
mwo £: 2.2; —1.3; 5.6; 0.3; 5.8; 3.1; 11.5; 8.2; 18.3; 14.0;
—8.7,-2.8; —6.5; 21.3; 0.0, xoTopasa OoTANYAETCA OT MCXOIHOH

Ha 3uauvenne ¢ = 420. BriBopouHoe cpemnee sTolf peanuaa-
15
_ 1
My paBHO 15 = l—gz::cl = 4.73. IIna BelMUCIEHUA BLIGO-

=1
POYHOIt IUCHepcHul Bocnolb3yeMcs paBeHcTBoM (19.4). HMmeem
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sl = o z 2}~ 2(Z15) = £ +1391.08~ = (4.73)° » 75.392. Cire-

,aosame.nbxo ouem(a. MaTEMATUUYECKOTO OXMIAHUA MAKCUMAJb-
HOM CKODOCTH CIIODTMBHOrO caMmoJieTa paBHa 424.73 M/cex. He-

CMellleHHaA OleHKa AUCnepcuM NpubianM3anTeNbHO paBHa 75.392
m2/cex?. .

3AIAYN

3anaua 19.1. Ilpousseneno 16 mamepenmit HayanbHO| CKO-
pocTu cHapsama. Pesynbrartn maMepenuit (B M/c) cieayromme:
1235.6; 1237.5; 1232.9; 1236.2; 1238.5; 1234.2; 1235.9; 1233.3;
1234.5; 1236.8; 1237.6; 1233.1; 1234.3; 123%.5; 1235.4; 1234.7.
BbiuucIUTh OLEHKU MATEMATUYECKOro OKUAAHUA M IMCIEPENH
HaYaJLHOW CKODOCTH CHapAZa.

3anaua 19.2. Ha TenedoHHOM cTaHUMM NPOM3BOINIMCH HA-
BIIONEHUA 33 YMCJIOM HENpPaBMJIbHBIX COEAVHEHU!t B MUHYTY.
HaGnronenua B TeueHVe Yaca Ay CleAyIOllyie pe3yibTaThl:

39 1’ 3’ 4, 2’ 1’ 1’ 3, 2’ 7’ 2’ 0’ 1’ ‘2’ 1)
21 43 0’ 35 0, 2’ O’ 1’ 3’ 3’ 1) 2’ 0’ 3’ 4’
2, 0, 2, 1, 4 3, 4 2,0, 2, 3, 1, 1, 2, 2
3, 1, 4, 2, 2, 1, 2, 5, 1, 1, O, 1, 1, 1, 5.

’ bl 3 bl 3

OueHnThb CpeHee ¥ QUCIEPCHUIO YKUCJAA HENPABUIILHAIX COeIU-
HeHUi,

3anaua 19.3. lanHble eXkeIHEeBHRIX M3MepeHU TeMilepaTy-
pbl B TedeHMEe MecALa NpeACTaBIeHH B cilelylomeil Tabaune:

15.3. 16.5 15.8 14.7 139 122 126 128 123 145
142 16.7 154 169 17.1 16.6 13.7 134 143 18.1
174 17.7 185 179 194 204 21.2 198 19.2 205

OueHUTb cpenHee 3HaUeHWE TeMNEpPAaTypH 3a MECALl U Cpen-
HEKBAJPATUYHOE OTKIOHEHME,

3anaua 19.4. Ommbxn 40 uaMepenwii npuseneHnl B Tabam-
ne 3anauu 18.2. HaliTu oneHkM MaTeMaTHYECKOro OKUIAHUSA U
JUCIIEPCUM CAYyJaiiHON BeNWdMHEI, XapaKTepusylolneil ommbxu
M3MepeHuit.

3anaua 19.5. Csipbe, nocrynaollee Ha 3aBoJ U3 Kapbepa,
COJEPKUT ABA MOJE3HRIX KOMIIOHEHTa — MuHepaisl A U B. Pe-
3yNbTAThl AHAJM30B JECATH O06Pa3loB CHIpbH, MOCTYNMBILErO B



20. ACUMINTOTUYECKUE CBOMCTBA MOMEHTOB 171

pa3Hoe BPEeMA U3 Pa3HEIX MECT Kapbepa, IpUBEJEHE! B Tabuue,
rIe £ U y — BalbopoUYHEIe 3HaAUEHNA CIAyJYalHhIX BeauunH X u Y,
BLIPAaXXKAaJOMMUX COOTBETCTBEHHO HPONEHTHOE COJAepyKaHue MUHe-
panoB A n B B obpa3snax.

z 67 54 72 64 39 22 58 43 46 34
y 24 15 23 19 16 11 20 16 17 13

Ouennth K02hPULUMEHT Koppenauuu Beauumd X U Y.

§20. ACUMITOTUYECKHUE CBOMCTBA BHIBOPOYHBIX MOMEHTOB

Ilycth # — HekoTOpPHIA MapaMeTp pacHpelelleHUA Ciy4daiiHol
BenuuMHel X, 3HaYeHMe KOTOpPOro HaM HEW3BECTHO, M 7,,()? ) =
= (X1, X2,...,Xy) — ouneHka napamerpa #, MOCTPOEHHAA IO
BHIGOPKE X. Xopomasda OLEHKa, eCTECTBEHHO, A0JDKHA 6RITH CO-
CTOATENLHON, T. €. 7,,(X ) JOIKHO CXOIMTBCA K 6 npum Heorpa-
HUYEHHOM Bo3pacTaHuy n. B BTOM CaydYae PasHOCTb Tn (X )-8
CTpeMMTCA K Hynio. EcTecTBeHHO 0MIaTh, YTO, NJOMHOXUB €€
Ha, HEKOTODLIA BO3paCTaJOIMIA MHOMKUTENb, MOKHO NOJYYUTH B
npejeie ciaydaiiHylo BeluuwHy, HepaBHyI0 mocToanHoi. Oxa-
3LIBAETCH, U BTO ABJAETCA CIEACTBUEM HEHTPAJLHOU Hpenesb-
HOM TeopeMhl, YTO ANA GOJBIIMHCTBA OLEHOK TaKUM MHOXUTE-
neM sSBAsAETCA \/n.

Onpenenenue 1. Ouenka v, ()?) Ha3bIBAETCHd ACHMMIOTO-
THMUYecKkM HopMaabHOM c mucnepcmett A2, ecim dpynxims pac-

npejeieHUA cayydakuol BemyuHEb ﬁ(qr,. ()_(. ) —6) cxomwrcsa npu
n — 00 K QYHKIMK pacnpeneseHus CTa.H,ZIa.pTHOI‘O HOPMaJILHOTO
3aKOHA.

WUccnenyeM ycnosus acHMITOTUYECKOH HOPMAJIbHOCTU KOH-
KPEeTHRIX oleHOK. Kak ¥ B IpeamiaynieM naparpage Mbl Ipearno-
JIOXKUM, UYTO €CIM PACCMATPUBAETCH OIEHKA MOMEHTA IOPAAKA
k Uy HeHTpaJILHOrOo MOMEHTa mopAnxa k, To y ciaydaiiHoii Be-
JuurHE X KOHEYEeH MOMEHT NOpAAKa 2k.

1. BuGopouHoe cpenHee.

Teopema 1. Bubopounoe cpednee X, GCUMAMOMULECKY HOP-
manvno ¢ ducnepcueit A? = D(X).

Hoka3zaTenbcTBo. BocmoabdyeMmca ueHTpajbHOW TIpe-
nenbHoit Teopemoii (§17). O6o3znaunmm m = E(X;), A% = D(XI)
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" —
Sn = Y, Xi. Bennunna X, cay»uT OUEHKOU MU M, U HAM HYX-
=1
Vi
HO yOeAUTLCA B TOM, YTO HOPDMUPOBaHHAA Pa3HOCTh —A-(X n—m)
pacnpefnesieHa B npefetie 0 HOPMaJbHOMY 3aKOHY CO CpeaHMM
0 u nucnepcueit 1. UMeem

R = B (15 ) < S

ITockonbky BenvuuHs! X; HE3aBUCUMBI ¥ OAMHAKOBO paclpene-
NeHBI CO CpeaHuM m U aucrepcuet A2, To, cornacHoO MEeHTpah-

HOl npeleasHo# Teopeme, pacnpenesieHHe BEIUUMUHEI Z, =
1
= m(S,, — mn) CXOAMTICA NpM B — 00 K CTAHAAPTHOMY HOD-

MAaJIbHOMY pacrnpeznesieHuio, UYTo U TPBGOBa.JIOCb AOKa3aTh.

2. Bubopounmiht MOMeHT nopAAka k. Bubopounnth
7 _ 1

n n

n
3. XF smnserca ouenko#t ana my = E(XF).
I=1

MOMEHT
k
Teopema 2. Bubopounwnid momenm )—(-E‘ ) scumnmomuxecxu
nopmasen ¢ ducnepcued A? = mg — mi.

HOoxkasatenbcrBo. IIpuMeHuM LEHTpPaJbHYIO TNpeAeib-
n

Hylo Teopemy i Beswuud Y; = Xf. Torna S, = ).V n

=1
E(Y) = E(X}) = mi, D(Y)) = E(¥?) - E(Y)) = E(X}*)-
—E2(X}) = mar — m} = A?. Umeem,

n
v k V 1 Sy —
(XD = m) = (L)X —my) = 2R
=1

Benvuunnl Y; He3aBUCHUMBEI, NOCKOJILKY HE3ABMCUMMEIMY ABJAAIOT-
CA BEJUYMHE! X7, ¥ OQVHAKOBO PaclpeelIeHbl CO CPETHUM My ¢

aucnepcueit A2 = myp — m2. CoryacHo HeHTpaJbHOl Npeaeas-
p k

-l—n(Sn - mkn)

HOlt Teopeme paclpeAeseHUe BeIMUMHE Zp =
CXOIUTCA NMPU N — 0O K CTAHAAPTHOMY HOPMalBLHOMY pacIpe-
JIeJIEHMIO .

3. BmGopounas aucnepcus. lMyers pp = E(X —m)* -
k-it nenTpasbHLIA MOoMeHT cayvalinok BeauumHE X CO CPEJHMM
m. 3amerum, uto g = 02 = D(X), T. e. Bropo#t UeHTpaNbHEIK
MOMEHT coBnajaer c aucrnepcueit. Bubopounas mucnepcusa S2

ABJAETCHA OUEHKON JUIA JUCTIEPCHH 072,
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Teopema 3. Bubopounas Oucnepcus S2 acumnmomunecx
topmanvna ¢ ducnepcued A? = pg — pl.

HokazaTenncTBO. VimeeT Mecto clenyrpomee npeacra-
Bl1€eHHUE

n

VASE - 0% = Va5 S (X - X) - o) =

=1
- (220) e (- T = (1- ).

Muoxureas nf(n — 1) Ha npelleabHoe NOBEJEHUE HE BIMAET,
nockosbky n/(n — 1) — 1. Ilanee, Tak kak X, — m co CKo-
pocthio 1//n B TOM CMHCHE, YTO CPEXHEKBAJPATUYHOE OT-
KIoOHeHNe uMmeer nopazok 1/n (cm. (16.5)), To MoxHO mOKa-
3aTh, UTO IpEAENBbHOE IOBEJEHHE HODMUPOBAHHON CYMMB B
NpaBoil YacTN He M3MEHUTICH, €CIM B Hell cllaraeMule 3aMeHMTh
Ha Y} = (X; — m)? — 0%. D10 MOKa3aTENLCTBO AOBOALHO I'PO-
MO3JKO€, ¥ MHI ero onyckaeM. TakuMm o6pa3oM, npeaenbHoe Mo-
BeJleHMe HOPMUpPOBaHHOM pasHocTH /n(S2 — 0?) coBmamaer c
npelelbHEIM N0BEJeHUEM BETHIMHEI

n
1
Zp = \/—EEY,.

Cayuaiinnie BeJIMYUHE Y; HE3aBUCUME], 0AMHAKOBO paclpenesie-~
HEl M

E(Y:) = E(X; —m)? — 0% =0,
D(Y)) = D((X; — m)*) = E(X; - m)* — E*(X; — m)® = py — .

o uenTpanbHoOl npenensHoll TeopeMe pacupenesieHue Beaudu-

Hul Zp/\/ta — p3 CXOOMTCA IPU N — 0O K CTAHAAPTHOMY HOD-
MaJIbHOMY Paclpenenenuio. AHAJIOTUYHEIM ByAeT M penenbHoe
ToBeJlenue pacnpefneneHns BeMuuHH /n(S2 — 02)/\/psa — p2.
D10 u TpeboBaNOCh NOKA3ATD.

B cnenyromem naparpade cBoCTBO aCUMIITOTUYECKOU HOP-
MaJbHOCTY ByneT MCHONb30BAHO MPU MOCTPOEHMM TPAHNYUHEIX
3HaueHUil AJA OIEHMBAEMOTO MapaMeTPa.
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§21. JOBEPUTEJbHLIE MHTEPBAJIbI

ITpu pemieHUy HEKOTOPHIX MPAKTUUECKUX 3aa4 BMECTO OLIEH-
KW HEM3BECTHOI'O IlapaMeTpa paclpelelleHUA caydaiiHoi Benu-
YMHBLI Ba)KHee 3HATh TPAHUILI, B KOTOPHIX BTOT NapaMeTp Ha-
xoaurca. ['paHuusl MHTEpBaa, COXeP/KALIEro HEM3BECTHLIN Na~
paMmeTp, crpoArca no Buibopke. Ilpu HeGoabmoM o6beMme BhI-
60pKU, KaK [IpaBUJIO, HE yAAETCSA YKa3aTh BEPXHIOIO M HIKHIOIO
rpaHuIbl, AOCTATOYHO GaM3kue K napaMeTrpy ¢ Boabuioi Bepo-
ATHOCTbIO. YeM GoJblie KOMIOHEHT B BuIGopKe, TeM Goliee Tou-
Hble TpaHuLB! ¢ 6oJee 6aU3KOM K e JUHMIlE BEPOATHOCTHIO MOYXKHO
nocrpoutsb. IlycTs 6 — Hem3BecTHBLIA NapaMeTp paclnpeneseHus
cnyuadinoit Bemuumua X, u X = (X1,X2,...,Xn) — cayvaiinaa
BeI6opka, oTBeuaromasn sBesmynne X. [Iycre o — HekoTOpOE UM~
CJI0 MEXAY HyJeM M eIuHUIel, a _6_()?),5()?) ~ nBe QYHKLMU OT
cayuaiinoi Brbopxu X Taxme, uTO 0(X) < §(X).

Onpenenenue 1. UutepBan (_6_()?), 5(5?)) Ha3LIBAETCA N0~
BepUTEILHBIM MHTEPBAJIOM JUIA OLICHKU NapaMeTpa #, oTBeya-
JOUUM HOBEPUTEJIHLHOM BEPOATHOCTM @, €CIH

P(O(X) <0 <B(X)) > .

Beauunna Q()—(' ) Ha3bIBaeTCA HWKHEH JOBEPUTENbHO! rpaHu-
e, a 0—(5(’) ~ BepXxHell noBepuTenbHO! rpaHuueil ana napame-
Tpa 6.

MubpiMu cnoBaMM, [OBEPUTENLHEIM Ha3hlBAETCHA TAKOW UHTED-
BaJI, KOTOPHIf ¢ Hamepex 3aJaHHOU BEPOATHOCTBLIO COJIEPKUT
onleHuBaeMulii mapaMerp. I'panunm Q()_(. )u 9_(1? ) xpoMe HabI0-
nenuit X GyAyT 3aBUCETb OT @ M OT UMCJa HabioneHuH n.

PaccMOTpUM METOIBI TOCTPOEHUA AOBEPUTENILHEIX MHTEpPBa-
JIOB JJif KOHKPETHRLIX TIapaMeTpOB.

l. doBepuTeNnbHLIEe MHTEPBAJK OAJdA HEU3BECTHO-
ro MateMmMaTuueckoro oxuganuda m=E(X)nopu na-
BecTHo# aucnepcun o? = D(X).

CorsacHo CBOICTBY aCMMIITOTUYECKOH HOPMaJIbHOCTU BEIbO-
POYHOTO cpenHero X, MMeeM

P(L (X, —m) < z) m N(2).
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Toraa ana moboro z > 0
P( z< —(X —m) < z) B N(z) = N(~2).
OueBNAHO, UTOG HEPABEHCTBA,

—z<—(X -m) <z

®KBUBAJICHTHE HEpAaBEHCTBAM
va 20 3 zZo
Xn——F—=<m< Xpn+—7—.
n= = <m< Xat 2
1 1
NosTomy, ucnmonsaya popmyny N(z) = 5+ E(P(x), BRIpa»Kalo-
myio GYHKUMIO pacrnpegeiieHUsa CTaHAaPTHOTO HOPMaJbHOTO 3a-

2
KoHa uyepe3 ¢pyHknuio Jlannaca $(z) = e~v" /2dy, nonyuum

2
vl

P(X, - Z<m<Xu+ L ) 2(@(2) - (—2)) = 8(2).
\/_

B nocineaneM paBeHCTBe MBIl MCIIOJb30BaJjyl HEYETHOCTH (YHK-

wit Jlannaca ®(z). dna snavenmii ¢pynxkimyu Jlannaca m ee

KBaHTHIel cymecTByloT Tabauuei. [TosTomy, eciu B KauecTBe 2

B3ATh 24 — KBAHTWIb NOPARKA o ¢pyHkuuu $(z), To OKoOHUYATEND-

HO ByneM UMeTh

53 Za Zal
P(x,,—f<m<x,.+ \;_)NQ(za)za. (21.1)
Cpa.BHHBa.ﬂ BTO C onpejesicHNEM JOBEPUTEINBHOT'0O MHTEpBa-~
o e Zaa' v ZaO
Ja, Mbl BUIAM, YTO CIyUaiiHuIi UHTEepBaJa (X n— y Xn+—

ABJNAETCA NOBEPUTENLHRIM HHTEPBAJNOM JJIA MaTéMaTHuecNOTO
OXKUJAHWA M C NOBEPHUTEJILHON BEPOATHOCTHIO, NPpUBAU3NTETb-
Ho paBHO# «. s Toro, yTo6el NpNOAVMKEHHRIE PABEHCTBA BBIIN
6osnee TouHbBIMU, HeoBxo UMO, UTOORI 11 6B1N0 Benuko. Tabnuna
3HauyeHmii ¢yHkumu Jlannaca nosBosser no 3azxa1m0171 Benﬂquﬂe

a HaliT¥ 3HAaveHUE z,. Bribopounoe cpeanee X, = — E X BHI-

l_
YycAAeTCA [0 Hab 1o 1eHNAM Br 6O pKU X, 0 — M3BECTHO, N — U3-
BECTHO, MO3TOMY IOJIHOCTBIO OIpEJAesIeH ¥ JOBEPUTENLHBIA MH-
TepBaJl, YKa3aHHbLIA BhILIE.
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2. loBepuTenbHBle MHTEPBAJNL AJA HEU3BECTHO-
ro MmareMaTuUyeckoro oxuiaanua m = E(X) npm
HensBecTHOMH aucnepcun D(X).

MoHO MOCTYNMTbL aHAJOIMYHO NpeAbIAYIiEMYy CIy4alo, Ko-
rna avcrepcus o? 6nuia mssectHa. OHAKO MOCKOJBLKY Terepb
OHa HeM3BECTHA, TO ee ClelyeT HPeABAPUTENLHO OLEHUTh. B
KauecTBe OLEHKH I 02 BO3bMeM BHIGODOUHYIO AMCIIEpPCHIo

- Z(x, Xa)2.

n--1
=1

Mockonbky S2 ~— 02 npu n — 00 MO BEPOATHOCTH, TO MONKHO
ZI0Ka3aTh, UTO €Cii B npubmmkeHHoM paBenctBe (21.1) BMecro
0 ucnons3oBath /52, TO MBI MOJYUAM aHAJNOTMYHOE NpUEIU-
KEHHOE PaBEHCTBO

P()_(—,,~z°“ <m<X,,+z°‘ )
TakuM obpasoMm, ciyualiHbli UHTepBaJ
s w/R |, /R
(X~ Y5 X+ —\/_T) (21.2)

rae z, — KBaHTWUAbL NMopAika o ¢yHkum $(z), AsjiAerca mose-
PHTOABHBIM MHTEPBAJIOM AJIA MATEMATUUYECKOr0 OXKUAAHWUA IDH
HeM3BeCTHO! JMcnepCcry ¢ JOBEPUTENBLHON BEPOATHOCTRIO, NIPH-
OnusuTeNbHO paBHOM .

IIycTs MOXKHO CUMTATH, YTO MCXOAHAA CIydaliHaf BEIMUUHA
X, MaTeMaTUYECKOEe OXKMIAHME KOTOPOM MKl OlleHMBaeM, pac-
npejiesieHa [0 HOPMAJILHOMY 3aKOHY C HEM3BEeCTHOM aucrepcu-
eit. Toraa MOXHO IOCTPOUTH AOBEPUTEAbHRIA HHTEPBAJ AJA Ma-
TEMATNYECKOr0 OXXUIAHUA ™ C JOBEPUTENBHOA BEPOATHOCTLIO,
TOYHO paBHO# a. Kpome Toro, mpm TakoM npexrnonoXxeHnn, ecau
OHO CIpABEJUIMBO, YMCNO HabJio neHuit MoxkeT 6BITE HeboMbImMM
AOTOMY, YTO NPH IOCTPOEHUM JOBEPHTEJIBLHOI'0 MHTEPBAaJIa He
6yAyT UCNOJb30BATHCA aCUMITOTHYECKUE HOPMYJILI.

Ina cayyaiiuoit BrIGOpKU X , OTBeYyalome# HOpMaJbLHO pac-
NpeneeHHoMi cnydvaifHoll BenuunHe, TOOKUM

Sn-1(z) =P (\/le?,(f" -m) < z), z € (—00,00).
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Pacnpenenenve Sp(r) — Tak Ha3sbiBaeMoe pacnpezesieHne
Crolomenta c £ cTeneHAMU CBOOOARI, JJIA KOTOPOr'O €CTh Ta-
6aunpl. IInoTHOCTL BTOrO pacnpenesieHUA 3a4a€TCA BRIP A KeHN-
eM

_ Tk +1)/2) ¢, 22~ k+D/2
5:(2) = i ) (1 + —)

, & € (—00,00).

Iockonsky Si(—z) =1 — S(z), To Ana moboro z > 0

P( \/s—z(X —-m) < z)
= 8n-1(2) = Sn-1(~2)

i

25,-1(2) = 1,

H, Cl1ea0BaTENbLHO,
x. _ V5% 5. 4 V5%
P(X,. - % <m< X, + ’—‘/ﬁ_—) =28,-1(2) - 1.

CyuzectByror Tabauiml, C IIOMOINBIO KOTOPHIX IO 3HAUYEHU-
AM o M n — 1 MOXHO ONpeNeNNTh TaKOE UUCIHO Zgp-i, YTO
2Sn_1(z,,,,,,._1) —1 = . Bennuuna 24 ABAAETCA KBAHTUILIO 110~
panxa (1+a)/2 pacnpenenenus CrhiozeHTa ¢ k cTeneHAMY CBO-
60481, NOCKOILKY Sk(2ak) = (1 + )/2.

Takmm o6pa3oM, cayuaitHblil UHTepBaJ

R L O %) (21.3)

ABJAETCA NOBEPUTEJLHLIM MHTEPBAJIOM C XOBEPUTENLHOI Bepo-
ATHOCTBHIO PAaBHOW @ JJIA MAaTEMATUYECKOrO OMUIAHUA M HOD-
MaJIbHO paclpellelieHHON ciydaiiHoi BeJMYHHBI NP HEU3BecT-
HOll mucnepcum.

3. JoBepuTenbHbBle HMHTEPBAJK JAJSA HEHU3BECT-
Ho#i aucnepcum o2 = D(X) npu HeU3BECTHHX
ApYyruMx mapameTpax.

B cuny cBoiicTBa aCUMNTOTHUYECKOH HOPMAaJbLHOCTH BhIGO-
pouHoil aAucnepcuy uMeeM

P(m

(S2 - o) < n:) ~ N(z).
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BMecTo HEM3BECTHERIX IIapaMeTPOB jfi4 U {3 BO3IBMEM UX OLIEHKH

(4) Z(XI

Torna B CUNY COCTOATENLHOCTY BTUX OLEeHOK BRIIOIHAETCSA PU-
61mKeHHOE DABEHCTBO

(M < z) ~ N(z).

Ozcrona, Kak M B IIYHKTe 1, MMOJIy4uuM, 4TO

p(sﬁ f;_\/s“’ (S22 <o” <81+ 2/5 50 (52)2)~

x B(24) = a,

— Xa)2.

rle 2z, — KBAHTHIL nopaaka a ¢ysxmwm Jlannaca &(z).
CuenoBaTesbHO, B KaeCcTBe JOBEPUTENLHOI0 MHTEPBala IiA
JVCTIEPCUM 02 MOMKHO UCTIONB30BaTh

(s2-2/B0 - (sp2, 80+ 250 —(s22).  (214)

3anaua 1. Ilycts HabnlonaeTca cieayioman peaau3anua BhI-
6opku, cocrosmeit u3 40 KoMIOREHT:

-1.80 -2.01 -1.63 0.54 0256 -0.16 0.03 0.07
—1.18 1.18 1.11 0.88 1.09 -0.20 0.15 -0.37

0.65 -—1.14 115 -1.21 -092 042 0.29 -0.90
~0.43 03 -193 089 -022 0.60 0.87 —-0.43
-1.39 -0.23 038 -0.64 -0.57 0.23 -0.28 0.51

Briuucauts BeIGOpOUHOE CcpelHee ¥ BRIOODOYHYIO JHMCHe-
pcumio. ITocTpouTsh NoBEpUTENBHLIA UHTEPBAJ A MaTeMaTUde-
CKOTO OXXMJIAaHWA C JOBEDUTENbHON BepOATHOCTHIO, MPUBIU3U-
TenbHO paBHoii 0.9.

Pemenue. Ucnoawssys dopmynsl

X‘,.:%I;x,, Sp = n_lzxz-(m) Xos
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NOJIYUUM CJIEAYIOIIUE YMCIEHHbIE 3HAUEHUA BEIGOPOYHOrO Cpel-
_ 1
HEro u Bu60potmoﬁ zmcnepcpm- Fio = 45 (-6.00) = —0.15;

82, = — -31.1328 — = - 0.0225 = 31—9 - (31.1328 — 0.9) ~ 0.80

40
(mna oSoanaqemm pea.mlsarmﬁ UCHONb3YIOTCA COOTBETCTBYIO-
mme cTpouHble GyKBHI).
Tak kaK QUCHepcysa HEM3BECTHA, TO MhI MCIOJIb3yeM CJeay-
tomyio GopMyay Ans KOBEPUTENHHOr0 MHTEPBaJia, OCHOBAHHYIO
Ha pealu3auMy ciaydalHoil BEIGOpKM:

_ Zay/83 _ 82
(zn - \/77‘- 1 Zn + \/';L_ )9
TAe zo — KBaHTUIb Nopanka a = 0.9 ¢pyuxuwmn Jlannaca ®(z). U3
Tabau s dysximu Jlannaca Moo HaliTH, uTo zg9 & 1.684.
Torna

’”\/ 1684\/ ~0.24, T, f;i ~0.15 + 0.24.

Cnezxoaa:rem;no, JOBEPUTEJbHLIA MHTEPBAJ ANA MaTeMaTnde-
ckoro oxumaanua umeer sux (—0.39,0.09). Takum o6pasom, ans
JIaHHOU BRIGOPKY HabJ10 feHuii ¢ BEpOATHOCThIO, NPUOIIN3NTEID-
Ho paBHoli 0.9 mMaTeMaTVUeckoe OXXUAAHUE M YAOBJETBOpSET
HepaBeHcTBY —0.39 < m < 0.09.

3AHAYH

3anaua 21.1. ITo peanmsaiym BrGopKM, NpUBeLeHHOH B 3a-
naye 18.2, BLIMMCINTDL JOBEPUTENLHLIA MHTEPBAJ AJIA MaTeMa-
TUYECKOTO OXMAAHWUA C AOBepUTeNbHOU BepoATHOCTHIO (.95.

3anaua 21.2. Ilo pesynnTaraM M3MepeHMid, IpUBEEHHEIX B
3amaude 19.1, Tpebyerca: a) BLIUMCINTL JOBEPUTEILHBIH UHTED-
BaJ AJA MAaTEMaTWYECKOro OXKMIAAHUA HaYaJbHOM CKOPOCTH C
JAoBepuUTeNbHOMK BeposaTHOCTRIO 0.9; 6) BHIUMCINTL JOBEpUTENH-
HEIA MHTEpBaJ AJIA QUCIEPCUN C JOBEPUTELHOIN BEPOATHOCTHIO
0.92.

3amaua 21.3. [IpousBeneHo nATP HE3aBUCUMBIX W3Mepe-
HUMl AnA ompelesieHud 3apana BIEeKTpoHa. [lonaydeHnl ciexny-
jomue 3navermna (B Kymowax): 1.594 - 10~1° 1,597 - 10~1%,1.596 -
10-19,1.593 - 10~1%,1.590 - 10~ °. IMpeanonaras, yro ommbKM M3-
MEpPEHMA pacHpeieseHbl 110 HOPMAJbLHOMY 3aKOHY, OLEHUTHL Be-
JMYUHY 3apAda BJIEKTPOHA M HaliTW ANA Hee XOBEPUTEJbHLIE
T'paHMILI IPY AoBepuTelbHo# BepoaTHocTH 0.99.
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§ 22. HEPABEHCTBO PAO-KPAMEPA

Mepy KayecTBa OLIEHKU MOXKHO BHIGMpaTh no-passHomy. Han-
6osee yacTo UCHONbL3yeMo#l Mepoil KauecTBa CAYXKUT CpeaHe-
KBaAPaTUYHOE OTKJIOHEHME OLIEHKM OT OLICHUBAEMOro napaMe-
Tpa. YeM MeHbIUE BeJUUUHA CPEAHEKBAAPATUUHOTO OTKIOHEHUA
E(‘y,.(j(_’) — 0)%, TeM ouenka 'yn(}_(‘) napameTpa 0 nyume. Ilpu
OIpEeAENEHHEIX YCIOBUAX CYLIECTBYET HWKHAA IPAHUIA IUIA Be-
JAYMHEL CPENHEKBAAPATUYHOIO OTKIOHEHWs, KOTOPYIO YIyy-
IMTb HeNb3A. BRIUKMCIMM pTy Trpanuly.

IIycts caydaitnaa sesmmumba X MMeeT NJIOTHOCTHL paclpene-
neuns fy(z),z € (—o0,00), KoTopas aABAAeTca auddepeHumpye-
moi o . Ilockoabky BenmuuHH X1, X3, ..., X, HE3aBUCHME], TO
cornacHo dopmyne (11.3) cobMecTHaa MIOTHOCTL pacnpenedie-
HMSA CIy4aHOT'O BEKTOpPA X = (X1, Xa2,...,X,) nmeer Bug

fo(2) = fo(1)fo(22) - - fo(2n). (22.1)

-
IpeanonoxuM, uro oneHka yn(X) ABigerca HecMmemenno. Ilo
onpenesiEBUIO BTO O3HAUAET, YTO

E(1(X)) = 7 7 Yo (2) fo (F)dZ = 0.

IIpoauddepermpoBaB To PaBEHCTBO o #, noayyum

8
3

(o]

9

1=2 [ [ w@s@az= [ ---77n(5)§fa(f)df=

o0 0]

= [ [ @ 0nfo@)fo(2)d2 = Bl3a(X) 5 10 5o(X)).

(22.2)
B cuay nepporo cBo#cTBa COBMECTHOM NAOTHOCTY pacnpenele-
aua (§11)

o0 (o]

f.../f,(f)di:‘:l. (22.3)

— o0

(2]
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Ilposuddepentmponpas mo § BTo paBEHCTBO, NONYUMM

5"’— fo(£)di = / / 5 (In fo(2)) fo(£)dZ =

o
| 1
8\8
8\8

= E(&; In f3(X)). (22.4)

JloMHOas 2TO paBEHCTBO Ha U BuluMTaA pedyanTar u3 (22.2),
6yneMm mMeTh

E((1a(X) — 0) 2 In fo(X)) = 1.

Bocnonab3yeMcsi 4YeTBEPTHIM CBOCTBOM MaTeMATHYECKOIO OXKM-
nauus u HepaBercTBoM [eabaepa (12.2). Toraa

1= E((1(X) - ) Z1n £6(X)) < B|(1a(X) - 6) g5 In fo(X)| <

< (B ~0)") " (a( max)?) "

Boasens sieBy1o ¥ IpaByIo YacTU BTOrO HEPABEHCTBA B KBAJPAT,
nonyuvM Hepase"acrBo Paoc—Kpamepa

E(va(X) - 6)* > 1(0), (22.5)

rne

[ o] o0

I,(0) = ( In fo(X)) / / = In fo(:c) fg(:i:')d:'c'.

Besnuuuna I,(f) HasnBaeTCa MEGOPMANUORHEIM KOAUUECTBOM
$umepa oTHOCUTENLHO MapaMeTpa f, ComepsKalMMCA B N Ha-
6monenusx X, Xs,...,Xn.

CoraacHo HepaseHcTBy Pao—KpaMepa cpeaseksagpatuuHoe
OTKJIOHEHME OIIEHKA OT OLIEHMBAEMOTO IApDAMETPa He MOMKET
OGLITh MeHblue BeJUYMHBl, 06paTHOH K MH(POPMALMOHHOMY KO-
mmyectBy Puimepa.
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Onpenenenue 1. Ouenxa v,(X) napamerpa #, ana xoro-
PO BLINOJHAETCA PaBEHCTBO

E(7ﬂ(X) 0) . (9)’

Ha3kBaeTcA dPPeKTUBHON OMERKOM.

Mycts ¢ynxmsa fy(z) mpaxkas HenpepwHBHO M PepeHImpy-
ema 1o f. B 8TOM cllyyae MOXKHO NMOJYUNTh CleAyollee BLIpa-
XKeHNe JA MHPOPMaIMOHHOI0 KoJmdecTBa ®umepa

In(0) = —E (25 In fo(X)), (22.6)

KOTOpO€ 4aCTO ABAAETCA 6oiee leO‘GHI:IM ana perumncienuii. Oxo
clenyeT M3 IEelIOYKX PABEHCTB

& fo(X) B fa(X)\2
E(aezl“f"(x)) E( 9,-(;)) E(e;,,:}r')))

/ /392_f9(a’c‘)dz E(2n f3(X))* =

II

/ / fo(Z)dE ~ 1(6) = ~I(6),

- 00

rZle AJA NoJNyYeHUs MoCHeHEr0 paBEeHCTBA UCIIOIb30BAHO COOT-
Homenue (22.3).

Beauunna I,(6) Bospacraer ¢ pocTom n. Bripazum undop-
MallMoHHOe KosinuecTBo Puuiepa, cosepxalneeca B n Habuoxe-
HUAX, Yepe3 MHPOpPMAIMOHHOE KoawdyecTBo Puiepa, colepxa~
Imeecs B OHOM Ha b0 ieHuH, T. €. Yepe3 BeJUUMHy
[o¢]

9 2 8 2
1(8) = B(5; In fo(X1))" = / (Eéln fg(.r)) fo(z)dz.
-0
IOna ¢pyuxkmum fy(z) aaskael HenpephlBHO auddepeHIMpyemoi
no @, ucroassya (22.1), (22.6) u csoiicTBo, YTO JOrapudm oT
Npou3BeAeHNUA BEJINYMH PaBEH CyMMe JIOTapU(MOB, I0JLYUNM

I(6) = —E(a%sze(xk)) - —ZE(;;%lnfa(xk)) -

nE( ln fo(X1)) = nLy(6).

862
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B cnyuae, xoraa ¢pyHxuma fg(z) He MMeeT BTOPOIf NPON3BOAHOM

no f, aHaJIOrMUYHOE PABEHCTBO IOJAYYAETCA clelylomuMm obpa-
30M:

L,(0) = E(5 Xijln folxe))” = E(Eij 2 in fo(X3)) =

n k-1
_ZE(M In f5(X%))* +2ZEE((39 lnfg(Xk))(aB In fo(X1))).
k=11=1
Bennuuunt X, k = 1,2,...,n He3aBUCUMBI U OAMHAKOBO pacrpe-

Jenennl. Bocronbayemes TpeThM CBOMCTBOM MaTeMaTUYECKOrO
oxunanud (§ 12) u pasencrsom (22.4) anan = 1. B peayabtate
[oJIyYnM

n k-1

L(©®)=nh(0)+2) ) E(5; ln f,(x,,))E(ae In fo(X1)) = nli(6).

k=1 1=1

Taxkum obpaszoMm, mupopmanmonHoe kKonwdecrso Pumepa, co-
Aepaieeca B 1 HabI0XeHUAX, paBHO MHPOPMAILMOHHOMY KO-
smmuectBy Puinepa, comep:kamemycsa B 04HOM Habaroaenuu, xo-
MHOYXEHHOMY Ha uucJiyo Habyroxenuii n.

C yuyeToM pToro HepasencTBy Pao—Kpamepa MoskHO npuIaTh
cleayiomuii Bua:

E((D)-0)"> oo (227)
Ouenka v, (}_(‘ ) Byner spdexruBHOM, ecnu

B(n(%)-0) = 1o

DdhdhexTUBHBIE OLEHKU MOMKHO IMOCTPOUTh JULIL B PEAKNX CIYy-
yasix. Yame 6GhIBaeT TakK, YTO OLEHKA JMIOb C POCTOM N IpU-
fawkaeTcA K HeyIyulaeMoi.

Onpenenenue 2. Ouenka 7,,\)—(') Ha3bBaeTCA ACUMITO-
THueckn sdpdexTnBHON onenkoit napamerpa f§, ecim

1

nE (7 (X) - 0)* o T (22.8)
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3ameuanue 1. B § 20 MBI paccMaTpHBaid aCHMOTOTUYECKU

1
HOopMaJIbHEle ONeHKM ¢ mucnepcueit A2, Eciu A? = AR TO
1
ACUMIITOTUYECKN HOPMAJILHAA OLlEHKa By eT U acMITOTUYECKU
¢ deKTBHOMA.

ﬂeﬁCTBMTeﬂbHO cor.na.cuo onpeaeneHnIo ACHMIITOTUYECKOM

HopMaJbHocTh ¢ A? 3 $yHKIMA paclpeneeHus BEJINYNHEL

1(9

Vnli(6) ('y,,(}_(") —6) cxomuTca npu n — 00 K GYHKUMM pacipe-
ACNEHUA CTaHAAPTHOTO HOPMAJbHOI'O 3aKOHa, KOTOPHIA MMeeT
micnepcuio 1. Ecnn, HanpuMep, Yy OlEHKM cymecTByeT abco-
JIOTHBIA MOMEHT HOopAAKa boJblle, YyeM [ABa, TO CXOAMMOCTH
pacnpenenennii BjeyeT ¥ CXOAMMOCTh AUcnepcuii, 1. e.

D(v/nL(8) (1.(X) - 6)) o L. (22.9)
HockonsKy oleHka 4, (}_(’ ) npeamnojnaraercs HeCMeleHHOHA, TO

D(vV/nL(0) (1a(X) - 6)) = nL(O)E(a(X) - 6) .

C yuetom'aToro paseHciBa cooTHomeHue (22.9) sxBUBaNEHTHO
(22.8).

IIpnmep 1. Ilycrs Bu6opka X, Xs,..., X, oTBeyaeT HOp-
MaJIbHOMY PacClpeleseHU IO C MIAOTHOCTLIO

fo(z) — __ —(z 6)? /2a

rile MaTeMaThuecKoe oxunaanmne f ABJAETCA HEM3BECTHLIM Mapa-
MerpoM, a aucnepcusa D(X;) = o2 ussecrna. Torza

10 = (5 7k - 95 = () <

CpenHekBaapaTUUHOE OTKJIOHEHME BHIGOpOUYHOro cpensero X,
OoT cpeaHero  BEIYMCAAIOCH IPU AOKa3aTe/IbCTBE 3aKOHA 60JIh-
umx yucen. Cornacuo (16.5)

T _m2_ DX1) o 1
E(Xn—0)"= n  n nah(9)
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Taxum o6pa3oM, Bu6opouHoe cpelHee A BLIOODKM, OTBeYa~
Jonieil HopMaJbHOMY paclpelle/IEHUIO C U3BECTHOM aucrepcuels,
asaseTcA 8 HEeKTUBHOM OUEHKOH AJIA MaTEMaTUUYECKOI'0 OXKUIA-
HMA.

9TO0 ONMH U3 TeX PEAKUX NPUMEPOB, KOIA3a MOXXHO SBHO yKa-
3aTh bpHEeKTUBHYIO OlleHKY napamerpa. Jpyroil npumep cBazan
C IOKa3aTeNbHBIM pacipelesleHUEM.

Ilpumep 2. Iycts Bubopka X3, Xs,..., X, oTBevaeT MoKa-
3aTeNbHOMY PpacCIpelesIEHNIO C I1apaMeTpoM -;; > 0, T. e. pac-
NpefeleHAIo ¢ IAOTHOCTHLIO

1 ~z/6
—-e , npmz>=0
0, npn z < 0.

Toraa, NpYH¥MaA BO BHUMaHWe CJIEAYIOMME BHIPAKEHUA IIIA
MaTeMaTuUecKoro oxuaanusa u mcnepewn (§ 14, o 2) E(X;) =
=0, D(X;) = 62, nonyuum

(% () =B (n} - %) -

12Xy _ 1,2 _1_ 1
‘E(a_ﬁ - 9_3) =-g@t aaE(X“) T T D)

I,(6)

B stoM npumMmepe nHpopMalMoHHoe KonudecrBo Puiuepa 3aBu-
CUT OT napaMeTpa f U He ABJIAETCSA NOCTOAHHLIM, Kak BT0 6b110
B npuMepe 1, oIHako Toxke ABJAETCA 06paTHE NMPOINOPIMOKHAIbL-
HeM gucnepcum. OTclona, Kak Noka3aHo B Opumepe 1, caenyer,

uto BrIGopouHoe cpeaHee X, ABiafercA pHEOHEKTUBHON OLEHKOMK
napametpa 6.

§23. IIPOBEPKA CTATUCTUYECKUX T'MIOTE3

Ipennonoxkum, uro GyHKIMSA pacrpereleHud cay4yaifHoil Be-
auuuasl X HaM HEU3BECTHA, HO Mbl PACIIOJIAraeM ciydaifHol
BLIGOpKOY X = (X1, Xa,...,Xn). o nabmonennamM Bb160pKM X
MBI XOTUM J3aTh OTBET Ha BONIPOC: COBNAaAaeT (YHKUMUA paclpe-
nenenusa F(z) ¢ nexotopoil Hanepen 3anaHHol ¢yHkumeit pac-
npenenenns Fyp(z) unu Her. Ilpn Takoit nocraHoBKe 3afauun ro-
BOPAT, YTO pedb MAET O NPOBEPKE CTATUCTUUYECKON TUIMOTE3h
cornacuA,
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Ucnonn3ysa HabioaeHnsA BEIGO DKUY X , HYXKHO 00 NpHUHATH
CUIIOTE3y O TOM, YTO PYHKIMA pacupelenenusa F(z) cosmanaer
¢ 3ajaHHOM (yHKIMeN pacupenenenus Fy(z), nubo ee oTBepr-
HyTb. [IpaBUIO NIPVHATUA OLHOIO U3 BTUX ABYX pELIEHUA Ha3kI-
BaeTcs CTATMCTHUYECKMM KPUTEPUEM WM IIPOCTO KPMTEPUEM.
B kauectBe ¢pynximm Fo(z) obnluHO BrIGMpaeTcA OJHO U3 U3-
BECTHHIX paclipelleIeHuii, HalpuMep: HOpMaJIhHOE, paBHOMED-
HOe WJIM MOoKa3aTeJibHOe pacnpelelleHMe C U3BECTHHIMU TapaMe-
Tpamu. PaccMoTpM jxBe KOHKpeTHule 3atauu. MeTonwl pelme-
HMA oTUX 3ana4 npeaijorxkennl A. H. Koamoroposmm u K. IIup-
COHOM.

1. Kputepuit cornacua Koamoroposa.

PaccmaTpuBaeTcs rUmoTe3a 0 TOM, YTO GyHKIMUA pacrpene-
nenust F(z) coBnanaer ¢ HenpephlBHON $pyHKuMel pacnpenene-
sua Fy(z). O6o3naunm ety rumoresy cumsojoM Ho. Cumso-
goM H; 0603HAuUM NPOTUBOMOJIOMKHYIO T'MIIOTE3Y O TOM, UTO
F(z) # Fo(z) xora 61 npu onHoM 3HaueHum z. IIpoBepka rumo-
Te3hl 0 PaCHpeNedeH! COCTOUT B TOM, YTOoGH Nno Hab 1o NeHUAM
BbiGopru X1, X2,...,Xp clenaTs BHIBOZ, YTO QYHKIMA pacrpe-
neneuus F(z) cosnamaer ¢ Fy(z), 1. e. cnpaBeanusa runoresa
Hy, unu 3akmounts, yro F(z) He cosnmanaer ¢ Fy(z), T. e. cupa-
BeruBa runoresa Hi. [lockonsky Habmonenua caydaiinel, To
aBCoNIOTHO JOCTOBEPHO TaKMe YTBEPXKAECHMA CAENATH HENb3A.
IIpu mobBoM ecTeCcTBEHHOM IMOAXOIE ECTh MOJIOKUTENbHEE Be-
POSITHOCTM TOrO, UTO MEI NMpUMeM runotesy Hg, Korxa oHa Ha
caMoM JieJie H6 BEpHa, MJIM, YTO MEI IpMMeM runotesdy Hi, koraa
oHa He ABiasAerca BepHoii. IIycTs @ — HEKOTOpOE Hanepen 3aXaH-
HOe MaJioe IOJOXUTENbHOEe Yucio. Ml XoTmM yKaszaTh Takoe
npasuno (kpurepuil), KoTopoe GH IO HabBJIOAEHUAM BLIGOPKU
Xi1,Xs,..., X, orBeprajo runoresy Hy npm yciaoBuM, 4YTO OHa
Ha CaMOM JIeJie BEepHa, C BEPOATHOCTLIO ¢ MM Gnu3ko# K o s
6onbmnx n. [Ipu aToM npaBuio cilelyeT BHIGUPATh TAKUM, YTO-
611 BEPOATHOCTh NPUHATE rUNoTe3y Hoy Ipy yCIOBUM, UTO BEPHA
runore3a H;, Guljia OB KaK MOXXHO MeHbIneil.

Onpenenenue 1. BepoATHOCTE & OTBEPIrHYTH TCUNOTE3Y
Hy npu ycioBuH, UTO OHa BEPHA, HA3KIBAETCA BEPOATHOCTHIO
ommubOKM MepBOro pona.

BeposaTHocTh omnbkn MepBoro pola Takke Ha3bBalOT yPOB-
HeM 3HAYMMOCTW KDUTEPUA.
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Onpenenenne 2. BepoaTHocTs npuHATE runotesy Hp,
NpU yCIAOBWMM, YTO BEPHA runoresa My, Ha3LIBAETCA BEPOATHO-
CcThI0 OmMUGKK BTOPOro pona.

BeposarHocts omubkn Broporo poaa 6yaem obosnauats F.

O6biuno 3a Hy npunamMMaeTcA Takafd THIIOTE3a, OTBEPXKEHUE
KOTOPOIi, KOT A3 OHa Ha CaMOM flelle BepHa, OyleTr MeTh Hau-
XyulMe MOoCIeACTBYA II0 CpaBHEHMIO ¢ TeMM, Koraa 3a H; BH-
6upaeTca Apyrad runoTesa.

B paccmarpuBaemoi 3anaue rumoresa Hg XapakTepusyeTcsa
BbiGopoM ¢ynkmu Fo(z). OnHako BILENpPUBEeREHHKIE ONpeie-
JIeHUA ¥ 3aMeYaHue CIpaBefIuBh 6€30THOCUTENLHO K KOHKpeT-
HoMy BuiGopy runore3 Hg u Hj.

Mockoabky npu pukcupoBaHHOM 06beMe BHIOODKM BEPOATHO~
cT¥ omMbBOK NEepBOro ¥ BTOPOTO POJAa ONHOBPEMEHHO CJHAeaTh
AOCTATOYHO MaJILIMM Hejlb3f, TO @ 3aJaloT 3apaHee, a  npu
yKe BRIGpaHHOM ¢ CTAPalOTCA CHAENATh KaK MOXKHO MEHbIIE.

Bce craTMcTUYeCKME KPUTEPUM YCTPOEHRl TaK, UTO NOpu
YMENbUIEHUYM (¢ TIOBLIMIAIOTCA MIAHCKI HAa NpUHATHE runoTesnl Hy,
a npu o = 0 rumoresa Hy ofA3aTembHO NMpUHUMAETCA.

Ilyctb Fp(x) — emnvpuueckaa $yHKIMA paclpeleeHns, 1o-

— n
cTpoenHas no Bubopke X, T. e. Fu(z) = %IZ T —co,z)(X1). Ho-
=1

JIOKHUM
Do(X)=+n _max_|Fu(z)~ Fo(2)|-
z€(—00,00)

Mockonbky Fp(z) npu Goanmmx n ABIAETCA XOpOINEN OLeHKOK
F(z) — vctyaHOM (yHKUMN pacnpelnesieHUA ciay4daiiHoi Belnau-
HEl X, To QyHKUMA Dn(f ) ABAAETCA MEPOM pa3IUUMA MEXAY
ucTuHHOU ¢yHKIMel pacnpenenennsa F(z) u npeamonaraemoit
Fy(z). Pynxund D,.()? ) Ha3uBaeTca crarucTuxoi Koamoropo-
Ba. Cornacno Teopeme Konmoroposa (§ 18), ecimu F(z) = Fy(z),
T. €. IpM yCJIOBMH, UTO BepHa runoTesa Hy, cnpaBelauBo

P(D.(X) < 2) = K(2),

rae K(z) — ¢yukuma pacnpenenenua Konmoroposa. Jnsa GpyHk-
1w K(2) ecTh TaGNKIE U TIO 3aJaHHOMY MAJOMY YHCIY & MOM-
HO BbIBpaTh 21_o Tak, 4Tobh K(21-4) = 1 — @ (21— ABNgETCH
KBaHTUNbIO opAAKa 1 — o ¢yHKUMU pacnpenenenua K(z)).
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OnpenenumM cieayollee MpaBUIo, KOTOPOe HA3LIBAETCA KPH-
TepueM coraacus Konmoroposa: ecim D, (}_(’ ) < zy—q, TO OpH-
HuMaeM runoresy Hg, T. e. cumraeM, uro F = Fj, a ecam
D,.(}"(' ) > 21—4, TO NpuHUMaeM runoresy Hi, T. e. cudTaeM, uro
F # Fy. Ilpu TakoMm npaBmuie BepOATHOCTL OTBEPTrHYTH THIIOTE-
ay Hy, npu ycjioBus, 4To OHa BepHa, €CTh P(D,,()?) 2 21—a), M
coraacuo Teopeme Koamoroposa

P(Da(X) > 21-0) = 1 = P(Da(X) < z1-0) 1 = K(21-0) = o

TaxkuMm o6pa3oM, nepsoe TpeboBanNe BHIIOJIHEHO: BEPOATHOCTh
omubKN NepBOro pota ANs AaHHOTO MpaBujia rpu Goiabunmx n
npubiavanrensHo pasHa o. IpeamonoxxuMm teneps, uro F # Fy,
T. €. BepHa runote3a Hy. Torxa B cuny Toro, uro Fp(z) — F(z)
paBHOMePHO 10 z € (—00,00) (Teopema 1 §18), umeem

somax (Fo(e) = Fo(o)] = max |F(z) = Fo(@)] > 0.

IloaToMy D,,()? ) — 00, U, clenoBageNbHO, AJA M0G0 KoHcTan-
THI C .
P(Dp(X)<c)—0.

BOBbMeM B KaUYeCTBE C BEIINYURY 2Z).q. Tor‘na. nmeemM
= P(Du(X) < 21-a) — 0.
ﬂ ( n( ) 1 a) oo

IIpu F # Fp, penuunna B paBHa BEPOATHOCTH NPUHATHL TUIIO-
Te3y Hp npu ycnmosBuu, uTo BepHa rmmnotesa Hjp, 1. e. f — Be-
poaTHOCTh omubku BTOporo poaa. Ilpu Gonblmux n BeMYUHA,
B cTaHOBMTCHA BCe MeHbIE U MeHbIIe, TeM caMuIM BLUIOJIHEHO U
BTOpoe TpeboBanue o ToM, UTO BenWuMHa [ NOKHA OHITH Kak
MOXXHO MeHbIne npy BHIGpAHHOM «r.
3anaua 1. PeaynsraTnr uamepenuit (8 Mm) aiunet 20 oxHo-
TUOHBIX AeTajlell Danu cllefyomue 3HaAYeHUA
86.44; 88.37; 88.56; 87.73; 89.04; 88.05; 87.34; 87.88; 88.29; 86.87;
88.7T7; 89.65; 87.58; 88.83; 87.94; 87.99; 86.32; 87.02; 89.11; 88.44.
Ilposeputh ¢ noMoumbio Kpurepus Kosmoroposa ¢ ypoBHeM
aHauumMocTi 0.05 rumoTesy o TOM, YTO BETMUMHA AJTUHE! NeTa]U
X vMeeT HopMaJlbHOE pacrpeneieHe co cpeauum 88 u aqucnep-
cumeif 1.
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Pewenne. [lockoanky B cratuctuke KonMoroposa Makcu-
MyM GépeTcs Mo BCEM 3HAUEHUAM apryMeEHTa I, TO OHa He 3a-
BUCHUT OT CABUCa apryMeHTa.y SMIIMPUYECKO M mpeanosiarae-
MoOIt QYHKUMIA paclpeleseHUs Ha OAAY U Ty e BeJUYUHY. DTO
03HayaeT, UTO BMECTO UCXOIHOM clydaiiHoM BeanumHbl X MOXK-
HO paccMOTpeTh BeanurHy Y = X —88 ¥ npoBepUThL C NOMOUILIO
kpuTepua KosMoroposa rumoresy o ToM, YTO BeJWunHa Y uUMe-
€T HOpMaJIbHOE pacrnpeneiienue co cpeauuMm 0 u mcnepcmei 1.

CHauana HYXHO YNOPALOYUTH 3HAYEHUA BENUYMHEI Y =
= X — 88, T. e. IOCTPOUTHL peaANM3ALIO BaPUAILMOHHOrO pAla
Yoy < Yoy € o < Yoy MMeem —1.68 € —1.56 € ~1.13 < —-0.98
—0.66 < —0.42 £ -0.27 £ -0.12 < -0.06 < —0.01 £ 0.06 £ 0.29 <
0.37 <.0.44 < 0.56 < 0.77 < 0.83 < 1.04 < 1.11 < 1.65. Manee
HYYKHO BHIUMCJMTDb 3HaueHua N(z) — HopMaJbHOro pacrnpenele-
HUs co cpeauum 0 n aucnepcueit 1 B eTux Toukax. Jasa sToro
MOKHO MCII0Ib30BaTh Tabauuy aia 3Hauenuit N (z), a ana orpu-
HAaTEeIbHEIX aPryMeHTOB IpuMeHnTh dopmyny N(—z) = 1-N(z).
Ipyroit BapuauT — ucrmoab3oeaTsh popmyny (14.1) ¢ yuerom ne-
ueTHocTH pyHkmm Jlannaca (B(—z) = —®(z)) n Tabauuy ana
3Hauenunit &(z). B peayantare momyumm: N(—1.68) rs 0.04648;
N(-1.56) ~ 0.05938; N (—1.13) ~ 0.12924; N(—0.98) ~ 0.16354;
N(-0.66) =~ 0.25463; N (—0.42) ~ 0.33724; N(-0.27) ~ 0.39358;
N(-0.12) ~ 0.45224; N (—0.06) ~ 0.47608; N(—0.01) =~ 0.49601;
N(0.05) =~ 0.51994; N(0.29) =~ 0.61409; N (0.37) ~ 0.64431;
N(0.44) =~ 0.67003; N(0.56) =~ 0.71224; N(0.77) =~ 0.77935;
N(0.83) = 0.79673; N(1.04) ~ 0.85083; N(1.11) = 0.86650;
N(1.65) = 0.95053.

Tlockoneky npu 20 HabnioXeHMAX sMIMpHUUYEcKasd (yHKUMA
pacnpeieNeHus YBeIuuuBaeTca B KaxKaoi us Touek y(x) Ha 1/20
TO, HAPHUCOBAaB I'PaPUKN (YHKIMHA, HECIOMKHO MOHATh, YTO

Dso(3) = V20 _max {IN(y(k)) - %l |N(y(k)) - k—;ol|}

1<k<20

Hoxacuetr MOKa3bIBaET, UTO 3TOT MAKCUMYM HOCTUI'a€TCHA Ha 3HA~
YEHUM

\/2—0|N(y(,,,)~ -27—0| ~ v/20(0.45244 —0.35) = 4.4721-0.10224 = 0.457.

W3 tabauuw nnsa pacnpeneienns KoaMoroposa HaAX0 MM zg g5 A
= 1.36. ITockonwky Dag(y) < 20 95, TO rUHIOTE3A NPUHUMAETCA.
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ITepeitnem k U3N0KEHNIO APYrOro NMOAXO0Aa, TPU KOTOPOM IIO-
WHOMY CTaBHTCHA M peulaeTcs BONPOC O paBEHCTBe GyHKLMI pac-
npenenerns. [IycTs Hac MHTepecyeT He BCA QYHKUMA paclpese-
JIeHVIsl, a JIUIIb €€ NPUPAINEHNA HA HEKOTOPLIX BhIAEJIEHHRIX WH-
TepBajax. [Ipu sToM Bonpoc o cosnanennu GyHKUMM pacnpene-
NeHUA C Hamepen 3aJaHHON (QyHKIMel 3aMEHAETCH, eCTECTBEH-
HO, Ha BOIIPOC O COBNAJEHMM NpHpalleHnit ¢yHKHMM pacnpene-
JIEBVA C COOTBETCTBYIONIMMM IIPUPALIEHUAMM 3apaHee BhlaeJeH-
HoM pyukimU. 3aMeTuM, YTO AAA JUCKPETHBLIX paclpelelieHuil B
KauecTBe BhlIAEJEHHBIX MHTEPBAJOB MOXKHO B3AATh MHTEPBAJIb! IO~
CTOSIHCTBA QYHKUMM pacnpenenenud. Toraa npupaueHna ¢yHK-
MM pacClpeaeeHUs Ha HUX [MOJHOCTBIO XapPaKTEPU3YIOT 3aKOH
pacnpenenenuda. B sToM ciydae 3aiaya CTaHOBATCS aHAJOTWY-
Ho#l npenpiAyileil, oAHAKO METOJ penieHUA 6yneT NpUHIMIIHAIIB-
HO OTJIMYHEBIM.

2. Kpurepunit cormacua Iupcona(xu-kBaxpat
KpuTepui).

I pemmonosxkumM, uTO BeleCTBEHHAA OpAMAs pa3bura Ha r He-
nepecekaronmxca uATepsaios Ay, l=1,2,... 7, 1. e. Ulr=1 A=
= (—00,00), A; N A; = @&. Hac unTepecyer He BCA QyHKUMA
pacupenenenusa F(z) cayvaiinot Besmumnssl X, a Tosbko Habop
BeposaTHocTeit py = P(X € Ay), I = 1,2,...,r. 3anaya cocro-
uT B ciaexaymoweM. IlycTes 3anan HaGop BeposTHocteil pf,l =

.
1,2,...,r, Takux, yro Y p{ = 1. O6bruno p} = P(X° € A;), rae
=1

X° — cnydaliHad BeNMUMHA C KaKMM-HABYIL M3BECTHBIM pac-
npenesieHueM. MbI XOTMM 3HATbH, COBNALAIOT JIN BEPOATHOCTH
p1, OTBevalomue HabmogesuaM BhIGopku X1, X3,..., Xy, ¢ Be-
poaTHocTAMyu p} wim Het. OboszHauuMm cumsonoMm Hy runoresy
o ToM, uto p; = p{ npu Bcex | = 1,2,...,r. Cumsonom H, obo-
3HAYMM MPOTHBOIMOJOMKHYIO TMIOTE3Y O TOM, YTO P; # p§ XOTA
651 anA oxHoro I. : _ _

IIycrs Xy, Xs,...,Xn — BHIOOPK2, OoTBeUYaromaf caydaiiHoit
Besquuune X. Onpenenm mpaBuio, 10 KOTOPOMY MbI Gynem
NPUHUMATh UM 0TBepraTh runoresy Hy. O6o3Haunm yepes vy =

n
= ) Ta,(X;) uncao rex Habnionenmii X;j, KoOTopble MpUHa e~
izt
sat untepsany A;. IHocxomsky E(Ha,(X;)) = P(X; € A) =
= pi, TO MO 3aKOHy BOJBLIMX YMCET -+ — p; 10 BEPOATHOCTH.
-
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v
IlosTomMy — ABNAETCA xopomei ouenko#t ans p;. [Monoxum

r

(X = (- Z (asefl,

=1

®yHKuMIO Aﬂ()_(. ) Ha3piBaloT crarmcrukou Ifupcoma uau cra-
TucTukol X2 (XuM-kBampat) c r — 1 creneHbIo cBoGOMEI.

To, 4YTO Mepa pa3jJUUUA MEXIY UCTUHHLIMUA BEPOATHOCTAMMU
P ¥ IpeanosaraeMbIMHU pf MMeeT MMEHHO TaKoil BMI, IpPOIMK-
TOBAHO KeJlaHMEM MMeTb XOopolliee MpeledbHOE paclipeaeiienne
AAA BEJIMYMHB Ay, (5(' ). CnpaBesMB clleAyIOIMiA pe3yabTaT, Ko-
Tophlit TpUBoAUTCA 6€3 AOKA3aTesLCTBA.

Teopema (IIupcora). Hycms p; = p{ npu acex l=1,2,...,r,
m. e. suinoanena zunomesa Hy. Tozda cnpasedauso caedyouee co-
ommuouenue

sup [P(An(X) < 2) = Proy(2)| = 0

2€(0,00)

npu n — oo, zde Pr_1(z) - max nasweaemoe pacupeneseaue
IIupcona c r—1 cmenenvio ceobodet. JAax a106020 yeaozo neompu-
yameadnozo k pacnpedenenue Pr(x) onpedeagemes naomuocmpio

1
= p(k=2)/2,-z/2
pu(z) = { ZPTGR/2)” e~*/2, npuz >0,

0, npu z < 0,

oo
20e I'(t) = [ z'~"le~dz - ramma-dpynxnua.
0

[Ipu neneiX 7 A4 TaMMa-(GYHKIMM BRIDOJHAIOTCA PaBEHCTBA
T(n+1)=nl, T(n+3)=1-3-5---(2n—3)2n—1)y72™"

Ilna pacnpeneienua Ilupcona cymecTtByioT Tabauusl. [lo 3a-
NGHHOMY 3HAUEHHIO (@ MOMHO ONpEENUTh TAKOE UHCIO Z]_gq
(kBanTuUIb DopaAnKa 1 — a), uTo Pr_1(21-4) =1 — .
Onpenenum cieayoliee NpaBUio, KOTOPOE HA3HBAETCA KPU-
TepueM corigacua Ilupcoma uay kpuTepumeM XH-KBaOpaT:
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ecnn Ap(X) < 21-4, TO npunuMaem rumoresy Hg, T. €. cUM-
TaeM, uTo p; = p} Ana Bcex { = 1,2,...,r, ecan A,,()?) > Zi—ay
TO MpULUMaeM runotesy Hi, T. e. cuuTaem, uto p; # pf npu He-
kotopom l. Ilpyu TaxoM npaBuiic BEpOATHOCTL OTBEpPrHYTH MUIO-
-Te3y Hp npu ycinoBuM, YTo OHA BepHa, PaBHA P(A,,,()?) 2 21-4a),
n corracHo TeopeMe [Iupcona

P(An()—(‘) Z2n-a)=1- P(An()_(.) <21—a)®1=Proa(z1-o) = a.

Takvm o6pa3zoM, BepoATHOCTL OMMBKA NepBOro poja Mpubiu-
auTenbHO paBHa a. IlpeamonoxuM Teneps, uto p; # pf Ana
Kakoro-uubyae I, T. e. mpeanosokuM, 4To BepHa runortesa Hi.
Toraa, MOCKOJBbKY B CUIIY 3aKOHA 6OJBIIUX YUCed — — pi, UMe-
o v 2 "

(o =#)" =, (=p0)" >0,

H, CJIcH0BaTENILHO,

TeM caMbIM, DM BBLIOJHEHUY TUNoTe3bl H; ¥MMeeT MECTO COOT-
Howenue A, (X ) — oo. MosTomy

P(An(/?) < 21-¢)— 0 1pu n — oco.

Tonowxum B = P(An(f) < 2§_g) — BEPOATHOCTbH NPUHATL TUNO-
Te3y Hy npu ycnoBuH, 4To BepHa runotesa Hi. Torga ¢ pocrom
N BEpPOSTHOCTb  cTpeMuTcsa kx Hymo. B pesyanTate 06a Tpebo-
BaHUA, NPpeAbABNAEMEIE K KDUTEPUAM COCJIACHsA, BHIIOJIHEHEL.

3anaua 2. Yepes paBHble IPpOMEKYTKM BPEMEHU B Ipernapa-
Te peruCcTpPUPYETCA UUCIO MUKPOGOB, NONABIINX B IT0JE 3pEHUA
MUKpocKona. B peayantare nabniofeHmii monydvensl cileAyomme
JAHHBIE:

{0 1 2 3 4 5 6 7
vy 112 168 130 68 32 5 1 1

B nepBo#t cTpoke nmpuBeneHo uMCIO MUKPOGOB, a BO BTOPOH
CTPOKE — UMCJI0 MOMEHTOB BPEMEHH, COOTBETCTBYOIMX HabTio0-
JeHuio posHO | MMKpPOBOB.
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IIpoBepuTh, UCIONb3YA KPUTEPU XM-KBaADPAT, YTO C BEPO-
ATHOCTHIO oummMbkyu mepeoro posa « = 0.05 umcio muxpobos,
foMafAJOMX B I0Jie 3pEeHUA MUKpoCcKona B jtobolt MoMenT pe-
rMcTpalMy, pacnpeseleHo 1o 3akony [yaccoHa c maTemaTuye-
CKUM oxupasneMm A = 1.5.

Pewenue. llycte X; — HeoTpunarensHad cnydaiiHaa BeJu-
yMHa, paBHaf YUCIY MUKPOGOB, perMcTpupyeMnuix 3a j-if npo-
MexyT1oK Bpemenu. Cumraem BeduumHbl X;,j = 1,2,...,n, He-
3aBUCHMBIMM # omma,xoao pacnpegeneHsbiM. OBmunit o6bem

BEIGOPKM paBeH n = Z vy = 517. MoxHO cuMTaTh, UTO HEOTpH-
1=0
HaTeNnbHAfA NMolyoch pa3buta Ha 8 unrepsasos A =[l,{+1),[/=
517

= 0,1,...,6 u Ay = [7,00). Torna vy = )_ Ta,(Xj) ~ umcno
i=t

MOMCHTOB BPEMEHM, Korjia perucrpupyerca posHo | Mukpobos.
3uayeHUA V¥ OpUBEAEHHI B yciroBuM 3agaun. Iycte X° - cuy-
yaiiHaa BeJIMYMHaA, paclpelelieHHan no 3akony [lyaccona ¢ na-
pamerpoM A = 1.5:

[P N
P(XO:I)Z}\; , 120’1,2,..--

Ucnonb3ys sTy hopMyny, HaitieM TeopeTUHeCcKue BEPOATHOCTU
nomagadua YUCJjaQ MHKPOGOB B II0JIe 3pEHNA MWUKDOCKOIIA:

pS = P(X° = 0) m0.2231; p$ = P(X° =4) » 0.0471;

p0 = P(X° =1)~0.3347; p¢ =P(X° =5) =~ 0.0141;

Py = P(X° = 2) x0.2510; p% = P(X° = 6) » 0.0035;

p = P(X° = 3) ~0.1255; p%=P(X° >7)~ 0.0010.

BeposaTHOCTh p5 ABNAETCA BEPOATHOCTLIO TOTO, UTO Habiona-
€TCH He MeHee CEMH MMKPOGOB, TaK KaK TEOPETUYECKU B ToJe
3peHMA MUKPOCKONa 33 BBIOpAHHLIA NMPOMEXYTOK BPEMEHM MO-
¥eT HabmogaThca moboe UX KoaInuyecTBo. 3HadeHue A, craTH-
ctuxy Ilupcona BeIUMcHAeM o dopMyte

(”l_'npz)2~
b= 3 O

ITo Tabnuuam nasa kpantuaeii pacnpeseneuud Iupcona Pr_;(2)
c r = 8 HaliieM KpUTHUECKOE 3HAUEHNE 2], IpU o = 0.05. Ume-
eM 2995 ~ 14.07. Tak kak A, < zj_4, TO MBI IPUHMMAEM TUIO-
Te3y 0 TOM, UTO UMCJIO MUKpOGOB, NoNnagaloluX B Nojie 3peHud
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MUKDOCKONA, pacnpelelieHo 1o 3akohy IlyaccoHa ¢ MaTeMaTH-
YEeCKUM OxMUaaHmeM A = 1.54.

3AAUN

3amaua 23.1. B ropone 17036 cemeit umeroT aBoux xeteil. B
4529 ceMbax ~ aBa MaJjbunka, B 4019 — ase nesouxu, B 8488 ce-
MBAX — MaJIbUMK M AeBOouKa. MOXHO s ¢ ypoBHEM 3HAUMMOCTH
0.05 cunTaTh, UTO KOJNMUYECTBO MAJBUMKOB B CEMbAX C ABYMSA
IETHbMM MMeeT GMHOMMAJIbHOE paclpejelieHne ¢ BepOATHOCTHIO
poxaeHus mManbuuka 0.5157

3anmaua 23.2. JlaTunk ciaydaiiHbIX YHCeJ BHIAET HE3aBUCH-
Mble 3HAYEHUS CIYy4YaliHON BeNUYMHBI, KOTOpas AOJKHA MMEThb
paBHoMepHoe pacnpeneneumne Ha [0,1]. Honydensl creayioumme
20 3HaueHMIi:

0.100; 0.253; 0.520; 0.863; 0.354; 0.809; 0.911; 0.292; 0.453; 0.204;

0.648;0.429; 0.805; 0.372; 0.610; 0.008; 0.166; 0.422; 0.531; 0.509.

C nomompio kputepua KoaMoropoBa ¢ ypoBHEM 3HAUMMOCTH
0.1 npoBepuUTh rUNOTE3Y O TOM, YTO JATYMK LEHCTBUTEIBHO r'e-
HEPUDYET 3HAUYEHUA CHYyYalHO! BEIMUMHEI C pABHOMEDPHEIM pac-
npejenenuem Ha [0,1].

3amaua 23.3. PesynpTaThl nojcyeTa YacTOT IOSBJIEHUA
madp 0,1,...,9 B 10002 3Hakax OecATUYHOM 3amucy YUCHa T— 3
NIpUBEAERE! B Tabnue:

0 1 2 3 4 5 6 7 8 9
968 (1026 1021 {974 |1014 |1046 | 1021 970 | 948 |1014

C nomomgsio kputepua IIMpcoHa ¢ BEPOATHOCTBIO OMIMGKU
nepsoro poda 0.2 NpoBepUTh I'MIIOTE3Y O PaBHOBEPOATHOCTH
TI0OSIBJIEHUA B JaHHON 3amuck kaxnoi ms mmdp 0,1,...,9.

§ 24. OUEHKA MAPAMETPOB OBUIEN JMHEWHON MOIEIU
(METOX HAMMEHBIIUX KBAJIPATOB)

PaccmaTtpuBaerca ciaenyomas JuHelHada moxelb. ViMeerca
- BEKTOP HEM3BECTHRIX IapaMeTPOB, KOTOPHI HYKHO OIIPEAEINTE.
Oxanako HabiogaeTcss HE caM BEKTOpP NapaMeTpoB, a Apyroif



24. OUEHKA NAPAMETPOB OBLWEA NNMHEMHOWA MOAEAN 195

BEKTOP, KOTODHIl NONYyYaeTCA U3 MCKOMOIr0 BEKTOPa NIPUMEHEHU -
em nuHeiiHoro npeobpa3sopanud. Kpome Toro, Habitonesus (u3-
MepeHUA) OCYIIECTBIAIOTCA C HEKOTOPBIMHU CIYYaiiHBIMU OILMG-
kamu. Ilpennonaraercd, UTo BTH OMMOKKU He ABJIAIOTCA CUCTe-
MaTUUYECKMMM, T. €. CpellHee BTUX OUWIMGOK paBHO HYJIO.
MaTeMaTHUECKU BTa MOAENb ONMUCKIBAETCA CIeAYIOIMM 06 pa-

3om. O6o3nauum 0 = (61,0,,...,0,,) — BeKTOp HEU3BECTHLIX Ma-
pamerpos, nofnexamux ouenke. llycts A = {a;;}107 ;. — ma-
TpuA U3BECTHRIX Kod(hdUIMeHToB, a £1,&,,...,Ey— ciydaiiHbe

BEAUUYMHEI C MaTeMaTHdecKuMu oxuianuamu E(&;) = 0, ¢ amnc-
nepcuamu D(£;) = 02 < co u ¢ koBapnammamu E(&E;) = 0 npu
i # j. Habmonatlorca BenuumHe! X;:

m
Xi=) a5l +& i=12,...,n (24.1)

i=1
Ecnu 661 cnydaHux oummbok U3MepeHuAa He 6blao, To 3HaYeHUA
napaMmerpoB 0; nmo m3aBecTHHIM a;; ¥ X; onpenensaauch Bbl Kak
pelueHne cUucTeMbl n aarebpaudecKux JMHEHHbLIX ypaBHeHul. B
ciiyyae, KOrJa €CTh ciaydaiiHnie ommbku &, nmpeaiaraercsa mo-
CTynaTh CJljieAyIOIM 06pa30M. H‘OCKOJIbe MBI HE 3HaeM VMICTHUH-
HBLIX 3HayeHMil napaMeTpoB, BeibepeM Kakue-HAOYOAb 3HAUEHUA
napaMeTpoB 91,92, . .,é,. M pacCMOTpPHMM CYMMY KBaJApaTUUHBIX
OTKJIOHEHMH

n m
Ry, Bo,.0m) = 32 (Xi = Y aiidy)
i=1 1=1

OnpenesmM, Ipu KakuxX 3HaYeHMAX §; MaTeMaTUYECKOE OXU-

JaHue R(él,ég, .. .,ém) 6yneT MUHMMaJIbHEIM. VMeeM
m

E(R(6,,0,,...,0,)) = i:E(X.- - Zai,-é,-)z =

j=1
= iE(iau("j —0}-)+£.-)2 =
2\
B i{(i“"f("f ~0) 4 QZmIau-(ﬂj — 6;)E(E) +E(ED) } =
2\ 2

=1

=i{(§:aij(9j—éj))z-l-o‘?}:i(iagj(ej—éj))2+zn:o'?,
=l j=1 i=1 j=1 i=1
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M1 Buaum, uro BTO MATeMaTHUECKOE ONUAAHKE 6yzer Mu-
HUManbHEIM npu Y (Y aij(6; — 0}))2 = 0, B 4acTHOCTM, IIpH
i=1 j=1 )

é_,- = 0;, T. e. NpU UCTUHHLIX 3HAYEHHMAX NapameTpoB. Iloaro-
My B KayeCTBe OLEHKM i HEU3BECTHLIX NapaMeTpoB §; pasyMm-
HO B3ATbL TaKMe 3HAYCHUA apaMeTpPOB éj, TIpY KOTOPHIX (YHK-
uMa R(él , 92, . ém) NMPUHUMAET MUHUMAJLHOE 3Hadenue. Takana
OLEHKA Ha3bIBAETCS OLEHKOM HO MeTOAy HAMMEHBLIIMX KBa-
aparoB. Pyuxima R(f1,0,...,60,) — PyHKIMA MHOTHUX IIepEMeH-
HbIX, ¥ MMHMMYMAa OHa JOCTUraeT B Tolf Touke, B KoTOpOit Bce
YaCTHbIE TIPOU3BOJHBIE BTON (YyHKUMM IO KaAoil M3 nmepemeH-
HBEIX paBHB! Hy/10. YacTHble MDON3BOAHLIE UMEIOT BUJL

n m
£;R(91,02,...,Gm):2;(X,'—Jz:::la,-ij)(—-a,-k), k=1,...,m.

Halinem takue snauenus #y,6s,...,0,,, KoTropule o6pamaioT 8T
NpOU3BOAHEIE B HOML. QTCIONA MONYUYUM CUCTEMY ™M JIMHEHRHBIX
ypaBHeHU OTHOCHUTENBLHO HEUIBECTHRIX f1,0, ..., 0p:

Z(Z asjaie ) = Za:qu E=12...,m  (24.2)

j=1 i=1

Matpuiia »2Tol CUCTEMEI COCTOUT u3 KospdummentoB bjp =
n

—_
E a;ja;r, 2 BeKTOp CBOBOJHLIX KoadduiuMeHTOB Y. cocToUT
i=1 .

n .
n3 koMmmoHeHT Yy = ). aixX;. Ecan onpenenurens Martpuunl
i=1

= {ka} =y OTJIMUYEH OT HYJA, TO DTa CHCTeMa MMECT €JMH-
CTBEHHOE pelIcHue 6, , 92, ..., b, . Pellieniie 3T0 MOXKHO HafTH JH-
6o MeTonom aycca, nubo MeToaom onpeaenureneit, anbo BH-
yncaang obparayro matpuuny Kk B. Ucxonwas nunHeilHaa moxelb
(24.1) m cucrema ypapuenuii (24.2) MoryT 6bITh 3alMCaHBI B
KPaTKOU gopMe ¢ MCHONb30BaHWEM MaTpull U BekTopoB. O6o-
3HAUYUM

X1 a;; @12 ... @im
Xg asi ag2 aoam

X=|"| a=y . T T,

X, Anl1 Qn2 ... Qnm
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0, &
I R
O £
Toraa (24.1) nmepenucuBaeTcs B BUle
X =AG+E.
Nanee, nonaran
by bz .. bim 9:1
B b?l b?gl bglm | i 0'2 |

bt bmz ... bum b
ay) a1 ... Qpy

AT = a2 a2 ... Qp2 ,
Qiyn Gom ... Qpm

rae marpuua A' ABJAETCA TPAHCIOHUPOBAHHOMN (OTparkeHHOM)
110 OTHOMIEHMIO K MaTpuue A, cucreMy ypaBHeHul (24.2) npea-
CTaBvM B BUIE .
~ T -
Bi=A"X.
Pemenre ol cHcTeMb! MOMXKHO 3anucaTh Tak: § = B 1ATX,
rae B! - marpnua, o6patnas k B. Takum o6pa3om, uckoMasn
-

oleHKa f, KOTopaa ABAAETCA OUEHKOW MJIA BEKTOpa HEU3BECT-
HBLIX TapaMeTpPOB g, paBHa NTPOM3Be JIeHNIO MaTpUILl B! Ha Bek-
TOPp ATX. B cuy ompeleleHua KoadpdunmenTos bjr MaTpuia
B npeacrasuma B BUJE NPOM3BENEHMA B = AT A, 4ro no3sous-

€T BhIPa3WTh OUEHKY @, NOCTPOEHHYIO 1O METOAY HaMMeHbLUMX
" KBaJApPaTOB, B TEPMMHAX MCXOJHOU MaTpHUIBl KO3(hPULUMEHTOB A

U BexkTopa Habiioxenuit X:
6=0(X1,Xz,...,Xn) = (ATA)'ATX. (24.3)
IIpumep 1. IIycth ecTb mosmHOM

P) = 0mny™ 4 O0mory™ 2+ + 0,
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cTeneH m — 1 ¢ Heu3BeCTHRIMU KoaduumeHTtamu. Ilpennono-
UM, YTO Yy HaC eCTh pe3yaAbTaThl U3MepeHUlt 3HaUEeHUA BTOrO
MIOJIMVHOMAa B Pa3JIMYHBIX TOYKAX Y1,Y2,...,Yn. HO U3MepeHud B
KXA0N TOUKe y; NPOU3BOAATCA CO cliydalHoil omubkoit &;, T. e.
MBI B KaYeCcTBe U3MepeHUii uMeeM JIUILUL 3HAUEHNA BEJIUUNH X,

Xi=Ply)+ &, i1=12,...,n. (24.4)

Kak onpenemts koadppurmenth §; 7 Oka3nBaeTc, MOXKHO NpH-
j—1
MEHUTb MEeTOJ HaWMeHbIMX KBaapaToB. Ilomoxum a;; = yl ~°,

TOr Oa m m
Py) =Y 470 =) a6,
ji=1 ji=1

v paseHcTBa (24.4) nepexonst B paBedcrsa (24.1). Ho ana ra-
KOt IMHelHO MOooeN MHEI yrKe yMeeM CTPOUATh OLIEHKY napaMe-
TpoB 1,0y, ...,0,, M BTA OLEHKA ONpeeNIAeTCA 0 Koddpuuren-
TaM a;; cucTeMoil ypaBHenuit (24.2), koTopad B JaHHOM Ciy4ae
MMeeT BUJ

n

i(zyf”'z)éj = Eﬂ:y?‘lX.-, E=1,2, ..., m
=1

j=1 i=1

Pelnenne aTolt CUCTEMBI He 0BA3TENLHO BHIMMCLIBHITE (HOPMY-
a0 (24.3). Ero MoxHO noiyyaTh pa3iInuHbBIMA U3BECTHHIMU Me-
TOaMHU.

3anmaua 1. 3aTpaTH y Ha pa3BUTHE NPOU3BOACTBA U BeJMUU-
Ha ronoBoii npubrm ¢upmel X B TedeHue 5 JeT NpeACTaBlEHh
B YCJOBHBIX eQUHULIAX cleaylomeil Tabauueik

g 6 3 7 5 10
X 33 27 32 28 42

Ha BenuuuHy npu6RIAM BAMAIOT ciydadneie ¢paxtopnl. IIpea-
rojiaraeTcsi, YTO BCErJa UMeeT MeCTO JMHelHad 3aBMCHMOCTb
MEXAy 3aTpaTaMu y U npubblibio X BUIa

X = 92y+ & +& (245)

C HEU3MEHHHIMU apameTpaMu 0y, 62 1 BenUMHOR ciy4aiiHoro
BANAHMA £ CO CPEHMM HOJb ¥ KoHeyHoM aucnepcueil. Karabiii
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| roJ cAydaifHOe BAMAHME HEKOPPEJIMPOBAHO C MPEABIAYIIMMU Lo~
namu. OUEHNTL napaMeTphl 6 u 6;.
Pentenume. 3aBucumocts (24.5), npeacTaBieHHad 10 roAaM
i=123,4,5, umeer BUL

X; =0y; + 01+ &;. (24.6)

Takum 06pa3oM, oHa ONMUCHIBaeTCA MoAenasio Tuna (24.1). Oue-
HUM napaMeTrphl §; U 62 no MeToAy HaVMEHLIIMX KBaADaTOB.
HUmeem n = 5, m = 2, a;1 = 1, a;2 = y;. Cuctema ypaBHeHuit
(24.2) B eTOM cnyuae caeayoman

R n R n
n61+zy;92=ZX,:, k:l,
i=1 i=1

n n R n (24.7)
Suith+ Yy =Y uiXi, k=2
i=1 i=1

=1

Briuucnaa sHadenue §; MeToIoM onpenenurTeneit, moayynm

n)iin.‘—_):‘:ya}n:X.‘ -

é _a=1 =1 =1 . ¥X, —9pXn 2
2= n n 2 - T3 _=2 ( 4'8)
n.—zly?_(zy‘.) Y'n—¥Yn

=1

_ n _ n n —
rae ¥, = Y. yi/n, yX, = Zly.-X.-/-n, I = _Z:lye/n, X, =

i=1

n
5~ Xi/n. Tenepp M3 nepsoro ypasHeHusa cucTeMnl (24.6) na-

i=1
X0 UM

9’ Xn = §u¥ X,

yzn - y—n2

th =Xn— 029, = (24.9)
1A KOHKPETHRIX BLIYMCJIEHHI BMECTO CAYYaWHRIX BeNuuuH X;
MOACTABISIOT X peanu3almy z;. Jlag MMelomuxca NaHHLIX 3a-
nauy 1

5 5 5 5
Y ow=31, Y zi=162, Y wz:=1063, > u?=210.
i=1 i=1 i=1

i=1

Toraa 5.1063—31.162 293
0 -3 _._____.— = — .
2 =.219 — 312 5~ 2.187, -
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él=%-162—§-§.3m18.843.

B peayabTaTe nonydaeM, 4TO 3aBUCUMOCTh BEJUYMHEI I'0J0BOI
npubuiin ¢upmer X oOT 3aTpaTr Ha pa3BUTUE NPOU3BOACTBA Y

uMeeT BUA
X ~ 2.187Ty + 18.843 + £.

3aBucumocth (24.6) ABNAETCA YACTHHIM CJAy4YaeM Clenylo-
e 3aBUCUMOCTH, B KOTOPOH BeJMUMHBHI Y MOTYT ORITh CIIy-
YalHbIMM:

Xi=0:Y;4+ 0, +& i=1,2...,n (24.10)

Hpennonaraerca, uro Y;, ¢ = 1,2,...,n, ABJIAIOTCA OUUHAKO-
BO pacnpeaesieHHBIMU HE3aBUCUMBIMU CIYyYa#HBIMYM BeJIMUYNHA-
MM, HE3ABUCAUIMMU OT BeJUYUH &, KOTOpblE MHTEPIPETUPY-
I0TCA Kak ommnbku MaMepenna. B cBolo ouepeab Benuumnnl &,

t=1,2,...,n, ToXKe ABIAIOTCA HE3ABUCUMEIMUA CO CPEAHUM HOJb
(E(&;) = 0) u xoneunoit aucnepcueit (E(E?) < 00). Ilo nabmone-
HUAM 3HadeHMit map cayvaitneix BeamuuH X;, Y, ¢ = 1,2,...,n,

HYKHO ONpenesuTs NapaMmeTphl 6;, 8. Takaa Mo/ienb Ha3LIBAET-
cA OpocToi JIMHENHOM perpeccuen.

[To TeM ke coobparkeHNAM, KOTOPhIE TPUBENEHB! JJIA BLIBOJA
OLEHK! HAMMENbLINX KBAAPATOB, B KAUeCTBE OLEHOK Oy, n 0y ana
napamerpoB 6y, ¥ f; ecTeCTBEHHO B3ATL T€ 3HAUYEHUA, KOTOphIE
MUHMMU3KPYIOT QYHKLMIO KBAAPATUUHOIO OTKJIOHEHVA

. n . S\ 2
ROy, 8) = 3 (Xi - 65 - 6)) .
i=1
IlpupapHuBan K HyJI}0 YaCTHBIE MPOU3BOAHLIE BTOU HYHKIMM O
él, n 0y, MONyunM cMCTeMy ypaBHEHNHA (24.7) ¢ Benmuunamu Y;

BMECTO ¥;. PellleHUsA CUCTeMBbl YpaBHEHMiII GyAyT aHaJdOrMYHL

(24.8), (24.9):

é :ntgl},le—l;lKingl Cn(fuy) (24 11)
2 nZY.-z—(f Y¢)2 S2(Y) ’ ’

by = —iX; - éQ;iY; =Xn ~ 0,V (24.12)

1=1 i=1 R
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CooTBeTCcTBME T = égy + él, Y € (—o0,00), Ha3LIBAETCA ypaDRe-
HueM JMEeWHON perpeccun. He yausuTensHo, uto anaA mapa-
MeTpoB 6y, 1 §; NONyUHIUCL VMEHHO TaKue OIEHKU. Bhiuncaum
KoBapualMio BeawurH X U Y, cBA3aHHRIX nuHelHOl 3aBUCUMO-
ctbio X = Y +0, +&. MMockonsky Benmumunl £ 1Y He3aBUCHME
n E(£) =0, 10 E(X) = 6,E(Y) + 64,

cov(X,Y) = E((6Y + £ — E(Y))(Y — E(Y))) =

=0,E(Y — E(Y))2 + E()E(Y — E(Y)) = 6. D(Y).

O1ciona cnenyer, uto 2 = %, 0; = E(X) - 6,E(Y). Te-
fieph, €CIU B 9TUX BHIPAXKEHMAX BMECTO KOBAPUALMM, JMCNEPCUN
U MaTEMaTUYECKUX OMMIAHMIA B3ATh MX BIGOpOUHLIE XapaKTc-
puctuku u3 §19 (dpopmynmt (19.7), (19.3)), To aas 6;, u 0,

monyuuMm oueHkn (24.11) u (24.12).

3AIAUM

3anaua 24.1. 3aBMCYMOCTE MEXY KONMUECTBOM Pa3jIMuHbIX
BUJOB BHECEHHHIX yao6peHuit y U ypoxkaliHOCTEIO (B IeHTHepax
¢ rektapa) X npeiacTaBileHa cieAyloiell Tabannei:

g 1 2 3 4 5
X 14 145 157 165 18
Ilpeanonaraerca nUHeliHaA 3ABUCUMMOCTbL MEXAY KOJINUYCCTBOM
yaobpenuit y u ypoxkaiinoctoio X Buga X =f0sy+60,+& c nens-
MeHHRIMMK TapaMeTpaMu 61, 3 U BesmumHOl cayuaiiHoro piau-
AaumA £ co cpenHuM HOJbL M KOHeuHo aucnepcueit. QueHuTs
napaMeTphl f; ¥ 63 ¢ MOMOUIBLIO MeToNa HAMMEHLIIUX KBaApa-
TOB.

3anaua 24.2. B kuure “OcnoBrl xumun” . M. Menaenee-
Ba NPUBOAATCA NAHHHEIE O PACTBOPHMMOCTH A30THOKMCJOIO Ha-
Tpya NaNOj3 B 3aBUCHMOCTH OT TeMiepaTyphl Boan. B 100
YacCTAX BOAHI PacTBOPAETCA CHEAYIOUIEE UMCIO YCHOBHHIX Ya-
cteit NaNOj3 npy COOTBETCTBYIOUMX TeMIIEpaTypax:

g 0 4 10 15 21 29 36 51 68
X 66.7 71.0 76.3 80.6 857 929 99.4 1136 125.1

Yepes §¥ 1 X o603HaueHn COOTBETCTBEHHO TeMIepaTypa pac-
TBOopa U KoandectBo NaNQOj. Ha konuuecTBo pacTBOpUBIIEro-
ca NaNQOjz Biusiior cnyyaiinere dakropnl. IIpeqnonaraercs, uro
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UMeET MECTO JIMHEHHAA 3aBMCUMOCTb MeXay TeMIepaTypolkl y U
KoamyecTBoM pacrBopuBlierocs NaNQOj uaa X = fyy+6, +&
C HEM3MEHHRIMHM NapaMeTpaMu 6y, 62 ¥ BennunHoil cayyaifiHoro
BAUAHUA £ CO CpelHUM HOJb M KOHeuHoM mucnepcueit. OueHnTsh
napamMeTpnl §; 4 63 ¢ MOMOIIBIO METO Aa HAUMEHBLIINX KBAa APATOB.

3anaua 24.3. B Tabavie npuBeneHsl pe3yNbTaThl 14 nabopa-
TOPHEIX UCIIKTaHUA NMPOYHOCTY CTaJbHEIX KaHaToB. Cnyuaiinaa
BeauuMHa Y XapaKTepHM3yeT CYMMY Pa3pHIBHEIX ycuauit (B Kr)
OTAeJbHREIX HUTel, 13 KOTODHIX CBUT KaHaT, a X — pa3phIBHOE
yCHIIMie BCErO KaHaTa.

}:’: 1436 1386 1365 1440 1390 1414 1424
X 1135 1140 1141 1156 1150 1154 1145
2 1425 1463 1408 1435 1421 1435 1402
X 1146 1164 1145 1145 1140 1150 1140

Hcnonbsya Monens nuHeilnol perpeccum (24.10), ouenuTs mna-
pametTpshl ) u 6,.
3anaua 24.4. JlaAHEle ONKLITA NMpHUBeJeHE! B Tabimie:

0 2 4 6 8 10
5 -1 0.5 1.5 4.5 8.5

e

HNonaraa, uto y u X ceA3aHul 3aBUcHMMOCTRIO X = 032 + oy +
#, + £, rne BenuuuHa ciayugaiiHoro BauMAHMA £ MMeeT CpeliHee
HOJIb M KOHEUHYIO JUCIEPCHIO, HAUTH KoddUitmeHTH 61,0 u O3
METOI0M HaMMEHBUIUX KBaApaTOB.

§25. METON MAKCMMAJILHOT'O IIPABIONONOBUA

Mycts X = (X1,X2,...,Xn) — cayuaitnas BeI6OpKa, OTBeYa-
oiaa ciy4daiHoil BeamumHe X C NJIOTHOCTBIO pacnpeneseHMA
f(z,0), rne 6 — nenssectHuit napamerp. Ilpeanonaraerca, uro
BUJ IJIOTHOCTU M3BeCTeH, a napamerp § HeussecteH. Hanpumep,
f(z,0) MoxeT BHITH MIOTHOCTBIO HOPMAJBLHOrO pacHpelelieHnA
C MaTeMaTHYeCKUM OxupaHueM f u aucnepcueit 1, 1. e.

1 _(p—g)?
}(z,B):Ee( 6)°/2,

3anaua COCTOUT B TOM, 4YTobml, 3Had BUJ IJIOTHOCTH, OLIEHWUTH
HeN3BeCTHHIA nmapamerp & rio HabaoaesmaMm X, Xo, ..., Xn.
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Onpenenenue 1. Syrknueil npasaomonobua s Ciy-
yaiiaeix Habmonenmit Xp, Xs,..., X, ¢ NIOTHOCTRIO pacrpeje-
nenun f(z,0) nasmbBaerca pyuxuma L(zy,Z2,...,2n,0) =
= f(zlae)f(x219) .. 'f(xﬂja)'

Ouenkoit mapameTpa #, MOCTPOEHHON METOOOM MaKCHMMAJNb -
HOTO npaa,qono,z(oﬁuﬂ no nabmonemmaM X, Xa,...,X,, Ha3ki-
BaeTcA oLeHKa Oy, (X ), onpenenseMas paBeHCTBOM

L(XI,X2,...,Xn,én(f))=maaxL(X1,X2,...,X,,,0). (25.1)

HanIMU croBaMu ®BTa ONEHKA oONpelessieTcda ClleayonmM
ob6pa3zoM. B KauecTBe IepBEIX 1 KOOPAWHAT (YHKUMU IIpaBHO-
mono6uA HyHO B3ATb ciaydaiinnie Habmonenud Xy, Xa, ..., Xy,
3aTem paccMoTpeTh pyHrtwmio L(Xy, X3, ..., Xy, 0) kak dyHkumio
ONHOI TepeMeHHol § ¥ ompenenuTh Takoe 3HaU€eHMe NtepeMeHHOoH
6 = 6,, npu KoTopoM oTa $YHKIMA NpUHUMAaeT MaKCUMAaJbHOE
3Hauenue. flcHo, YTo BeaMuMHA NepeMeHHol 0, 6yneT 3aBUCeTh
eme u or X. ®opMmaibHO BCe BTO 3a4aHO paBeHcTBOM (25.1).
Ilouemy MMeHHO Tak BEIGMpaeTca oueHka 6,7 Ieno B ToM, YTO
B CUIIy He3aBUcUMOCTH Habmonennit Xy, X, ..., X, Ux coBmect-
HafA [LIOTHOCTL PaBHA NMPOW3BENEHUIO IJIOTHOCTeH BeanmuwH X\,
KOTODhIe MMEIOT OIMHAKOBBIA BUA U paBHH f(z7,6). Taxum obpa-
3oM, dpyukuma L(&,0) n ecTe coBMecTHas MIOTHOCTb pacrpene-
JIeHUA caydaiiHoi BRIGOpKHU X. Nnsa Tex 3nauenuit Z, mua Koro-
PhIX IJIOTHOCTh L(:v f) Gosble, BEPOATHOCTD NOABJIEHUA 3HAUE-
HMiA BRIGOpKU X 8 mamoit OKPECTHOCTH £ B XOJ€ BKCIEPUMEHTA,
Toxke Gonbure. IloaToMy, eciiM Mul y:ke HabniomaeMm Kaxue-To
3HayeHuA BeswmuMH Xi, Xs,..., X, TO €CTeCTBEHHO NpearnoJo-
}KHTb, UTO M 3HAUYEHME IJIOTHOCTH B DTHUX TOYKaX, T. €. 3Haue-
nue L(X1, Xs,...,Xn,0), Romxkuo Gerth Benvko. [loaToMy MBI M
BRIGMpaeM OLEHKY é,,()?) AJNA UCTUHHOrO 3HaJUeHWUs IapaMeTpa
§ Tak, uyrob6mt L(Xi, Xa, ...,X,,,é,,()?)) 61110 HAMBONBLINMM BO3-
MOXXHEIM 3HaueHueM. Ecin dyuxuusa muddepenimpyema m no-
CTUraeT MaKCUMAJbHOIO 3HAYEHVSA B Kako#-HMGYIb TOuke, TO
NpOu3BOJHAA B BTOM TOouKe JOJDKHA OhITh paBHaA Hymo. TakuM
06pa3oM, AAA HaAXOXKIEHWH OLIEHKH én(j(' ) UMeeM ypaBHeHue

2 L(X,0)=0. (25.2)
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CunTaeM, 4YTO COBMeCTHAA IJIOTHOCTL L Hurae He obpainaercd

B HyJb, Toria ypasHenue (25.2) MoxkHo 3amucats %-:—OL = 0.

ITonb3ysick dopmysioft ANA NpoU3BoLHOI Jorapudma, mepenn-
3 -
LIEM ero claeayoimM obpasom: §§ln L(X,0) = 0. YunrbBan

onpenenenme L(X ,0) u coiicto norapudma In(ab) = Ina+Inb,
OKOHUATEJbHO MOIYYUM

=3 Inf(X1,0) = 0. (25.3)
=1

D To ypaBHeHUE, B KOTOPOM HEM3BECTHBLIM ABJIAETCA napaMeTp #,
Ha3blBAETCA yPABHEHMEM MAaKCMMAJLHOIO HOpaBIononobmi.
EciM y Hero cyumecTByeT eIMHCTBEHHOE pelnenue by, ()_(’ ), TO OHO
Ha3plBaeTes ONEHKOM MAKCMMAJIbHOIO NPaBAOHOINOGHA A
napamerpa 6.

3ameuvanue 1. Merox MakcMManbLHOIO IIPaBAONO N0 6UA MOXK-
HO IIPUMEHATL, KOTJa 0 = (61,...,0m) — MHOroMepHBI mapa-
meTp. PYHKUMA MAKCUMMAJbLHOrO NpaBronotobusa Gyaetr XocTu-
raTh MakKCMMyMa B TOH TOuke 5, B KOTOpOi BCEe YacTHBIE TPO-
uspoaukle no O, k = 1,2,...,m, paBum Hymo. [losTomy niasa
Haxoxxenus ouenky O, (X) = (B(X), 09 (X),. .., 0™ (X)) sme-
cro (25.2) uMeem cucTeMy ypaBHEHUH

ol —
mL(x,a“) =0, k=12,...,m.

CpolicTPa ONEHKM MAKCUMAaJbHOTO HpaBIOonoxo0us.

1) Ouenka MakcuMaJbLHOTO MpaBiaomoxobus én()? ) ABaAeTCA
cocToATEeNLHON onenkoit mapamerpa 4, T. e. 9,()?) — 0 o Be-
POATHOCTH MPU N — 0O,

2) Ouenka én()_(' ) ABAAETCA ACUMIITOTHYECKM HOpPMaJjbHOM
ouenKoi mapamerpa # ¢ mcnepcueir A? = I71(8), rre

[ege]

Py 2
Ii(8) = / (ﬁlnf(xﬁ)) f(z,0)dz,
-00
- nnbopMaLmoHHOe KomuecTBo Pullepa OTHOCHMTENBHO Napa-
metpa #, comepaiieeca B o AHoM Habmonenun. B cuny 3ameya-

nua 1 § 22 ouenxa 6, ()—f ) Byaer acumnroTudeckn sdpeKTuBHON
olleHKo¥ mapamerpa 6.
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CaoitctBa 1) u 2) cnipaBeR/IMBLEI PU ONpeAEIEHHBIX YCIOBM-
AiX HA MIOTHOCTh pacapeneneuus f(z,#). dokasaTeabcTBO aTUX
CBOMCTB BLIXOAMT 3a paMKU 2JIEMEHTAPHOrO Kypca MaTeMaTu-
YeCcKoil CTaTHCTHUKH.

Ipumep 1. Ilycts BriGopka Xi, Xs,..., X, oIBeyaeT nnor-
1 " (z - 6)? .
noctn pacnpenenenusa f(z,0) = \/T_wexp(—T). Haitnem

OlLlEHKY IJfl napaMeTpa f MeToJ0M MaKCUMaJjbHOTO NpaBaolo-
nobus. Ypasuenue (25.3) B aToM ciyyae UMeeT BUA

55 (252 (k) =

InddepeHnmpya Mox 3HAKOM CYMMEI, NOJIYYUM

n

Y (Xi-6)=o0.

=1

Py — 1
Pemennem sToro ypaBHenus asiadercd 0,(X) = = Y. Xi. Ta-
=1

KUM 06pa3oM, OLlEHKa MaKCHUMaJIbHOrO Npasrononobua ans 8,
koraa f(z,0) — MIOTHOCTH HOPMANBLHOTO PACHpENENEHUA, €CTh
BrIGOpOYHOE cpenHee. DTO €CTECTBEHHO, MOCKOJBKY 0§ ABNAeTCA
MaTeMaTUUECKUM OXKUIAHUEM IJIA HOPMAJbHOrO 3aKOHA.

IIpumep 2. IlycTth BRIGOpKa X1, Xs,...,X; oTBeuaeT noka-
3aTeNLHOMY pachpelelleHuIo ¢ napaMeTpoM 6~ 1,8 > 0, ¢ naoT-
HOCTBIO

1e-s16 >
f(z,6) = 3¢ , upuz20,
0, npu ¢ < 0.

Haiinem ouenky ana napaMerpa f MeTOAOM MAaKCHMMAJLHOrO
npasaononobua. YpasHenue (25.3) B pTOoM cayyae npeobpa-

3yeTcA K BURY
n

S(5-1)=0

1=1
5T 13
Otkyaa HaxomuMm pemenue 6,(X) = - 3" X1, koTopoe, Kak u B
=1

NpednlAylieM NpUMepe, eCTh BEIGOPDOYHOE CcpeHee.
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3ameuaame 2. MeToa MakcuMalibHOro mnpaBaonoaoGuUs B
MOJIHOY Mepe IPUMEHUM M IUJIA CIy4as, KOoraa X = (X1,...,Xn)
- caydaiiHas BhIGODKA, OTBeYaloMasa crydaiiHoi senuuuHe X,
[IpMHUMAaIONUIeld AUCKpeTHble 3HaueHuda T,k = 1,2,..., c Be-
poatHoctamu p(zk,0) = P(X; = z;). IIpeanonaraerca, uro
BUJ (yHKIMM W3BecTeH, a napamerp 6 HeusBecTeH. PyHK-
nusi OpaBronomobus JUIA AMCKPETHOM BeNUUMHEI MMEET BUKX
L(zy,z9,...,20,0) = p(z1,0)p(z2,0)...p(zn,0). Kak u B ciyuae
C MJIOTHOCTbHIO, OLIEHKA, MOCTPOEHHAA. METOIOM MAKCHMMAJbHO-
ro npaszgonono6us, onpefenserca papedcreoM (25.1). Do pa-
BEeHCTBO, ecyn ¢yHkruma p(z, ) ampdepenmmpyema mo 8, Baeder
YPaBHEHME MaKCHMMaJbHOTO Opasaononotma

a n
3 ;lnp(Xz,O) =0. (25.4)

Ecnu cymecrByer e TMHCTBEHHOE pelIeHue é,,()_(f), TO OHO HA3bl-
BaeTes ONEHKON MaKCUMAJIBLHOrO HpPaBIOononotusa s napa-
metpa 6. ’

IIpumep 3. Ilycts BmGopka X;,X,,...,X, oTBeuaer pac-
npenenenuro Ilyaccona c mapamerpom 6, T. e.

6" —¢
p(m,ﬂ):P(Xlzm):me , m=20,1,2,....
Hailtnem oueHky ana mapaMmerpa  MeTOROM MaKCUMaJbHOrO
npasaonono6ua. ¥ pasuenne (25.4) B eToM ciy4ae npespama-

eTCA B ClleAylollee

2

n
=53 (0 +Xi1In6 —In(X;})) = 0.
=1

Tocne muddepeHMpPOBAHMA ONLYUNM

1 LI
—n+alZX1=0.
=1

Orcrona mna napamerpa f HaXoJAMM OUEHKY MaKCUMaJbHOIO
- — 1 n

npasaonono6ua 6,(X) = = Y X1, koTopasd, Kak ¥ B Impelblay-
=1

meM npuMepe, ecTb BHGOPO‘-!HO& cpelnaHee.
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IIpumep 4. [Iycts BriGopka X, X2,...,X, oTBeuaer pas-
HOMEPHOMY paclpeneseHNIo, COCPeJOTOUeHHOMY Ha MHTepBaJje
eIMHUYHOM JJIMHLI C HEU3BECTHRIM HEHTpPOM f, T. e. pacunpene-
JIEHUIO C HIIOTHOCTBIO

f(2,0) = Tjp_1 g4 11(),

rae I4(z) — unaukaTop MHOKecTBa A, onpenesennnlii B m.1 § 12,
PagenctBo (25.1) npunumaer BUA

n n
[T, 164500 = max [ [ Ty g 64 1(X0). (25.5)
=1 =1

Xota mnorHocts f(z,0) He anddepenimpyema and Bcex 8, oueH-
Ky 0,, yIAOBIETBODIOWYIO (25.5), nalitnm moxkHo. fHcHo, uto
MaKCUMaJbLHOEe 3HaueHUe NpaBoi yactu B (25.5) pasHo enuuu-
Iie, ¥ BTO NPOMCXOIUT TOTMa, Korja MHTepBau [0 — 3,60 + 1] co-
ZAepHUT Bce 3navenua X1, Xa, ..., X, llycts X(1) < X(z) <<
X(n) — BapUAIWMOHHDIA PAX. ]/IHTepBa.n -3 9+ 1] 6yaet conep-

*KaTb Bce 3Havenud X, k= 1,2,...,n, ecau 0—5 < Xyv Xy <

6+ —;— Takux snauenuit § — uennit uurepsan |X(,)— %, Xay+ %] ,
¥ moboe U3 HUX MOXKET CILYKUTh OIEHKO) MaKCUMAaJLHOTO IIpaB-
nonoaobua. B kauecTBe 0HOTO M3 BO3MOKHBIX BO3bMeM 0, =
= %(X(n) + X(l)). OHO NEXWUT BHYTPM MHTEPBaJa, IIOCKOJb-
Ky PaBHOMEpHOE pacnpelesieHe COCPEeA0TOUYEHO Ha UHTEpBAJIe -
€IMHUYHON MuIKHBL, uTO BiedeT X,) — X(1) < 1, u

1 1
b — 5= X<1> + 3 (X — X)) - 3 < Xa,

1
bo 3 = Xy + 5 — 5 (Xm) = X) > X(ny.
CurenoBatensHo, 0, yaoBieTBopser (25.5), U e MOKHO CYNTATH
OHEHKOﬁ, nOCTpOCHHOﬁ METOJAO0M MAKCUMAJLHOI'O IIpaBA0II0 g0~

6ns.
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3A1AYN

3anaua 25.1. CTpaxoBas KOMIaHUA 3a T'0J [IPOM3Besa N BbI-
a2t 1o NopT{hesio oAHOTUMHBIX HOTOBOPOB CTPAaXOBAHUA, pa3-
MEep BBILIAT [0 KOTOPLIM UMEET paclpCieiieHne C HIOTHOCTHIO
f(z) = 0e7%% £ > 0. HaliTi OlieHKY MaKCUMAJBHOTO IPaBIoIio-
aoGust ams f.

3amauya 25.2. Ha 3aBole npousBOAAT UWIAPpUKM IJIA LIApU-
KOIlo UMIHMKOB. M3 mpoxykumy, npousBeieHHOI 3a 4ac, BeI-
6panu 20 wapukos. M3MmepeHne ux auamMeTpoB HaNo CleAylo-
wue pesyastatei: 5.05, 5.01, 5.25, 4.97. 4.99, 5.03, 4.97, 5.13,
5.02, 4.90, 5.01, 4.75, 4.95, 4.98, 5.05, 5.02, 4.88, 5.00, 5.04,
4.96 mm. [Ipu npeanono)keHrn, 4YTo AUAMETDP MMeeT HOPMAJb-
HOE pacripeAelieHre ¢ HEM3BECTHBIM CPEJIHUM U JgAcCIepcuei, mo-
CTPOUTH OLEHKY MaKCMMaJjibHOrO IpaBAONoA0BUA Mg STUX Ma-
pamMeTpos.

3anaua 25.3. Ilycrs Xi,Xs,..., X, He3aBUCHUMBI ¥ paBHO-
MepHO pacnpeleJieHsl Ha uHTepBade §, 0+ 1. IlokasaTs, uro Jyro-

Oasf TOUYKa MHTEpPBAJA [ max X;—1, min X,-] ABJAETCA OLEHKOM
1<ign 1<ign

MaKcUMaJbHOI'0 npapaononobua nia napamerpa 6.

§26. [IPOIEAYPA PEKYPPEHTHOI'O OLEHUBAHUSA

IIycTo kak B npeasraymieM naparpade mo ciay4yaiinoit Boibop-
ke X = (X1, X2,...,X,), orBedalolneit cnydaiHol seanuuse X
¢ M3BECTHBIM BUAOM ILIOTHOCTM pacnpenenenus f(z,8), Hyxho
OLICHUTb HEU3BECTHBIA napamerp §.

B GosnnmmHCcTBE Cllyyaes TOUHOE pellieHre ypaBHEHUA MAKCH-
MaJIbHOrO [paBaonofobus

=1

HaliTu He ynaetcs. [losToMy Oas Hero MIYT pa3AUYHble NPU-
GuKeHHbIe BoIpaxeHusl. OnuiieM OAUH MHTEPECHBIA MOAXOHA K
peuIeHuIo aToil npobeMbl. ‘

PaccmoTpum pelienns ypaBHenus (26.1) npu n v npu n+ 1,
T €. pacCMOTpUM 0, 1 én+1, YI0BJIETBOPSAIOLIYME PABEHCTBAM

n n+1
8 A 7 A
: a—olnf(X,,Gn):O, 2 b—élnf(Xl,{)nH)::O.
—1 - N
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Brelunraa u3 NpaBoro paBeHCTBa JieBOE€, NOJNYUYUM

5 R
58 In f(Xn+1 ) 0n)+

n+1 R . R
+Y (o f(X1,bnp) ~ 2 f(Xi1,0,)) =0, (26.2)
=1

Mockonsky oOlleHKa MaKCHMAaJLHOIO MpaBIONOA06usA ABAAETCA
COCTOATENBLHON olleHKoM nmapamerpa 6, T. e. 6, — 6 npu n — oo,
TO Pas’HOCTh B4y — G, cTpemutca k Hymo. IIpeamonox UM, 9To
y ¢ysxumm f(z,0) cyuiecTByeT HempephiBHag BTOPafd IPOM3-
BoaHasa o mapamerpy 6. Torma ¢yukuma g(f) = %ln(z,ﬂ)
npy J1060M GUKCUPOBAHHOM T 061afaeT HENPEDPLIBHON MpoU3-
BoaHOM mo 6, u, B cuyy olnpejAesieHUA TPOU3IBOXHON, TpuUpa-
IeH¥e aTol QYHKIMU MOMHO BHIPA3UTh cieAylomuM obpa3zoMm
9(0n41)—9(0,) =~ ¢’ (0,)(6n 41 —6,). Ucnonnsys sTo, npeobpasy-
eM (26.2) x Buny

n+1
E 5 — 9 5 N/A 5
a,;lnf(XnH,an)‘f’ IE W[nf(X;,Bn)(ﬂn.,.l —0n) =0
=1

R84
3 A 1 2] o
Onyr — O = T htt 52 — 37 In f(X,,+1,0,.). (263)
lgx mln]()ﬁ,on)
Bemvuman X, =1,2,...,n+ 1, He3aBUCUMBI M OAMHAKOBO pac-

npeneneHsl. J1na moboro gukcupoBanHoro # mo 3akoHy 6oJib-
mux yucen (§ 16)

n+1 2 )
; Z%slnf(xhﬁ)%E(f%lnf(Xl,ﬁ))=—Il(0), (26.4)
=1

n+1

rae I;{0) — mupopmanmontoe konnuectso Puimepa. Pasenctso
B npaBoit yactu cnenyer u3 (22.6).

IIpi HEKOTODBIX AOMOJHATENLHBIX YCIOBMAX MOXHO JOKa-
3aTh, YTO COOTHOlueHWe (26.4) BHIMONHAETCA PABHOMEPHO IO
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BCEM 0, ,llOCTa.TOblHO OAU3IKUM K 3aJaHHOMY 3Ha4YeHUl0, TOCKOJb-

Ky ¢yHKLAA 892 — f(z,0) HenpepusHa mo §. C yderoM aTOro0, CO-

oTHoureHue (26.3) BPKBUBAJIIEHTHO CJIEAYIONIEMY

A A 1
~

Opny1 — mao nf(Xn+1,9 )

3aMeHa NpuOAMKEHHOrO paBEeHCTBA B BTOM COOTHOLIEHUM HA
cTporoe MPUMBOIUT K CIEAyIONIe# mpomeaype peKyppPEeHTHOro
OIeHMBAaHMA HEU3BECTHOro Mapametpa 6:

Onyr =0n +m89 In f(Xni1,00), fo=c, (26.5)
Tle ¢ — IPOU3BOJBHAS ITOCTOAHHAA.

DTa npoluenypa 3aMedyaTesbHa TEM, YTO NPpUBIMKEHHOE 3HA-
yeHre A napamerpa § Ha n + 1 mare BHIpaXKaeTCs TOJbLKO
yepe3 NpubIMKeHHOE 3HaUEHWE Ha N-M LIare M 4yepe3 Habio-
aerne Xpy1. OTO M 03HAUAET, YTO OLEHMBAHUE PEKYDPEHTHOE.
Hpyn ompenesieHHBIX yCIOBUAX MOXKHO JOKa3aTh, YTO OLEHKA b,
HAYEM He XyKe OLEHKA MaKCUMAJBHOro IpaBaonoaobus b, mo-
CKOJIbKY OHa oBmazaeT Temm ke cBolictBamu 1) u 2). Cuernosa-
TENBLHO, OHA ABJAAETCA ACUMITOTUYECKM BHEeKTUBHON ouecHKOM
napametpa 8.

IIpumep 1. Ilycts, kak ¥ B npumepe 1 § 25,

6.0 = Jizexn(-55).

Torxa %f(z,@)/f(z‘,ﬂ) = z — 0. W3 npumepa 1 §22 cnenyer,
uro I1(8) = 1. CnenosarennHo, npoueaypa (26.5) ans storo
cllyyas UMeeT BUI

~ -~ 1 ~ ~
Ony1 =0 + m(X,H_l - 6n), 6y = c. (26.6)

VI3 5Toii nmpoueaypsl Jerko BLIYUCIATL ABHOE BHIpAKEHUE JJIIA
0,

~ ~ 1 e —
01:c+1(X1—c)=X1, HnZ;ZXI::Xn-
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CrenoBaTesibHO, B CIyyae HOPMaJbHOM INIOTHOCTH pacnpeelie-
‘HMA PEKypPEHTHaA OLEHKA MaTeMaTUUEeCKOTO OXKWAAHMUA COBIIa-
JAET C OLEHKOM MaKCMMAaJbLHOrO Npasionodo0nsa U COBNAJAET C
BHIGODOYHEIM CpeqHUM. DTO U He YAVBUTEJILHO, IOCKOJILKY NJIA
PTOM MIOTHOCTU BCE BhilleNpUBEeHHLIE IPUDIVIKEHHEIE paBeH-
CTBa NpeBpalllaloTCA B CTPOTHe PaBEHCTBA.

IIpumep 2. IIycts BriGopka X3, Xs,..., X, OoTBeuaeT NoOKa-
3aTeJbHOMY pacHpelelleHMio ¢ mapamerpoM -1 8 > 0, 1. e.
pacnpeeieHIo ¢ MIIOTHOCTHIO

Le==l°  mpuz >0,

f )= [’}
o(=) 0, upu z < 0.

Torna B%f(a:,G)/f(z,G) = 0% - —;— W3 npumepa 2 § 22 cnenyer,
uro I;(6) = 1/6%. Tipoueaypa (26.5) B eToM ciyuae uMeeT BUX

1 1 Xnt1 1 i
0n+1—0n+ (n+1)b%'( 5?‘ 5")1 00—0;

T. €. CHoBa nMeet BuA (26.6), u cHoBa bn =0, = X,.
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OTBETBI M PEIIEHUSA K 3AJAYAM
TEOPKSA BEPOSATHOCTEM

1.1. 5.4 =20.

1.2. C3, = 120.

1.3. A2, = 30-29 = 870.
1.4. C3C23 = 2520.
1.5. C3 — 2 = 26.

1.6. A2 = 20.
1.7. 6% = 7776.
1.8. (n!)2.

1.9. Yucaa 1, 2, 3 MOXHO pa3MeCTUThL TaK, YTOBHI OHU CTO-
ANU pANOM n — 2 cnocoBamMmu. YNOpAXOUMTE OCTaJbHEIE N — 3
mect MoxHO (n—3)! cnocobamu. Oreer (n—2)(n—13)! = (n-2)!.

1.10. 2+ 22 + 23 4+ 2% 4+ 25 = 62.

1.11. 323.10% = 327680000.

1.12. ITockonbKy uvicha He MOTYT HaUMHATLCA HYJEM, OTBET
cnenyoumit: AS)— A5=9-9.8.7.6-5=136080.

1.13. IIpusenem mBa pemenua aToit 3amauur. Uncao nionei,
Yy KoTophiX ecTh k Gennix 3y6os, pasro C%,, mockonbky nops-
nox 3y6oB He MMeeT 3HaueHuA. ClenoBaTebHO, BCEro JOAeH €
yueToM cBolictBa 1) mia 6MHOMMANLHEIX KoodduimenToB 6yaer

32
> ng =232 = 10241024 - 1024 - 4 = 4294967296.
k=0

- IIpyroe peureune. ConocTapuM Haauumio 6emoro 3y6a Ha Toif
UM uHOM mozmiuny cpeay 32 Bo3MOXKHEIX uuppy 1, yuepHomy —
dppy 0. Torna Bo3HMKaET IOJHOE COOTBETCTBUE MEXKAY 3yba-
MU ¢ 32 pa3pAAHBIMY ABOMYHBIMM uuciamu. ClenoBaTelbHO,
yycno aoneil 6yaeT coBnaJaTh C YKCJIOM 32 pa3pARHBIX IBO-
WYHLIX unces. VX umciio oueBnaHo pasHo 232,

1.14. U3 caoa KOJOKQOJI mammHHEIE CJIOBA MOXHO COCTa-
BJIATh clenylominM obpasom. CHayana, Hanpumep, Ha 7 CBoO-
6omubix 1A BYKB Mo3uMIMii MoxHO pa3mecTuTbh 6ykBmi O. Ta-
KX BO3MOXKHOCTeIi C?, Tak Kak 6ykBnl O He paszauuyalorcA.
Ha ocraBmmecsa 4 mosuumu MokHO pa3MectuTh 2 6yksm K C?

criocobamu. Byksnr JI 3aiiMyT asa nocieaHux Mecta. Taxum
7!
o6pasom, Bcero Moxuo coctaButh C3C2 = —— =5.6-7 =
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210 maumuHpIX cioB. W3 ciosa BOIOPO MoxkuO cocTaBUTh
c3ciCl = 31 = 27567 =420 Mammumex cirop.

1.15. MecTa MOxHO npouymeposath oT 1 no 14. Moxho Ha
HeYeTHLIe MECTa [I0CaAUTh KEHIIUH, & Ha YeTHble MY>X4MUH, 1 Ha-
oBopor. YKenmun MokHO pazmecTuth 1! crioco6amm, ¥ CTOIbKM-
MM e criocobaMy MOXXKHO pa3MeCTUTh My»»uuH. Bcero crioco6os
2(7T)2.

1.16. Konderst pacnonoxuMm B paAx. Mexny koudperamu 6y-
JaeT 8 npoMexyTKoB, B kKotophle C§ crnoco6aMu MOMKHO TMOMe-
CTUTL 4 pa3eNUTENbHREIX IEPEropOAKM 10 OAHONX B KaXKIAIU
NPOMEKYTOK. DTU MEPEropoaKH pa3leNfAioT Bce KOHPETHI Ha 5

rpyamn, KOTOpble COOTBETCTBYIOT § pa3inyHEIM nakeram. Cieno-
o 8!
BaTebLHO, HA MepPBRIA Bonpoc oTBeT caeayomuit Cg = — = 70.

14!
B cnyuae, xoraa nakerHl MOryT OHITH NMyCTHIMY, xofx&i)é'rm "
Neperopoakyd MOTYT pacHoaaraThbci B PAL B J0G0OM mopAaike,
B YaCTHOCTM HECKOJBLKO NEPErOPOJOK MOLYT CIEJOBaTh APYT
3a rpyroM. Bcero Takux Bosmoxuocteit Ciy, MOCKONBLKY Cpeiu
9 +4 = 13 nosummit 4 MoxxHo BEIEpaTh ANA neperopoiok. OTrer

13!

Ha, BTOpOH Bonpoc caenyroummit: Ciy =

2.1. A— B = AB ={uucno okanumpaercs uudpoit 5}.

2.2. A ={un onuoro GpaxoBaunoro usnemma}, B ={mébo ox-
HO GpaKoBaHHOe U3Zenue, 1M60 GPaKOBAHHBLIX HET}.

2.3, a) A=02,B =Q; 6) nurorza; 8B) A = B.

2.4. Her.

2.5. AB ={na onnol Koctu Bbinana 1, a Ha apyroit — 4},
AB ={ra oauoit xocTu BhImaJia 2, a Ha Apyro# — 3}.

2.8. ITo ¢popmyne 11) A+ B = AB - Bhnana HeueTHaA CyM-
Ma, ¥ HU HA OJHOUW KOCTH He BHINAJa WeEeCTepKa, T.e. Ha ONHOK
KOCTH BBINAJIO YETHOE UMCJIO OUKOB, OTJIMYHOE OT LIECTH, a Ha
IpYyro# — HEYETHOE YMCJIO OYKOB.

2.7. A— B = AB - onua kapTa Ty3 NUK u ApYyraf KapTa
Kool MacTy. "

2.8.a) [T A, b3 A

i=1 i=1

2.9. ABC ={o6a cnopTcMeHa NpPHLICHY M Aajblie 7 METPOB,
OpyYeM MY)KUUHA NPRICHYN JAajiblie XKEHUWMHB}, A — AB =
= AB ={keummna npeIrHyja dajblle 7 METPOB, a MY»XUMHa He
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nanbie xenmunn}, ABC ={06a cropTcMena npuwrHyn Aalb-
we 7 METPOB, HO MYXUMHA NPHITHYJ He JaJlbllle *KEHHMHE}.
2.10. a) ABC; 6) ABC; 8) ABC;r)A+B+C; 1) AB+AC +
BC; e) ABC+ ABC+ ABC; x) ABC+ ABC + ABC; 3) ABC;
n) ABC.

3.1. YUncno nomkHo oxkaHuyMBaThea uudpamu 0, 2, 4, 5, 6, 8

U3 recATH Bo3MOXkHEIX. [ToaTomy P = g—

3.2. Pasnuuaem ky6uxu. Torna npu 6pocanum aByx Ky6u-
KOB paBHOBO3MOHHI 6 - 6 = 36 map umcen. Cymmy oukoB,
KPATHYIO YETHIPpEM, COCTABIAIOT TPM HECOBMECTHBIX COBLITHA:

= {4 ouxa}, Ay = {8 ouxos}, Az = {12 ouxos}. CobmrHIO
Ay coome’rcmyro'r napnt umncen (1,3), (2,2), (3,1), npu arom

P(A;) = —. Cobririmio A cOOTBETCTBYIOT napm ancen (2,6),

(3,5), (4, 4) (5,3), (6,2), npu atom P(A;) = —. U, nakesen,
1

cobrurtuio Az coorsercrByer napa (6,6), npu aTom P(A3) = =
11

3
Toraa P(cymma KpaTHa YeThIpeM) = %ttt =1

C2 —-20 17 %
3.3. P=2__— —

cz, T 19°
3.4. P= %‘} = 0.3024.
3
3.5. P = g_fs - %__
3.6. P = 26; =2,
3.7. P = % = -1—16

3.8. Bripa3uM MCKOMYIO BEPOATHOCTD Yepe3 EEPOATHOCTE J0-
TOJIHUTENLHOro COBLITUA, KOTOPOE COCTOMT B TOM, UTO HE™ €apT
nukoBoit mactu. Torxa

_ cz, 27 - 26 39 3
P_I_C?s_l_ss-as l-%=%
c$ 1 32
39 P——-l C§52:1—5§-—3—3.
3 1
3.10. P({1, 1}+{1,2}+{2,1})—§5—§-
3.1, P = S50 = 25 0 602,

Cc2 354 R
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3.12. a) c2, 15, 6)
518, po b o1
3.13. P = 2720

1
3.14. OtBer 112%, no popmyne CTupavHra, npeobpadyerca K

12! V2712 8.683515 g
—— ” ~ 0. .
. BUAY 1om 81210 6162{54.7914 0.00005335
3.15. P=1- ==
c2, T 2
1
16. P= - = —.
3. P= 64 216
3.17. BepoATHOCTH TOro, YTO Npu n EpocaHnax xoTa Gul .o quH
pa3 BhINaJya IDeCTepKa, paBHa 1 MUHYC BEpOATHOCTH TOTO, YTO

OHa HM pa3y He BHIMaAeT NpH n GpocaHUAX, ¥ OYEBUAHO PaBHA
n

5
1- g
sﬂ
a) HyskHo HaifTM Takoe MMHMMAaJbHOE 7, 4TO 1 — = > 0.5.
Hecnoxuo moacumrats, uro n = 3.
6) MunmMmalbHOe n TaKoe, YTO 1— — > 0.9 pasno 13.
C C 4.3:.3:2. 3 4 4
3.18. P(2K, 2.I) = Ch, T 36.35-34-33 6545
-4 4.4.2:3.4 16
—_ 4 — —
P(3T,6) = T 86.35.34.33  58905°
27 3.27 81
3.19. P(2q) = = 35717 = 595"

3 20 P(ma.pu pa3uor‘o uBeTa) = P(BR) +P(BY) + P(KY) =
6-3  3.(10+5+6) _

=C2 +c ¢z, - 7.13 —E‘

C3, _32.31.30 _ 31-8 _ 248

3'21'P—C§8 T 36.35.34  21-17 357"
lof{or 144

3.22. P= Gz, = te1s

2 1 _1
323 P=1--—-—2= ETE
3.94 P_Ag_s765_105

8~ 8t 256

3.25. Ilpa 6ennbix mapa MoryT GLIThH Ha Jil0 60M U3 IIECTH MECT
B nopazke puieMky. Takux BoaMoxkrocTelt CZ. 3apesepBupoBaB
3a UepHBIM IIapoM mocieiHee MecTo, umeeM C? BoamoxHOCTel

ANA 6eJbIxX 1apoOB 3aHATH OABa N3 HEPBHIX IIATHA MECT. HOSTOMy

c: 4 2
OTBeTP—E 5= 3
4.2.3 2 3
326. P=1-—F—=1--=~=.
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2k = 1)(n — k)
n(n—-1)
328. P=1-4_7

63 9

3.27.

4.1. P=(a—-2r)?/a’, rnea=4,r=1,1. e P=22/16=1/4.
2r2 2

4.3. llannas 3ajaya ABJIAETCA YACTHBIM CJlydaeM 3aJauyl o

BcTpeye. Bpema 11 wacoB MOHO B3AThL 3a HauyaJlO OTCUETA.
1

Torma T =1, 7 = 7' Y COIJIACHO DeMIeHWIO 3aJauM 2 nmeem
1,2 7

le—ﬂ—ﬂ =

4.4. Kaxcnolt nape uncen oTseyaeT Touxa B KBaaparte [0, 1] x
[0,1] ¢ koopauHaTamu (z,y). Bce Touku KBaapaTa PaBHOBO3-
MoxHBl. CoBHITUAM, CBA3AHHEIM CO CAyJalfHuIM BEIGOPOM TOUKU
U3 KBaJApaTa, 0OTBEYaioT reoMerpuueckue BeposaTHocTH. Cobul-
Tuio {oaHO uKcao GoJiee UeM BABOE MeHLIIE APYroro} COOTBET-
cTByIOT ABa cayyas: 1) 2z <y, z € [0,1], y € [0,1]; 2) 2y < z,
z € [0,1], y € [0,1]. B nepBoM ciyyae — TO TOUYKM KBajpaTa,
Nexanme Buime NpaMo# ¥y = 2z, & BO BTOPOM — HIDKe NpAMOMN
y= %z. IInomwam cooTBETCTBYIOUIMX TPEYroJLHUKOB PaBHH 110
1 1

12
4.5. 910 3aaa4ya Ha reoMmeTpuueckue Bepoarsoctu. CobriTne

1
1/4. B pesyabTaTe uckoMad BEpPOATHOCTh paBHa P = Z+

1
{cymma umcen saknoueHa Mexay ZH 1} Moxmno npencTaBuTh
1
MHOMECTEOM < z+y < 1. D710 TOUKM, AEKANME MEXKAY ABYMA

1
UPAMBIMM Y = = —&, Y = 1—z. C yueTom Toro, UTo mapa wucesn

(z,y) pm€upaerca us keaapata [0, 1]x[0, 1}, umeem P = 1.1.3

2 8 8

4.6. P =1/4.

4.7. Nycts ¢ — mnuna orpeska [A, L], y - nauma orpeska
[A, M]. Torna ycnoeme 3anaum sanuinerca B Buje |y — z| < z.
10 Baeuer 0 < y < 2z, ¥, CNenOBATENBbHO, UCKOMAA BEPOAT-
HOCTbL paBHa

2 -2

3
_ s __ 9
P= m =1

4.8, IIe xpuBrle 4+ y =1 u 2y = ;- nepeceKaTCa B JABYX

. 1
TOUKaX. NoOpIAMHATH abcuyMce y HUAX cleaylomue: £ = 3152 =
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2/3
1 2d 1 2
O’raernaaﬂaqu._—+f -4+ im2
3y 9 39
4.9. O6o3HauuM uepe3s r, y U |-z —y navun orpeskos. Orpa-
nrvyenve 0 < 4y < I cnenyer u3 ycnosud 3anaun. Cnenyonme

OrpaHKUYeHuA BbITEKAIOT M3 CBOMCTBA TPEYrONbHMKA, YTO CYyM-

Ma mayx Jn10681X cTopoH Boabure Tpeteit: 0 < z < 2 0<y<

51
z 4y > -. B peayabTaTe UCKOMad BEPOATHOCTE PaBHa
. i ! 1
mes{x,y-0<-’ﬂ‘$5»0<y<§,x+y?5} 1
- mes{z,:0£2,0< 5,0z +y <} 1
H2
4.10. P=1-— E 1+ R
3
4.11. P= S‘f ~ 0.2113.

4.12. HpuﬁnMaeM 20 MUHYT ABWKeHUA KaTepa 3a €AVHULY
Anunnl. Torna
j
0

Bro peilleHUe HE ABAASTCA OUYCBUIHLIM.

mm
+
W
©l o

P=

wlw
wl'-'
OJI"‘

5.1. Idns konoxubl ¢ 52 KapTamMyl BRIYUCIHUM BEPOATHOCTH:

4 1 26 1 2 1
P(A)=—=—; P(B)=—==; P(AB)= == —.
()52 13’ ()52 2’ ()52 26
Ouesnauo, ytro P(AB) = P(A)P(B), u, crenoparensto, cobui-
Tua A 1 B zezaBucrmul. MHEIMU clloBaMM, cBeAeHUE O TOM, UTO
cobriTue B nmponsomno, He gaeT HUKako# mHopManmy o Bepo-

ATHOCTH cobbiTis A.
IOna kononr ¢ 54 KapTamMu VMeeM:
2 6 13

P(4)= &= =; P(B)=1

2
7 1= TAB)=g=gx

n P(AB) # P(A)P(B). CanenoBartenbHo, cobutusa A u B 3aBu-

cumer. Ipu eTom P(A|B) = PP(?:;) =1/
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5.2. Cobuitua AB; n AB; HecoBMecTHBI, TaK Kak By B = @
Torna.

P(A(31 + Bg)) = P(AB; + ABz) = P(ABl) + P(AB;) =

= P(A)P(By) + P(A)P(B:) = P(A)(P(B1) + P(B))
= P(A)P(B, + B,).

5.3. 3aBucumsl, mockoiabky P(A) = %,P(B) =1- 2% = g, a
P(4B) = 3(1-3) =3

5.4. CyMMy, paBHYI0 BOChMH, COCTABJAIOT CJleAYIOMNE Na PhI
wudp: (2,6), (3,5), (4,4), (5,3), (6,2). Torna P(3,5) = =

5.5. O6o3nauum coburtua A = {uernaa cymma}, B =
= {wecrepka xoTa Gul Ha onsom m3 AByX Ky6ukos}. Torna

{AB} = {(6,6), (6, 4) (6, 2) (2 6),(4,6)} u P(4B) = . Kpowe

TOrO, P(B) 1- ﬁ = 35+ B pesyabrate mmeem P(A|B)
P(4B) _
PBE) 1

5.6. BriHysM cpa3y TpM IIapa MJIN IIOOYEPENHO — OOHO M
Toxe. I[Tosromy
P(1-4 6.,2-% 6.,3-1 6.) =
= P(1-# 6.)P(2-#% 6.|1-% 6.)P(3-# 6.|1-% 6.,2-i 6.) =
-2 8 71T_T
T 10 9 8 10
3

1
5.7. P(T1Ty) = P(T1)P(T5|Ty) = 5 - §=5 %= oy
4

5.8. P(TIK) = P(T)P(K|T)P(I|TK) = —-53 5=

5.9. P(HOJIE) P(I1)P(O|I)P(JI|TIO)P(E[MIOJI) =

9 8 7 6 756"
5.10. Ilo dpopmyne cioxkeHns Bepommocreﬁ HECOBMECTHERIX

cobuITuit
P(wapur oxHoro nsera) =

= P(6enne) + P(uepunle) + P(kpacHune) =
5§ 10 11 8 8 6 186 ~ 0.323.

T 24242424 24 24 518
5.11. O6o3nauuM Mckomylo BepoaTHocTs P. [lonoxum A =

{nepBuiit caenan Gonbnre BLICTPENIOB, ueM BTopoit}, Ay ={mepsriit
CTPEJIOK IoNaJ IIpH epBoM BrcTpene}, By ={BTopoit cTpenok
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nonan Hp¥ [epBoM BhicTpene}. IlockoJBKY MOCHe ABYX BRICTDE-
J0oB, ecny oba MpoMaxXHyIMCh, BC€ HAUMHAETCA CHOBA, TO IMEEM
A = Ai(B: + B,A). CanenoBaresbHo,

P(4) = P(KI)(P(Bz) +P(B1)P(4)),

u P=0.8(03+0.7P)),1. e. p=2 o

5.12, Cobuitue A sABaseTcA npomsBeleHueM cobuTuit Ax =
{k-s nerans xauecrBennas}, k =1,2,...,5. Beruncaum Beposar-
HOCTb ¢ coburtua A = A1 A3 A3A4As — naptua npunsara. Oue-

95
BuzHo P(A;) = Tog» T@K Kak BCero zetanel 100, a kauecTBeH-
ueix 95. Hocne ocymectnienun cobritua A netaneit octanercs

99, cpeau KoTophx KayecTBeHHBIX 94, mosTomy P(Az]A1) = %.
AHanorano

92 91
P(AalA Ag) = — P(A4|A1A2A3) = 7, P(A5|A1A2A3A4) = S—)E

ITo obeit popmyne yMHOMKEHNA BEPOATHOCTENR HAXO0MUM

95 84 93 92 91
9= 150 99 98 o7 86~ 17

Hcxomas BepoaTHOCTh paBHa p = 1 — ¢~ 0.23.

6.1. IlepBuii 6pocuBLIIMiA MOHETY WI'POK BHIMIPhIBAET IIPHU
nepBoM 6poCKe ¢ BEPOATHOCTBIO % ITpu BTOpoM Gpocke OH BRI-
UrpbIBaeT, €CJIU NpU nepBoM 6poCKe y HEro U y BTOPOro Urpo-
Ka BRINAJO [0 pemeTke (BEPOATHOCTL BTOTO 41), a Ha BTOpPOM
6pocke y Hero BhinaJ rep6. B cuny HesaBHcuMmocTH coGHITHH
BePOATHOCTb BHIMIPaTh Ha BTOPOM Gpocke paBHa G—) . % Jler-
KO r}comn‘b, YTO BEPOATHOCTL BHIMI'DaTh Ha k-M Opocke paBHA

% . % CxnakpBasi 8TH BePOATHOCTH, NOJYUYHUM UCKOMYIO Be-
POATHOCTH:

1.1 1 1\21 1\* 1 11 2
p=3+53+(5) v+ (3) 2t =TIy

Ileppulit 6pocMBIMMIA MOHETY MI'DOK BHIMFPLIBAET C BEPOATHO-

CTBIO p = =, BTOpOil —¢g=1—p ==
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6.2. Penlenne nerko MOHATH U3 OTBETA JJIA BEPOATHOCTH Ha-
-nexuoctu npubopa: P = (py + (1 — p1)pp2)(ps + (1 — p3)ppa)-

6.3. BeposaTHocTb X0TA GBI 04HOrO HOMANAHUA B MUILIEHL PaB-
Ha eJMHUIE MUHYC BEPOATHOCThL BCeX Tpex npoMaxos. [lyctb p —
BEPOATHOCTb MOMAJAaHUsA, a ¢ — BEPOATHOCTh IpOMaXa NpU OX-
HoMm BricTpese. Toraa 0.875 = 1—¢2, n, cnenosarensno, ¢ = 0.5,
p=1-¢=0.5.

64.P=1-09-08-06=1-0.432=0.568.

6.5. O6o3naunm A; ={nonanauue [-it 6om6u}. Toraa

P(moct paspymen)=P(A; AsAs+ A1 AzAs+ A1 A2 Az + A1 Az A3)

= P(Zl YP(A2)P(A3) + P(A1)P(22)P(A3)+
+P(A1)P(A2)P(A3) + P(A;)P(A2)P(A3) =
=0.9-0.3-04+4+0.1-0.7-0.44+0.1-0.3-0.6+0.1-0.3-0.4=0.166.

6.6. P = pi(p2 + p3 ~ papa)pa(l — ps) + ps.
6.7. P = (pip2 + ps — p1p2ps)(pa + ps — paps)(1 — ps) + ps-

5\31 53 125 1
8 PZ(-—) -_-= —= — A —.
6. 6/ 6 6% 129 10

6.9. P = 2m1| - mo_ 1 _ 1
rnz— 1 pp=q=1/2 mz_:( ) ( _%) 3

7.1. O6o3naunm B; ={nepenoxunu 6eamit}, Y; ={nepenoxu-
av yepunit}, Y ={BrmyTs yepnrnlii wap}. Ilo ¢opmyne monuoit
BEPOATHOCTH

P(4) = P(B1)P(Y|B;) + P(4)P(Y|Y;) =

_» 8 8.7 _38 10_38
- 10+ 1010 11 1
7.2. O6o3nauum B; ={nepsuit 6enuii}, Y; ={mepsuit uep-
uuii}, A ={cneayomuit 3a mepsum — Genniii}. Ilo dopmyne
Baiteca

P(B1)P(A[B,) wE
P(Bi|4) = P(51)P(A[B1) + P(41)P(A[9;) =2+ =-2
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7.3. O6o3naunm K ={sri6pamu ky6ux}, II ={Bri6panm nupa-
muzaxy}, A ={spnana wuppa 4}. Ilo popmyne Balieca

P(K)P(AIK) _
P(K)P(A[K) + P(IP(A|) — %.

N .
[T Ll b
I}

P(K|4) = n

8 1 .
7.4, llo dopmyane noanoit BepoaTHocT! P = TR + o= o
7.5. Ilo popmyne nonuoil BepoaTHOCTH

P(B) = P(BB)P(B|BB) + P(BH)P(B|BH) + P(HH)P(B|HH) =
_Ch 2,483 OB 4 _ 2 (43, 0. 87, 1
=G ot e ot ™ T el st =5

7.6. I1Io dpopmyse monHOH BEPOATHOCTH

P(B,) = P(B,)P(B;|B) + P(H,)P(B; |H,) =

5 4 7 5 5 11 5
N

T12 11 12 11 11 12 12
7.7. Ilo dpopmyane Baiteca

_ P(B;)P(B;|B;)
P(B,[B;) = P(B1)P(B2[B1) + P(H,)P(Ba[H1)

5 4
_ 12 " 11 4 _ 4
- 5 4 7 5
3
7.8. P(rpy3oBas Maun/ma.) = ;7-.
1 1 1,1 1 5
79.p=2.1,121, 1 1 1 11 =23
P 3 2 + 3(3 )+ 2 12

7.10. Hauano pememm auanor‘wmo pemenumio 3anaum 2 (§ 7).
O6Goznauum A ={B kabane mBe nymm}, Hiyo ={monan nepsmui,
nonas BTOpoW, He momaJ Tperuit} u 1. 4. B cuiy Hesasucumo-
cru P(Hy10) = 0.8-0.4-0.8 = 0.256, P(H,0) = 0.8:0.6-0.2 = 0.096,

P(Hgp11) =0.2.04-0.2=0.016. IIo q)opmyne Baiteca P(Hyj0|A) =
0.016 1

0.256 16 0.096
~ 0.368 23’ P(fi01|4) = 0.368 23»P(H011|A) 0368  23°

TakrM 06pa3oM, IEPBOMY U BTOPOMY BMECTE HYXKHO OTIATH 16
noJieit u3 23, nepBoMy U TpeTbeMy BMecTe — 6 nmoueii, a BTopo-
My U TpeTbeMy BmecTe — 1 nomo. Mexay coboil oHM HOJKHH
AENNTH NOMNOoJaM, TOCKOJILKY, eCiM 06a IONanu, To HE3aBUCUMO
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oT BCPOHTHOCTeﬁ NnonaJlaHvfA MX BKJaX oavHakoB. OKoHYaTeNL-

HO MMeEeM, YTO NEepBOMY HYXHO OTIATh E ! + 6 ! = 22
! P y Ry 23 2 23 2 46

16 1 1 1 17
JAonu MoObIYM, BTOPOMY — —— * = + — + = = —, a TPEThbEMY —

23 2 23 2 46’
6 1 1 1 7

23 2" 23 2 a6

63
81 a-) P PIQ(S)—szm —_— E;
957
6) P=Pio(3,8) = 1 — (14 Clo+ Cly+ Gl +1) = o0

8.2. Mockonbky Py4(2,4) = %% > 186 P5(3,5), 1o BepoATHee

BLIrpaTh Goubmie OZHOH NApPTUY U3 UeThIpex.
8:10+2-1 _ 41
83P—_Ca()+m 5() BRI

25 1025 ~ 160" 16 2
8.4. P= C2() C3() TR

8.5. Tpu JaMmLl ropAT ¢ BepoATHOCThIo P = C5 - (10) i
4.8%.2

= 0.4096. HanBeposTHeliiree UKCIIO JEXKAT B peeiax
ot 3.2—- 0.2 no 3.2+ 0.8. CnenosarenbHo, unces A8a: 3 U 4.

8.6. BepoAaTHOCTb COBBITHA, UTO IIPU OAHOM BpocaHUM HE Bhl-
najgeT YeTBEePKHU, PaBHA p = %. ITo ¢popmyne BepHynau Bepo-
ATHOCTbL TOr0, YUTO BTO COBHITHE HACTYNUT 4 pa3a NpM YeThIpex
6pocaHMAX MeeT BUI:

3\4 3\4 a1
P-ci(3)'~ (- &
Cy 4 4 256
8.7. BeposATHOCTb He MeHee TpeX NOMaAaHWii MPU NATH BhI-
cTpenax onpenenderca Gopmyioi

AP Qa5 o 0
53 _ 53
2.4+ 7 512°

S(0+15+1) =

8.8. Eqummna BoinazeT He GoJiee Tpex pa3 ¢ BEpOSATHOCTLIO

p=at(2) @) +ei() )+ ()’ -
_3'+4.3846.3 _ 243
256 256"
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Ipyroit noxcuyer aTolf BEpOATHOCTH MPOMU3BOANTICA Mo hopMmyne

3 4
—1-c3(1Y3_ 4(1) 112 _1_, 183 243
p=1 04(4) 4 Ca 1 =1 TR =1 256 256"

3
8.9. Mcxomas BepoaTHocTh paBHa P = Y P{V(k)P{’ (k) =
k=0

e wERC

1000000(123+9 42 - 122 4+ 9 - 42% .12 4 423) = 0.32076.

8.10 BeposarHocTh Toro, uro usgenmne 6pakoBanHoe p = 0.01.
Torna P(cpeau n xors 66 oxHO GpakKoBaHHOE) =
=1— P(cpemn n ner GpakoBanHux) = 1 — (1 —0.01)" > 0.95.

In(0.05) __
2 1n(0.99) ~ 298.073. Cne-

JIOBATENbHO, HAMMEHbIINIA 065EM JOIDKEH COCTOATH M3 299 W3-
i Ghi%¢ 8

8.11. O6o3naunmm A, = {npu n BEICTpEeNaX CTPENOK NONakAET
B HeJb XoTA 6bl oauu pa3}. Torza P(A,,) =1-(06)" > 0.9.

Cuaenoparensto, nln(0.6) < In(0.1), u n > 105?3 3 = 4.5. Heo6-
XOZMMO MPOM3BECTY He MeHee AT BHICTPEJIOB.

8.12. P(xoTa Gul oxHa mecTepka npu 6 6pocaHuAx) =

Pemraa sTo HepaBEHCTBO, NOJYYUM N >

516 15625
=1- (5) =1— r ®1-0.3349 = 0.6651.

P(ne MeHee nByxX mectepok npu 12 Gpocanusx) =

=1- (%)12 -12. % . (f—;)11 =1- 176'12“ ~ 0.6187.

P(He meHee Tpex mecrepok npu 18 Gpocannax) =

5\18 1 /5 1 45 516(25 4+ 90 + 153
=1-() 185 () -1 5 (9) 0= 1- TR s

~ 1—-0.4027 = 0.5973.

CleoBaTelIbHO, MMAHCH yBHIBAIOT.
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9.1. ITockonbKy BepOATHOCTL He NPOPACTH JMJIA CEMEHM
0o6paTHO TPONOPUMOHANBHA KOJIUYECTBY HOCEAHHKIX CEMAH, TO
npumenuMm ¢opmyny IlyaccoHa c¢ mapamerpom A = 10000 -
0.0003 = 3. B peaynbTaTe mojaydum

30 _ -
P10000(0) = e 3=¢3.
9.2. Ilpumenum ¢popmyny Ilyacconwa ¢ A = 200 -0.03 = 6.

Torna

0
P(uucno npepuiBanmii < 2) ~ %e‘s +

6 6,6 _6_or—6
e + e = 25e~°.
9.3. Prl—e8—8e8 — 62—“e—8 =1—41e=8 2 0.986.

- 32 _315
94. Pne3(3+5) =2 ~0.373.

9.5. BeposTHoCTh BhINageHUd mecTepry p = =. Bocnoanay-

5 20
emca popmynoit 9.8. Umeem g=1—-p = 5 P = o /Npq = -
EcTecTBeHHO BBLIGMPATH T'DAHUIBI, CUMMETPUYHbIE OTHOCUTEb-
HO CpeJHero np, T. €. m; = np—m, Mg = np + m, rae m —

HEU3IBECTHO W ero Hy»Ho onpexenuTh. CoriacHo popmyne 9.8

OO | M=
cl

0.9973 = Pa(np—m, np+m) ~ 3 (8( ) -0 (- 2= )) = o (52).

N4 T] NZT
6
W3 rabamum nna ¢yskuuw Jlamnaca monydaem 2—73 = 3 uam

80 2 8C 2
m = 10. CnenoBaTeasHo, m; = -5-—10 = 35, mg = -6—+10 = 235,
y, 35auut, npu 80 6pocaHUAX MecTepKa BHIAZAET C BEPOATHO-
¢Thio, 6auskolt x 0.9973 B npexenax ot 4 no 23 paa.

9.6. Bocnonmsayemca gpopmynoit 9.8. meem p = 3/4,9 = 1/4,

vnpg = 1/768- % . % =12, np =768 % = §76. Torma
__ 564 -576 600 — 576

an =250 = 1, =

12 = 2, N MCKOMaA BEPOATHOCTH

P & 2(®(2) + ®(1)) ~ 5(0.9545 + 0.6827) = 0.8186.

9.7. NMockoapky uucao 7H CPaBHMMO 1O HNOPANKY C UYUCIOM
300, 1o npumenum dopmyay 9.7. CorsacHo »Toil Gopmye, ume-

em Pyoo(75) ~ —=4(0) ~ 0.053.
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9.8. P(ue 6once Tpex pasbutvix) me (1 + 1+ % + %) =

= §e~1 ~ 0.981.

9.9. Mpumennm dopmyny 9.8. Umeem n = 22500, A ={oTBeT

HeuckpeHunit}, p=P(A)=0.2,¢g=1-—p= 0.8, my = 4380, my =
—22500-0.2

4560. Toraa /Apg = V22500-0.2 - 0.8 = 60, a, = 2= 22200:02 _

60
4620 — 22500 0.2
~75, b, = — = 2. Teneps BBIYUCINM VICKOMYIO Be-
POATHOCTD

Paaso0(0,4620) » 7 (®(2) — &(~75)) ~ 5(2(2) +1) ~ 0.9773.

9.10. pumennm unrerpanbHyo TeopemMy Myaspa-Jlaniaca.

B naunoit 3agaue n = 400,p = ¢ = %, /7P = 1/400 - % . -;- = 10.

Torna

P(uncso Bomancnuit repGa > 180) ~ %(1 - Q(_lsol—o20__0)) =

= (1 +(2)) ~ 0.9773.

9.11. llpyMenyM MHTErpaibHYI0 TeopeMy Myaspa—Jlanaaca.

B nausoi sagmaue n = 500,p = %,q: g-, N TS ,/500-%-%:

50
=5 Torna

P(wecrepka BoimageT < 90) = %(Q(% - 10) - <I>(—10)) =

= 5(®(0.8) + 1) ~ 0.788145,

9.12. P~ %(¢(14880—14400) _ <I>(14150_ 14400))

240 240
= %(@(2) + ®(1)) ~ %(0.6827 + 0.9545) = 0.8186.

9.13. lIpumenum nokanwbuyio Teopemy Myaspa—Jlannaca. B
HaHuoi 3axauve n = 100, p = 0.2, ¢ = 0.8. Toraa

76(—1.25) = £4(1.25) ~ 0.04566.

1 15~ 20
P ( )
\/100-0.2-0.845 4
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9.14. CtpaxoBafa KOMNaHWA CODMpPAET CO BCEX JOMOB CyM-
MapHuii B3Hoc 300000 py6ueit. IlosToMy, ecau 3a ron Cropat
GoJsiee ueM 3 noMa, TO KOMIAHUA MOHeceT yORITKN. IlpuMeHHM
Teopemy Ilyaccona ¢ napamerpoM A = 1000-0.002 = 2. Toraa

P(cropst Goyee yem 3 oMa) A5

20 _ 21 _ 22 _ 28 _
Al-e 22 2 Z 2o
o! 1! 2! 3t

—q1_19 2
=1 3¢ ~ (0.358.

10.1. 3aKOH pacupeAeneHua UMEET BUI

X 0 1 2
60 25 2
P 7 | & &

10.2. 3akoH pacrpeneleHUA UMeeT BUX

X 0 1 2 3
P 8 96 & 512
1000 1000 1000 1000
10.3.
0, npn  z < 3,
T, Y
F(z) = f7Tydy=1—(71:), mpu 3< <7,
3
1, npu 7<z.
32 7
PRKX<)=F@)-F@2)=1-1-=.
10.4.
0 npu z < 2,
Fz)=<( (z-2)? mpu 2<z<3,
1 npu 3<z.

P(25< X <3.5)= F(3.5)~ F(25)=1-(05)? =075 = 2.
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1, npu z £ 0,
10.5. a) F(z) = —;—(1 —cosz), mpulO<z <,
0, npu 7T < .

b) P(0 < X < 3)=F(5) — F(0) = 5(L - cos ) ~ 0.146.

10.6.
0 npu z < -3,
1 1 .
F(z) = §+;arcsm§ npu -3« <3,
1 npu 3 < .

P@5<X<@:Fam—m®=§
10.7. 3akoH pacnpeleneHUA UMeeT BUL

Y 0 0.5 1
P 4 3 L
10 10 10

10.8. Bemuurna Y = e~ X, nockoanky X HeoTpHlaTesbHa,
npuHUMaeT 3HayeHudA B uHTepBade [0,1]. Ina 0Ky <1

Pl
Fy(y) = P(e_x < y) =P(X > ~lny) = / e Ydv =y.
Iny

CaenoBaTenbHo, BenuurHa Y paBHOMepHO paclpedejieHa Ha
npomexytke [0,1].

10.9. Hockoabky ¥ = X2, to Fy(y) = 0 npu y < 0, a npwm
y > 0 umeem Fy(y) = P(X2 < y) = P(-/T < X < SY) =
= Fx(\/¥) — Fx(—/y). Iudpdepenumpysa eTo paBeHCTBO MO Y,
nonyunm Fy(y) = ;WF)’((\/E) + %Fk(—\/ﬂ) Orciona B cury

BTOporo cBoiicTBa MIoTHocTH pacupenenenunsa (§10) cuaenyer,
uto npu y > 0

Fr®) = 55 (Ux (~vi) + fx(VB)),
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u fy(y) =0 mpm y < 0:
10.10. 3akou pacnpeneseHus UMeeT BUL

X 0 1 2 3 4
p | ® | @& [ @ [ E | L
81 81 81 81 81
101l e=3, P(X>1)=1.
1012.a=_, PELX<4)=_.
10.13. Ilpumensaa popmyay (10.6) ana g(z) = /z, nonyunm
3
vx\ =
0, y<0, V2<uy.
10.14. Tlpumensa ¢opmyay (10.6), noayunm

3
'8'(3/—1)2’ 1$y<3,

Iy (y) ={ 0. y<i,

3<y.

11.1. CoBMecTHHI 3aKOH pacHpenesieHNA UMeEeT BUI

xy) | 65 | 652 | @5 [ (22
. 28 24 24 15
P o1 o1 o 5

11.2. CoBMeCTHRI 32KOH paclpelesieHUA MMeeT BUX

(x,Y) | (0,00 | (0,1) | (0 | (1,1)
14 8 8 3
P ) 3 = =

11.3. Oycts p; j = P((X,Y) = (4,4)), rae i =0,1,2,5=0,1,2.
O6o3naunm ) = 1— @) — BEpOATHOCTbL IPOMaXxa MEPBLIM CTpeJ-
KoM, ff2 = 1—ay — BropuiM. Toraa B cCMNly HE3ABMCHMOCTY BEJM-
yud X 1 Y, ¥ BBUAY TOro, UTO BLICTPEJIHI He 3aBUCAT APYr OT
apyra, poo = BiP3, po1 = 2BiaaBa, po2 = PRal, p1o = 2016162,
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Py = danPrasfz, pra = 2015163, pao = oiBZ, po1 = 20ty
P22 = a?ai,

11.4. MMapa Beauvuus (X,Y) 3nauenue (0,0) Hukoraa He npu-
uumact. 3uauenve (1,0) oHa npunuMaer, ecsu 1a o6enx KOCTAX
HEeUuCTHBIC Yucjaa, BepoaTnocTs aroro 1/4. 3uauenue (1,1) ona
NpUHUMAET, CCIU [1a 06erX KOCTAX UCTHBIC YUCJIa, BEPOATHOCTD
aroro 1/4. N nakonen snauenne (0,1) oHa npunumaeTt, eciau Ha
OHOM KOCTM UYeTHOe UMCIHO, a Ha JIpyroi Heuethoe. Beposr-
HOCTb Takoro cobuitua 1/2.

11.5. MnotHocTh onpenensiercs no csoiicty 2): f(z,y) =

%;—yF(z‘,y) = 41n21n 3zy2‘za3"y2. JlnA BBIUMCIEHUST MCKOMOM

BepostTHocTy npumermm gopmyny (11.2). B peaynsTare mony-
M

2 2
P X<K20<Y )= 21n2fz2-x’dz 2In3 /y3'”2dy =
1 1
=(27'-27(1-3"") =7/24.

11.6. f(z,y) = abe~ 27t

11.7. lycte Z = max{X,Y}. Toraa Fz(z) = Fx(2)Ffy(z).

11.8. Mycre Z = min{X,Y}. Toraa Fz(z) =
=1- (1 - Fx(:c))(l - Fy(:l:)).

11.9. Nonn3ysco onpenelicHNEM COBMECTHOM MIOTHOCTH pac-
npejeneins, BLIUMCIIMM COBMECTHYIO QYHKUMIO PaCHpeNeeHns.
ODpu 0 <z <n/2, 0y n/2

zy
F(z,y)= / / -;-sin(u + v)dudv = %(sin z + siny — sin(z + y)).
00

Dpn 0Lz <n/2, =/2<Ly

F 3 1r/2
F(z,y) = / / %sin(u + v)dudv = %(sinx + 1 —sin{z + -72:))
0 0

TMpu /2 <z, 0<y< /2 avanoruuno

F(z,y) = 5(siny + 1 - sin(y + 3)).
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IIpn z < 0 wau y < 0 nmeem F(z,y) = 0.
12,1 E(X) = (1+2+3+4+5+6) =
D(X) = E(X*) - E*(X) =

12.2. E(X) = 1.5, D(X) = 0.15.

12.3. E(X) = 4,D(X) =
12.4. EX_—— DX—11

64

9

Nlﬂ

1 49 35
s(L+4+9+16+25+36) - 2 = .

12.5. IIyctb X1 — OYKHM, BHINABLIME Ha KeToHe, X2 — Ha Ky-
6uke. Torma X = X3 + Xz, M 3aKOH PAacCIpenescHUA MMEET BUA

X 1 2 3 4 5
P | L | | L |1 |1
6 6 3 6 6

MCHOJ‘IBByH CBOMCTBa MaTEMATUYECKOr0 OXKWAAHMA U AVICHe-

pcuy, noayuum E(X) = E(Xl) + E(Xz) =1+ 2 = 3,D(X)
+ 1. l

12.6. Mlycts X; — quu Bbmaaume Ha om-mM etoHe, X
Ha npyrom. Torza X = X1 + X2 n E(X) = E(X;) + E(X3)

=D(X1)+D(Xz)=1-3+1-

+1

3.

=4+3=7,D(X)=D(X1)+D(X2)=1+4=5.
12.7. 3akoH pacnpene/ieHUsl UMEET BUL
X 0 1 2 3
8 12 6 1
Plwl|lw | o | =

MartemaTuyeckoe oxuUAaHMe M mucnepcud paBHul E(X) =

D(X) = 2
12.8.

[N

23

7 1 1
=_(5-4-10—§-4(49+21+9))_45.
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12.9.

2
1 2 22|12 8-1 4-1 1§
EX:/dx—?M:(?_ZQ|=_____*:_
1

rt 3

DX =(3-%)

2 192 15 7 19 62 192 _ 11

1 122 4 6 122 24 127 144°

12.10. VUcnoas3yem pentenue 3anaun 11.2 u cBoiicTna Bepo-
ATHOCTel p;; u3 § 11. Bakon pacnpeienenus senuuussl X cie-

aywouwit: P(X =0) = %,P(X =1)= % 3aKoH paclpeaeeHUsA
Benuunssl Y Takoit ke, Torna E(X) = %, D(X) = g, E(XY) =
E(XY)-E2(X) _ 1

D(X) T
12.11. 3akous! pacnpeleieHus Beauuud X U Y ¥MeloT BUA:

1
= B pesyabtate noayumm r(X,Y) =

P(X=0)=3P(X=1)=:uPY=0=,;PY=1)=":
1 1 3 3 1
B pesynbrare nonyuum r(X,Y) = E(ij))(_x]?gig):(}’) = —%.

12.12. Ucnoapayem pemwrenue 3agauu 11.1 u csoifcTBa Be-
poaTHocTeil p;; u3 §11. 3akoH pacnpeleneHMA BeNWUUHBI X

caenyrommti: P(X = 2) = -:;-,P(X = 5§) = ;—. 3akoH pacmpe-

26
HeNeHna BenuuuHul Y Takoit xe. Torma E(X) = = D(X)
108 1240

= 5 E(XY) = - B pesynbrate moayumm r7(X,Y) =
_E(XY)-EXX) _ 1
D(X) Rt

12.13. MareMaTudeckoe o’KUOaHue CaydaiiHo BemuuuHbl X
paBHO

wf2x/2
E(X) = % / /zsin(z + y)dzdy
/2
= % / z(cosz — cos(z + 7/2))dz = % = 0.785

0
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Incnepcusa cnyyaiivoit Beanunnun X paBHA

x[2x/2
2
D(X) = % / / 2gin(z + y)dzdy - — =
0 o
x/2 " "
=1 [z - S AT
=3 / (cosz — cos(z + 7/2))de — = = 1=+ 5 — 2~ 0.188

0

M3 cuMMeTpuM NJIOTHOCTM BEPOATHOCTHM OTHOCHTENLHO T U Y
caenyer, yro E(Y) = E(X), D(Y) = D(X). Ucnoan3ys nepsoe
CHOWCTBO KOBapualMM, I10JIyYUM

xf2x/2
2
cov(X,Y) = %— / j zysin(z + y)dzdy — ';’_6 —
0 0
x/2
! T : 7 _r 2
o 5/z(cosz+(;-—l)smz)dm—-i—6-_ 3~E_1'

0

Taxkum o6pa3oM, KobdPULMEHT KOPPEAALUNYM PaBeH

cov(X,¥) 7z -5 -1 0.046
D(x) ~— =, =m_ TR 0.245.

r(X,Y)=

13.1. ¥(z) = 15(2 + 22+ 22+ 24+ 25 4 25).

13.2. 1) Hockoabky 1(1 - lz)'1 = %+ %z+ §-22+ .1., TO BTO
cooTBeTCTBYET AACKpeTHOMY pacipensnenmo

P(X = k)= i, k=0,1,2,.

-1) — - (34\)"2"
2) Hockoapky e3A(3=1) = =3 kgoT’
P(X = k)= ‘3*) e k=0,1,2,....

n
3) Mockomnbky (5 + gz)" = kZoC,’f(g)k(%)"-kz", o P(X =k) =

=CH(3) (3" k=0,1,..,n, u P(X = k) =0 npu k > n.
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1 ; 1 1
3.3. 1) Umeem cos?t = -e'(~2) 4 ~ 4 "2 cnenosaTeanno
4 2 4 ! i

0, =< -2

%, -2<z<0;
F(z)= 3

1 0<.’E<2;

1, 2<ue.

2) Hmeem %(cost + cos2t) = %e—“ + ;—e“ + %g""‘” + i—e"?'. Bro -
,mdcxpe'moe pa.cnpenenerme €O CKaykKaMn % B TouKax +1,32.
3) Umeem 2 st3 ! cos3t = 2 + Ge_‘s‘ 4+ = e‘a‘, Cile0BATENbHO,
P(X = 0) = 5,P(x = _4:3) .

13.4.0940*}10 3anMcaTh

o0
$2)= 3 FP(X+1=k+1)=-3 P(X+1=1).
k=0 =1
HUcnonb3ysa 8To paBeHCTBO U TOT PakT, yto X — HEOTPULATENb-
Hasf BeJINUMHA, TOJYyUYUM OTBET Ha NepBhlA Bolpoc:

Yxy1(z) = go ZP(X +1=D=P(X +1=0)+ 2¢(2) = z9(2).

OTBer Ha BTOPO BONPOC C YyUETOM HEOTPULATENBLHOCTU U lie-
JoyMcieHHocT X CHenyIommii:

bax(z) = ,i AP(2X =1) = 20 2P(2X = 2k) = 9(22).

13.5. o(t) = 2;L:(l - cos%) nput#0, p(t)=1nput=0.
13.6. 1) 0, a?/3; 2) 0, 7/6 3)1,7/6.
13.7. tp(t)—e"( 12)

i k!, npn Ic YETHOM,
13.8. B(X*) =
0, npu k HeueTHOM.

13.9. o onpeneneanio xapaKTepHCTUUECKON GyHKLMN

oo [ 0
o=} [ e=tlas=] / ibeds i 3 [ eliorzgs =
-~ 00 0 —00

~1( 1 1 )_ 1
T 2\1—dt 144t/ 1427
t/2h

1310 (1) = 1+~ (S0~ L[ edu).
0



234 OTBETbLI 1 PELLEHUNA K 3AAAYAM

14.1. IIo ¢popmyse 14.3

P(30 < X < 80) = %(@(8%") - (3:’/4‘7‘(‘)")) =

= 2(®(2) + 9(3)) ~ 5(0.9545 + 0.3829) = 0.6687.

52 11 .
14.2, Monoxum p = 1 — & = 35 ~ BEPOATHOCTL NOABIEHMA
xoTsl 6u1 oxHoul uiectepku. IllecTepka BHepBEIE BRINAAET MpPH

k-oMm Gpocauyu c BEepOATHOCTHIO, 3a4aBAEMOIl reOMETPUUECKUM

2 L E2k—2
pacnpenenesueM P = (2—2)"_1;—2 = %__,k =1,2,....
14.3.
1, 1gy,
PY<y)=4q " 0<y<],
0, w¥<0
1, 1<z,
P(Z<2)=¢1-(1-2)", 0<z<K1,
0, 2<0.
_ a2
14.4. Tlockonsky E(X) = a:b =4,D(X) = ¢ 1;) =3, To

a =1 u b= 7. CirenosaresbHo, MIOTHOCTb UMeeT BUX f(z) =
1
= 31[1,7](3?).
14.5. O6Go3nauuM Y MIMHY JIEBOT'O KYyCKa IIPOBOJIOKM, BHIGW-
paf JIeBBIA KoHen 3a Hauajo koopauHat. CoriacHo npumepy 4

§10 Besmumna Y pacrnpenenena pasHomepHo Ha [0, 1]. Ho ycio-
puo 3agaun X = max{Y,1—Y}. Torna npu = € [1/2,1]

PX<z)=P(Y<z,1-Y<z2)=P(l-z<Y<z)=2z-1.

CnenoBatenbHo, BeavumHa X pacnpenelieHa paBHOMEDHO Ha
unTepsane [1/2,1].
14.6. VMicnonb3ya He3aBUCHMOCTb CIydYaiHLIX BenuumH X; U
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X2, nonyuum

P(Z=m)=P(X1 =m,X; <m)+
+P(X2 mX1<m)+P(X1_mX2 m):
= 2P(X; = m)P(X; < m) +P*(X1 =m) =

m-—1

=2"(1-q) Y " (1-q)+¢*"(1-q)? =
k=0

=¢"(1-q)2-q" —¢™).

14.7. Bennuuna X MMeeT reoMeTpUUecKoe pacliperesieHre ¢
BEPOATHOCTAMMI

P(X =k)=02-(0.8)%"1,

14.8. O603HaUNM @ HEeM3BECTHOE MaTEMaTUYECKOEe O IaHne

u o2 nemsBecTHylo mucnepcuio Beanuunbl X . Ilo dopmyne 14.3

)—®(—00)) = 3 (#(=752) +1).

— 1.06

0.15=P(X < 1.06)= 2( (-2

106—0.)

CnenoBaTtenbHo, <I>( = —0.7 nin <I>(

a—l

) = 0.7. Ua
~ 104 AHar

Tabauukl 18 dyHkmum Jlamiaca HaxoauM
JIOTMYHO

0.1=P(X >3.38) = 5 (¥(c0) - 8(22=2)) = S (1-8(>=2)).

3.38 — 3.38

) =08mn __.a;a = 1.28. IIsa nomy-
YEHHBIX npu6nmem—xmx PaBEHCTBA MOYXHO pacCMaTPUBAThL KaK
cUCTeMy IOBYX ypaBHeHWiA C JBYMA HeM3BeCTHhIMUA. Pemas aTy
cucreMy, noayuum a = 2.1, o ~ 1.

Cnezxona'rem:no <I>(

15.1. P({1,5} + {2,4} + {3,3} + {4,2} + {5,1}

)
I&ZPGZQ+{&M+HAD=;-%+1§+ -1

15.3. IIpousBoasimue ¢pyHkimy BeduurH X U Y UMeEOT BUI
¥x(z) = (2p+1—p)** u Yy (z) = (2p+1—p)*2. Mo croiictBy 3)
I8 IPOV3BONAINAX Y HKIMIA

Yxav(2) = dx (v (2) = (zp+ 1= P72,

1

e
o,,..m"‘"
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CaenonarenabHo, X +Y Toxe pacnpeaenena o 6MHOMUANLHO
sakony P(X +Y =m)=C, p™(1 - p)rrira-m,
m=0,1,2,...,ny + ny.

15.4. ITo dopmyane (15.4)

'

—4(z-my]
Ixi4x.(2) =/4e 1) Mg q)(2)dz =

0
z

4
= 2][[2‘4](2)6_4‘ / e*dz + 21[[4,00)(2)6-43 /e4xdm =
2 2

1 _ 1 8 4z
= —2-(1 —¢8 4’)11[2.4](3) + 568 122 — ) 14,00)(2)-

15.5. ITo dopmyne (15.3)

0, npu z £ -1,
1+z, upn — 1< 2z<1,
— 4 .
f(Z)— 3z
YR npu 1 <2< 3,
0, npu z > 3.

15.6. ITo dopmyie (15.4)

0, 20,
S1-em),  0<z<b,

i—(e"‘" —1e~*%, b< 2.

fxiy(2) =

Benununna —Y pacnpeznenesa paBHOMepHO Ha MHTepBaJie [—b, 0].
Torxaa nonaraa X —Y = X +(—Y) u npumenasn ¢opmyay (15.3),
HOJIyYnM
0, z < b,
1 -
fx-y(z) = 3(1 —e~2(*td))  _p< 2 <0,

1
5(1 —e )=z 0.
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15.7. Ilockoasky Bemmumunt X; 1 X HEOTPULATEIALHL), TO 1O
dopmyie (15.4)

z

1
fxiexa(2) = / = z,4(2) 3 01 (2 — 2)dz =
0

= / %1[2,4](17)1[:_3,2_ 1]($)d.‘£

0

Mponssenenue uuaukaTopoB Mg 41(x)1;_3,._1)(x) pasno nymo,
ecim UHTepBal [z — 3,z — 1] pacnonoken neBee UM NpaBce UH-
TepBana [2,4], T.e. mpn z < 3 nubo npu 7 < 2. UurepBannl
[2=3,2—1] n [2, 4] umeroT nepecevenne [2,z— 1] npu 2 z2—1 < 4
u uMeloT nepecevenue [z~ 3,4] npu 2 < z—3 < 4. B pesynntare
MOJIYUMM, UTO

0, z2<3, 7T<2,
T2 q)(2) Mz -3,-1)(2) = § T2 o-nj(z), 3<z2<5,
I[z—3,4](m)1 32T

HoaTomy
0, Z<3, 7<z’
L e = Lz -3)(z41), 3<z<5
fX1+x2(Z)= E{xz_ﬂz—. )(2+')’ £2%9
1 1
Ezfsxdx=§(7—z)(z+1), 5<2< 7.

16.1. Ilycts Benuuuna X; paBua 1, ecau [-11 saeMeHT 0TKa3aM
3a Bpema t, u X; = 0, ecau He oTkazay. Quesuano E(X;) = 0.05.

60
Npumennm nemmy 1 (§16) ana X = ) X;. Toraa noayunm
=1

60 60 60
P(ZX; <4) =1-P(ZX, > 5) >1- %E(ZX,) - %
=1 =1 =1
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16.2. Ilycth X; — UMCJIO OUKOB Ha UrpaibHO! KOCTU NpH [-OM
n

6pocanud, a S, = Y X| — CyMMapHO€ UYMCIIO OYKOB Npy n Gpo-
=1

canuax, n = 100. CorsacHo pemenmio 3anaun 12.1 E(X;) = g

D(X;) = —. Torma nE(X;) = 350, nD(X;) = l"i u 1o popmye

(16.3)
1750+ 0.324.

P (|S100 — 350] > 30) <

16.3. Ilycts BeuunHa X; paBHa 1, ecsu npu l-oMm 6pocannm
1
BHnaa rep6, u 0, ecim srinmana pewerka. Toraa E(X;) = 2
D(X)) = %. Ipumenvm (16.4) npu n = 1000 u § = 100. Honaran

Vigop — YacroTa moAsJsieHud repba, mojgyurm

1000

P(|rio00 - 3| < 0.1) = P(| 3 x: — 500] < 100) >
1=1

1000 1 _ 39
Z "7 Tooo0o 2~ 40"

16.4. O6o3naunM S, — 4UMCIIO HACTYIIeHHit A B n uUcHeITa-
HUAX ¢ BepoATHocThIo ycnexa p. Toraa E(S,) = np, D(S,) =
= npq. CnenosareibHo, npy p = 0.2 MaTeMaTHUYECKOE OXKUAAHUE
E(S1500) = 1500-0.2 = 300 1 mucnepcus D(S;500) = 1500-0.2-0.8 =
= 240. HepaBedcTBo Yebnimena qaeT

P(|S1soo - 300| > 40) —_— = 0.15.

16.5. Hpumenum (16.2) ana senuyunn ¥ = lS',,, rae S, Ta

e, UTO B pemreHur 3axauu 16.4. Tor‘na. DY) = ;q M 4KCJIO N

cieayeT BuibupaTh Tak, 4TobbI 1 — W > 0. 95 Pemas sTo He-
PaBEHCTBO OTHOCHTENBHO 7, TIOJIYYAEM 7t > — 0552 IIpn p=0.9,
0.9.0.1 0.09

g=1-09=201,6 =0.01 nmeem n > 005001 — 0.000005 —

= 18000, 7. e. HauMeHbLIee YUCIO U3Neuil, KOTOpHIe cllefyeT
nposepuTh, pasxHo 18000.

17.1. IIycts X — 4MCII0 OUKOB Ha UI'PAJLHOR KocTH npu [-oM
6pocanuy, a S, — CyMMapHOE YNCJIO OYKOB IpU 7 GpocaHuAx,
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n = 420. CornacHo pewenuio 3axaun 12.1 E(X;) = ;, D(X)) =
35
;- Torna nE(X;) = 1470, /nD(X;) = 35 u no dpopmyne (17.9)

P(1400 < Si0 < 1505) & _;_(Q(lsos;r’mm) _ ¢(14003—51470)) _

= 2(8(1) — ®(~2)) ~ 7(0.6827 + 0.9545) = 0.8186.

17.2. Mycts X; — uucao oukos npu l-oM BeIcTpele, a S, —
CyMMapHOE 4MCJI0O OUKOB Ipu n BricTpenax, n = 100. Toraa
E(X;)=10-0.5+9-0.3+8-0.1+7-0.056+6-0.05 =9.15, D(X;) =
=E(X?)-E%(X;) =50+24.3+6.4+2.45+1.8 - 83.7225 = 1.2275,

vD(X1) = 1.1079. Ilo dpopmyae (17.9)

P(900 < S100 < 00) & 3 (®(c0) - (Z220)) &

~ 3 (1+(1.35)) » 5 (1 +0.823) = 0.9115.

17.3. Illyctb S, — umMciio BHI30BOB B TedeHMe roxa, n = 365.
Torma E(X;) =X =173, D(Xi) = A =173, u /n\/D(X;) =
= /365173 =73v5,1=1,2,...,365, u mo popmyne (17.9)

1 155 145
P(26500 < S, < 26800) ~ 5(&(;5-\/—5) +0(mr )~

~ 5(®(0.95) + ©(0.89)) » 5(0.6579 + 0.6265) = 0.6422.

MATEMATUYECKASI CTATUCTUKA

18.1. 3Hauenusa () £ T(5) €+ * K Lz — DeaNU3amMIM BapHa-
LIMOHHOFO pfAxa ciexyiomwme: 215.3; 217.1; 218.7; 219.1; 219.5;
219.9; 222.3; 225.8; 227.4; 229.6; 229.9; 231.8. I'paduk smnupu-
YyecKol QYHKIMK paclpeleNeHvs UMeeT B KaXIOi U3 BTUX TO-

1
Yek ckadok BenuuuHbl —. Ilpn z < 215.3 ¢ynxumsa umeer Hy-
JNeBoe 3HayeHue, a npu & > 231.8 — emunuunoe. Tak kak 12 —

1
UeTHOe YMCHIO, TO BEIGOPOUHAA Me MaHa paBHa (T + &(n) =

5(219.9+222.3) = 221.1.
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18.2. 3Hauenua z() < T < v € L) — peanusalUM Ba-
puanMoHHoro paxa caenyoumwme: —1.61; —1.57; —1.40; —1.27;
~1.09; —0.89; —0.88; —0.85; —0.62; —0.53; —0.52; —0.46; —0.44;
~-0.39; —0.34; —0.26; —0.14; —0.10; —0.02; 0.02; 0.12; 0.23; 0.40;
0.41; 0.42; 0.48; 0.53; 0.58; 0.59; 0.59; 0.65; 0.79; 0.83; 0.86; 0.97;
1.26; 1.27; 1.38; 1.45; 1.70. IockonbKy HacC uHTEpecyeT KBaH-
Tiab nopAaka p = 0.8, a n = 40, To [np] = np = 32, n
fos = 3(2en + Zay) = 3(0.79 + 0.83) = 0.81. Tak xax 40 -
YETHOE YUCIO, TO BpIGOpOUYHAA MEJMaHA PABHA %(fﬂ(m) +Zoy) =

= 5(0.02+0.12) = 0.07.

19.1. 5 BRIUMCIIEHMA OLEHKM MAaTEMATUYECKOTO OXKUAAHUA
HaJaJIbHON CKOPOCTH CHAPAAA BOCNoAb3yeMces popmyioit (19.1)

npu ¢ = 1235 : Fi5 = 1235+ (16 — 8) = 1235.5 m/c. Ouen-
Ky AMCTIePCHM Ha4yalbHOM CKOpPOCTH BhUMCIAEM NO (opmyie
(19.2): 536 = =(0.01+ 4+ 6.76 + 0.49 + 9 + 1.69 + 0.16 + 4.84+

+1+1.69+4.41+5.76 + 1.44 + 4 + 0.01 + 0.64) = 3.06 m?/c?.
19.2. 3Havenve BBIGOPOYHOrO CPEJHETO YNCIA HENpaBUJlb-
HbIX COCAUHEHWA paBHO Fgo = 2. Briumicnaa 3naueHne BLIGOpOY-

Holi mucnepcus 1o dopmyine (19.4), monyumm s3y = % - 366—

60 oo
—% 2° = 2.1356.

30
19.3. F30 = 480 = 16.3, s3 = ;—9121(11—530)2 = 5:199.78
6.888966. -
~ 1 s 1 40 g
19.4. Ty = — - 2.15 = 005375, S0 = = E(.’L‘] — :134()) =
40 39 5

2 99.39714 ~ 0.751978.

39
_ 499 _ 174
19.5. Umeem Zip = o = 49.9; 0 = o= 17.4;

10 10
iy = 9228; Y 2 = 27175; Y y? = 3182. Torma
1 i=1 1=1

—
[=]

~
1]

10
2 oy — 10 Z10%0
1=1 = 0.92.

7‘10(:2",37) = 10 10
\/(er—lo-f?o)(zy? ~10-7,)
=1 =1
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DT0 3HaYeHME XAPAKTEPUIYET CUJILHYIO JIMHEHHYIO 3aBUCU-
MOC1b.

21.1. Bocnoab3yemcsi pe3ynbTaToOM pellerus 3agauu 19.4
n dopmymo¥ (21.2). M3 tabauuer ana ¢ysxkumm Jlannaca no

— ~ Vsio .
a = 0.95 onpenenseM 2z, & 1.96. Toraa z, Jio 0.26874, u B

cuny Toro, uto &40 = 0.05375, HIWKHAA KOBEpUTEIIbHAA I'PAHULIE
6yamer pasHoit 0.05375 — 0.26874 = —0.21499, a BepxHAA GyneT
pasroit 0.05375 + 0.26874 = 0.32249. Taxkum o6Gpa3om, muTep-
Baa (—0.21499, 0.32249) coaepkUT MaTeMAaTUYECKOE OXKULAHME C
BEpOATHOCTLIO, NpubansutenbHo pasHoit 0.95.

21.2. a) Bocnons3syeMca NOBepHTEABHLIM MHTEPBANOM MIJNA
MaTEMATHUECKOIO OXUIOAHWUA C HAOBEPUTENHLHOW BEPOATHOCTHIO
« @IpYl HEM3BECTHOU mucnepcuu, onpeneiennoM B . 2 §21. Mo
pe3ynbTaTraM penienusa 3anauu 19.1 Z1g = 1235.5,574 = 3.06.
W3 Tadanum ana pysxmvm Jlanaaca mo o = 0.9 onpenensem
Veis

16
(1234.78, 1236.22) conep>xXuT MaTEMaTHYECKOE OXKMIAHUE C Be-
POATHOCTBIO, Mpubimn3anTtennHo paBHoi (.9.

6) HocTpouMm HOBEpUTENbHBIA MHTEPBAd M AWCHEPCHH.
Bocnonbsyemca ¢opMysoit (21.4). M3 Tabmvust ana ¢yHk-
umn Jlannaca no o = 0.92 onpenensem 2z, & 1.75. Umeem

16
59 = Iz:l(zz —-Fe)! = 1_15 - 244.2102 = 15.2631. CnenosaTtennHo,

%m ~ =2°/15.2631 — 9.3636 ~ 1.06.

Hockoueky sig = 3.06, To HIDKHAA ROBepUTeJIbHaA rpanuna b6y-
Aet pasHoit 3.06—1.06 = 2, a BepxHsasa 6yaer paBHoit 3.06+1.06 =
4.12. Taxum o6pa3zom, unrepBad (2, 4.12) coaepxut 3HaueHue
ANCIIEPCUM C BEPOATHOCTHIO, NpubinanrtennHo pasuo# 0.92.
21.3. Bocnoub3yemcs dpopmystoii (21.3). Vimeem Z5 = 1.594-
10719, (/82 =~ 0.002739 - 1071%, 20 ¢0,4 & 4.6. CrenobateinnHo,

. 2
2099,_:/3@ ~ 0.005634-1071°, u noBepUTeNLHLIA UHTEPRAT UMEET

zo = 1.65. Toraa z, ~ 0.72. Takxum ob6pa3zom, HHTEpBaA

Bua (1.588-1071°,1.600-1071°). 3amerum, uTo coBpemenHoe 3Ha-
YeHME 3apAJa BJIEKTPOHA NpubnuauTensHo papHo 1.602 - 10~ 1°
9710 o3HauaeT, YTO NMpUBeJEHHLIE B 3ajaye NaHHbIE U3MeDeHuUi
MMeJN CUCTEeMATUYECKYIO OUMBKY.
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23.1. Ilycts X — uuciIO MaJIbUMKOB B CEMbE C ABYMS AETh-
mu. Ilycts v; — xoamuecTBo cemeift ¢ ¢ Manbumkamu (i =
= 0,1,2) cpenn cemeit ¢ asymsa nerbmu. IIpoBsepsercsa rumo-
Te3a 0 TOM, UTo.BeimumHa X UMeeT GMHOMUAJILHOE paclipe-
aenenne ¢ napamerpom p = 0.515, T. e. pacnpenenenne BUIA

P(X =0)=(1-p)?, P(X =1)=2p(1 - p), P(X =2) = p?
Nmeem n = 17036,

An(F) = (4019 - 17036 - (0.485)%)2 = (8488 — 170362 .0.515 - 0.485)2 +
17036 - (0.485)2 17036-2.0.515 - 0.485
(4529 — 17036 - (0.515)2)2
17036 - (0.515)2 % 0.118.
Ilo Tabnve kBanTUNEH pacnpenenennd [Iupcona ¢ ABymA cTe-
neHaMu cBoBoaBI MMeeM zg g5 & 5.991. CnenosaTesibHO, TUIIOTE-
33 NPUHMAMAETCH.

23.2. CHaualla HY}KHO YNOPANOUNTEH 3HAUEHUA, T. €. nocrpo-
UTb PEaNM3aUMIo BAPUANMOHHOTO PAMA Ty K Ty K '+ K L(20)-
Unmeem 0.008 < 0.1 < 0.166 < 0.204 < 0.253 < 0.292 < 0.354 <
0.372 < 0.422 < 0.429 < 0.453 < 0.509 < 0.520 < 0.531 < 0.610 <
0.648 < 0.805 < 0.809 < 0.863 < 0.911. Ucnonw3ys onpene-
JIeHUe SMITMpHUUECKol GYHKUMM pacIpemelIeHMsa, HECIO0XKHO II0-
HATH, YTO B JAAHHOM IIpUMEpE

i k k-1
Dao(#) = V0, max { e = 55 oo = 557} =
= V20zag — 35| = V20(0.7 ~ 0.531) ~ 0.7758.

W3 rabavie ans pacnpenencHua KoMoroposa HaxoauMM 2g.g &
1.23. Iockoabkry Dago(Z) < 20.9, TO THMIOTE3a IPUHUMAETCH.
23.3. [Tockombky Bce BepoAaTHOCTH pj paBHel 0.1, mosyyaem
(968 — 1000.2)2 | (1026 — 1000.2)? (1014 - 1000.2)?

A (-') 1000.2 1000.2 1000.2
~ 9.3677. Ilo Tabavme xkBaHTHIel pacmpelenrenun IlupcoHa c

JEBATHIO CTENEHAMM CBoBOALI MMeeM 29 3 & 12.24. CaenoBaTenn-
Ho, kpuTepuit IlupcoHa moaTBEpKAAET TMNOTE3Y O PABHOBEPO-
ATHOCTV NOABJIEHNA PP B 3allUcCH YKucaa 7 — 3.

24.1. Bocnoas3yemca popmynamu (24.8), (24.9). dna nve-
JOLMXCA JaHHKIX

5 5 5 5
Yow=15 Y e=787 Y pzi=2461, > =255
i=1 i=1 i=1 i=1
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Torza
f, = 5:2461-15.787 50 _
2= T 555152 50 !
- 1 1
61_3-78.7—1--5--15_12.74.

B pesyapTaTte mosydaem, 4TO 3aBUCMMOCTDL BEJIWUUMHEL ypOXali-
HocTu X OT KOJWYECTBA BUAOB yHoOpeHMt y uMeeT BUA

X=y+12.714+ €.

24.2. ®opmyiu (24.8), (24.9) naroT caenyrommii oTBeT:
6, ~ 67.5,0, ~ 0.87.

24.3. Bocnonsayemcsa ¢popmynamu (24.11), (24.12), B koTo-
phle BMeCTO Cy4aliHBIX BEJIMYMH IIOJCTABUM 3HAUEHMA UX pea-
Jmsanmif. Jlas MMeIolmKcA qaHHbIX

14

14
> yi=19844, ) ;= 16051 =17-2293,

i=1 i=1

14 14
> wiz; = 22752428, Y y? = 28135942,

=1

i=1

Torzaa
~ 14(22752428 — 9922.2293) 4487
= M ) ~ 0.151,

6y = =
2 = 4(7-14067971 — 98446084) 29713

19844 _ 55411905
5126 ~ 932.4522.

j. — 16050 _ 4487
V=94 T 29m13 T 14
B peay.nb'ra.’re no.nyqa.eM, YTO 3aBUCYMOCTH BEJVNUYUNHEBI pa3phBIB-
HOro ycuaua Bcero kKaHata X OT CYMMAapHOI BEJWUWHEI pa3-

PHIBHBIX YCHJMIA COCTaBJAIOMMUX ero HUTe Y mMeer BUA

X ~0.151Y + 932.4522 + €.

24.4. 6 = 4,6, = 2,05 = 0.25.
n

st e ) ), P

i=1

7
n
= = — 3" X;. CnenobaTelbHO, OLlEHKA MAaKCUMAJbLHOTO NMpPaBaoO-

G i=1 . .
noxobus umeet Bua 0, = 1/X,.
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25.2. Ilycrs 6 = (6,,02), rae ) — MaTeMaTUUECKOe OMULA-
Hue, §; — mucnepcua pacnpelneneHua AaMeTpoB. Bocnonnay-
emca 3ameyanuem 1. Toraa

L( _’» é‘) (2,”9 )n/2 (_519; X_;(X’ - 91)2) .

Pewman cucremy

oML, 1w B
=% E__I(X*' —0)=0,
dInL(X,5) _
T—'Eﬂﬁz(x“’l) =0,

HAaXO0MM OLEHKY MaKCUMAaJbHOro IpaBaononobus f, = (X, S’f ) ),
rae 5::) onpenedied B 1. 3 §19. Jlna uMmerommxca KaHHKIX
Fa0 = 4.998,55) = 0.009056.

25.3. CMm. nnipumep 4 § 25.
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00083
02002
09866
23958
40637
56455
69645
79764
87061
92056
95314
97345
98554
99244
99620
99815
99915
93962
99984
95993
99997
99999
108

06000
00129
02468
11040
25578
42300
57907
70794
80613
87655
92451
95565
97479
98643
99293
99646
99830
99921
99965
99985
999594
99998

98999

4

10%

00000
00193
03002
12276
27219
43951
59332
71913
81434
88226
92829
95804
97641
93726
99339
99670
99842
99927
99968
99986
99994
99998
99099
10°
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pacupenenennd N(z) =

TABANUBI

HPHGJIIAH(CHH!:IC 3HaYeHVsA CTaHAaAPTHOrO HOPpMAaJIbHOTO

1 T
=l

2
~t°/24t  noMHOeHHBIE Ha 10°

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
11
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

50000
53983
57926
61791
65542
69146
72575
75804
78815
81594
84135
86433
88493
90320
91924
93319
94520
95544
96407
97128
97725
98214
98610
98928
99180
99379
99534
99653
99745
99813
99865
99903
99931
99952
99966
99977
99984
99989
99993

99995

50399
54380
58317
62172
65910
69497
72907
76115
79103
81859
84375
86650
88686
90490
92073
93448
94630
95637
96485
97193
97778
98257
98645
98956
99202
99396
99547
99664
99752
99819
99869
99907
99934
99953
99968
99978
99985
99990
99993
99995

50798
54776
58706
62552
66276
69847
73237
76424
79389
82121
84614
86864
88877
90658
92220
93575
94738
95728
96562
97257
97831
98300
98679
98983
99224
99413
99560
99674
99760
99825
99874
99910
99936
99955
99969
99978
99985
99990
99993
99996

51197
55172
59095
62930
66640
70194
73565
76731
79673
82381
84850
87076
89065
90824
92364

1 93699

94845
95819
96638
97320
97882
98341
98713
99010
99245
99430
99573
99683
99767
99831
99878
99913
99938
99957
99970
99979
99986
99990
99994
99996

51595
55567
59484
63307
67003
70540
73891
77035
79955
82639
85083
87286
89251
90988
92507
93822
94950
95907
96712
97381
97933
98382
98746
99036
99266
99446
99586
99693
99774
99836
99882
99916
99940
99958
99971
99980
99986
99991
99994
99996

51994
55962
59871
63683
67365
70884
74215
77337
80234
82894
85314
87493
89435
91149
92647
93943
95053
95994
96784
97441
97982
98422
98778
99061
99286
99461
99598
99702
99781
99841
99886
99918
99942
99960
99972
99981
99987
99991
99994
99996

52392
56356
60257
64058
67724
71226
74537
77637
80511
83147
85543
87698
89617
91309
92786
94082
95154
96080
96856
97500
98030
98461
98809
99086
99305
99477
99609
99711
99788
99846
99889
99921
99944
99961
99973
99982
99987
99992
99994
99996

52790
56750
60642
64431
68082
71566
74857
77935
80785
83398
85769
87900
89796
91466
92922
94179
95254
96164
96926
97558
98077
98500
98840
99i11
99324
99492
99621
99720
99795
99851
99893
99924
99946
99962
99974
99982
99988
99952
99995
99996

53188
57142
61026
64803
68439
71904
75175
78231
81057
83646
85993
88100
89973
91621
93056
94295
95352
96246
96995
97615
98124
98537
98870
99134
99343
99506
99632
99728
99801
99856
99897
99926
99948
99964
99975
99983
99988
99992
99995
99997

53586
57535
61409
65173
68793
72241
75490
78524
81327
83891
86214
88298
90148
91774
93189
94408
95449
96327
97062
97671
98169
98574
98899
99158
99361
99520
99643
90737
99807
99861
99900
99929
99950
99965
99976
99984
992989
99993
98995
99997




TABJNLbI

I pubmrxennsie 3HaueHnsa ¢yuxkuun Jlannaca

& _ vz § —t’/zd 5
(z) = 7 bfe ¢, IOMHOXEHHBEIE Ha 10

247

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
11
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4.0

00000
07966
15852
23582
31084
38292
45149
51607
57629
63188
68269
72867
76986
80640
83849
86639
89040
91087
92814
94257
95450
96427
97219
97855
98360
98758
99068
99307
99489
99627
99730
99806
99863
99903
99933
99953
99968
99978
99986
99990
99994

00798
08759
16633
24344
31819
38995
45814
52230
58206
63718
68750
73300
77372
80980
84146
86696
89260
91273
92970
94387
95557
96514
97289
97911
98405
98793
99095
99327
99505
99639
99739
99813
99867
99907
99935
99955
99969
99979
99986
99991
99994

01596
09552
17413
25103
32552
39694
46474
52848
58778
64243
69227
73729
77754
81316
84439
87149
89477
91457
93124
94514
95662
96599
97358
97966
98448
98826
99121
99347
99520
99650
99747
99819
99872
99910
99937
99957
99971
99980
99987
99991
99994

02393
10348
18191
25860
33280
40387
47131
53461
59346
64763
69699
74152
78130
81648
84728
87398
89690
91637
93275
94639
95764
96683
97425
98019
98490
98859
99146
99367
99535
99661
99755
99825
99876
99913
99940
99958
99972
99981
99987
99992
99994

03191
11134
18967
26614
34006
41080
47783
54070
59909
65278
70166
74571
78502
81975
85013
87644
89899
91814
93423
94762
95865
96765
97491
98072
98531
98891
99171
99386
99549
99672
99763
99831
99880
99916
99942
99960
99973
99982
99988
99992
99995

03988
11924
19741
27366
34729
41768
48431
54675
60468
65789
70628
74986
78870
82298
85294
87886
90106
91988
93569
94882
95964
96844
97555
98123
98571
98923
99195
99404
99563
99682
99771
99837
99885
99919
99944
99961
99974
99982
99988
99992
99995

04784
12712
20514
28115
35448
42452
48075
55275
61021
66294
71086
75395
79233
82617
85571
88124
90309
92159
93711
95000
96060
96923
97618
98172
98611
98953
98219
99422
99576
99692
99779
99842
99889
99922
99946
99963
99975
99983
99989
99992
99995

05581
13499
21284
28862
36164
43132
49714
55870
61570
66795
71538
75800
79592
82931
85844
88358
80508
92327
93852
95116
96155
96999
97679
98221
98649
98983
99241
99439
99590
99702
99786
99848
99892
99925
99948
99964
99976
99984
99989
99993
99995

06376
14285
22052
29605
36877
43809
50350
56461
62114
67291
71986
76200
79945
83241
86113
88589
90704
92492
93989
95230
96247,
97074
97739
98269
98686
99012
99263
99456
99602
99712
99793
99853
99896
99928
99950
99966
99977
99984
99990
99993

99996

07171
15069
22818
30346
37587
44481
50981
57047
62653
67783
72429
76595
80295
85547
86378
88817
90897
92655
94124
95341
96338
97148
97798
98315
98723
99040
99285
99473
99615
99721
99800
99858
99900
99930
99952
99967
99978
99985
99990
99993
99996
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TABANLILY

IIpubmxennnie 3sHavenua pynkiun Naycca

1 2
é(z) = \/-?e‘:c 2dz, nomuoxennkic Ha 10°

0.00

0.01

0.02

0.03

0.04

0.05

0.06

007

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.8
1.7
1.8
19
2.0
2.1
2.2
23
24
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
33
3.4
3.5
3.6
3.7
3.8
3.9
4.0

39894
39695
39104
38139
36827
35207
33323
31225
28969
26609
24197
21785
19419
17137
14973
12952
11092
09405
07895
06562
045399
04398
03547
02833
02239
01753
01358
01042
00792
00595
00443
00327
00238
00172
00123
00087
0006t
00043
00029
00020
00013

39892
39654
39024
38023
36678
35029
33122
31006
28737
26369
23955
21546
19186
16915
14764
12758
10916
09246
07754
06438
05292
04307
03470
02768
02188
01709
01323
01014
o770
00578
00430
00317
00231
60167
00119
00084
00059
00041
00028
00019
00013

39886
39608
38940
37903
36526
34849
32018
30785
285904
26129
23713
21307
18954
16694
14556
12567
10741
09089
07614
06316
05186
04217
03394
02705
02134
01667
01289
00987
00748
00562
00417
00307
00224
00161
00115
00081
00057
00039
00027
00018
00012

39876
39559
38853
37780
36371
34667
32713
30563
28269
25888
23471
21069
18723
16474
14351
12376
16568
08933
07477
06195
05082
04128
03319
02643
02083
01625
01256
00961
00727
00545
00405
00298
00217
00156
00111
00079
00055
00038
00026
00018
00012

39862
39505
38762
37654
36214
34482
32506
30339
28034
25647
23230
20831
18494
16256
14146
12188
10396
08780
07341
06077
04980
04041
03246
02582
02033
01585
01223
00935
00707
00530
00393
00288
00210
00151
00108
00076
00053
00037
00025
00017
00011

39844
39448
38667
37524
36053
34294
32297
30114
27799
25406
22988
20594
18265
16038
13943
12001
10227
08628
07206
05959
04879
03955
03174
02522
01984
01545
01191
00909
00687
00514
00381
00279
00203
00146
00104
00073
00051
00035
00024
00016
00011

36823
39387
38568
37391
35889
34105
32086
290887
27562
25164
22747
20357
18037
15823
13742
11816
10059
08478
07074
05844
04780
03871
03103
02463
01936
01506
01160
00885
00668
00499
00370
00271
00196
00141
00100
00071
00049
00034
00023
00016
00011

39797
39322
38466
37255
35723
33912
31874
29660
27324
24923
22506
20121
17810
15608
13542
11632
09893
08329

06943

0573D
04682
03788
03034
02406
01888
01468
01130
00861
00649
00485
00358
00262
00190
00136
00097
00068
00047
00033
006022
00015
00610

39767
39253
38361
37115
35553
33718
31659
29431
27086
24681
22265
19886
17585
15395
13344
11451
09728
08183
06814
05618
04586
03706
02966
02349
01842
01431
01100
00837
00631
00471
00348
00254
00184
00132
00094
00066
00046
00032
00022
00015
00010

39733
39181
38252
36973
35381
33521
31443
29200
26848
24439
22025
19652
17360
15183
13147
11270
09566
G8038
C6687
05508
04401
03626
02898
02294
01797
01394
01071
00814

| 00613

C0457
00337
00246
00178
00128
00090
00063
00044
00030
00021
00014
00009




TABAUUbY
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IIpnbawxendrie 3HaUEeHWA KBaHTUIER 24 nopanxa (1 + a)/2
ans pacnpegenerma Croloacura ¢ k crenedammu csoboau:

(L g3\~ (k+1)/2
Si@) = [ S+ %) d

>/

0.4

0.5

0.6

0.7

0.8

0.9

0.95

0.98

0.99

0.999

CeNo s WN |/

g»gnnwwwnnnuuuuuuauugug
Q O WNDOC AR W= OO GtA WD ~O

120

0.727
0.617
0.584
0.569
0.559
0.553
0.549
0.546
0.543
0.542
0.540
0.539
0.538
0.537
0.536
0.535
0.534
0.534
0.533
0.533
0.532
0.532
0.532
0.531
0.531
0.531
0.531
0.5630
0.530
0.530
0.529
0.527
0.526
0.524

1.000
0.816
0.765
0.741
0.727
0.718
0.711
0.706
0.703
0.700
0.697
0.695
0.694
0.692
0.691
0.690
0.689
0688
0.688
0.687
0.688
0.686
0.685
0.685
0.684
0.684
0.684
0.683
0.683
0.683
0.681
0.679
0.677
0.674

1.376
1.061
0.978
0.941
0.920
0.906
0.896
0.889
0.883
0.879
0.876
0.873
0.870
0.868
0.866
0.865
0.863
0.862
0.861
0.860
0.859
0.858
0.858
0.857
0.856
0.856
0.855
0.855
0.854
0.854
0.851
0.848
0.845
0.842

1.963
1.336
1.250
1.190
1.156
1.134
1.119
1.108
1.100
1.093
1.088
1.083
1.079
1.076
1.074
1.071
1.069
1.067
1.068
1.084
1.063
1.061
1.060
1.059
1.058
1.058
1.057
1.056
1.055
1.055
1.050
1.046
1.041
1.036

3.080
1.886
1.638
1.533
1.476
1.440
1.415
1.397
1.383
1.372
1.363
1.356
1.350
1.345
1.341
1.337
1.333
1.330
1.328
1.325
1.323
1.321
1.319
1.318
1.316
1.315
1.314
1.313
1.311
1.310
1.303
1.296
1.289
1.282

6.310
2.920
2.350
2.130
2.020
1.943
1.895
1.860
1.833
1.812
1.796
1.782
1.771
1.761
1.753
1.746
1.740
1.734
1.729
1.725
1.721
1.717
1.714
1.711
1.708
1.706
1.703
1.701
1.699
1.697
1.684
1.67T1
1.658
1.645

12.71
4.300
3.180
2.770
2.570
2.450
2.360
2.310
2.260
2.230
2.200
2.180
2.160
2.140
2.130
2.120
2.110
2,100
2.090
2.090
2.080
2.070
2.070
2.060
2.060
2.060
2.050
2.050
2.040
2.040
2.020
2.000
1.980
1.960

31.80
6.960
4.540
3.750
3.360
3.140
3.000
2.900
2.820
2.760
2.720
2.680
2.650
2.620
2.600
2.580
2.570
2.550
2.540
2.530
2.520
2.510
2.500
2.490
2.480
2.480
2.470
2.470
2.460
2.460
2.420
2.390
2.360
2.330

63.70
9.920
5.840
4.600
4.030
4.710
3.500
3.360
3.250
3.170
3.110
3.060
3.010
2.980
2.950
2.920
2.900
2.880
2.860
2.840
2.830
2.820
2.810
2.800
2.790
2.780
2.770
2.760
2.760
2.750
2.700
2.660
2.620
2.580

63.70
31.60
12.94
8.610
6.860
5.960
5.400
5.040
4.780
4.590
4.490
4.320
4.220
4.140
4.070
4.020
3.960
3.920
3.880
3.850
3.820
3.790
3.770
3.740
3.720
3.710
3.690
3.670
3.660
3.650
3.550
3.460
3.370
3.290
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TABANLIbI

I[TpuBavokeHHble 3HAUESHUA KBAHTUIEN 1o TOPAJAKA 1 — a
ana pacnpenenenus Iupcona ¢ k ¢renenamu csoboan:
F4

7)It:(z) = _! 2):72[%()‘/2)1:

(k=2)/2p,-z/2 4,

=/

0.5

0.4

0.3

0.2

0.1

0.05

0.025

0.01

0.005

0.001

COELNDUA WL | D

100

0.455
1.386
2.366
3.357
4.351
5.348
6.346
7.344
8.343
9.342
10.34
11.34
12.34
13.34
14.34
15.34
16.34
17.34
18.34
19.34
20.34
21.34
22.34
23.34
24.34
25.34
26.34
27.34
28.34
29.34
34.34
39.34
49.34
59.34
69.33
79.33
89.33
99.33

0.708
1.833
2.946
4.045
5.132
6.211
7.283
8.351
9.414
10.47
11.53
12.58
13.64
14.69
15.73
16.78
17.82
18.87
19.91
20.95
21.99
23.03
24.07
26.11
26.14
27.18
28.21
29.25
30.28
31.32
36.48
41.62
51.89
62.14
72.36
82.57
92.76
102.9

1.074
2.408
3.665
4.878
6.064
7.231
8.383
9.524
10.66
11.78
12.90
14.01
15.12
16.22
17.32
18.42
19.51
20.60
21.69
22.78
23.86
24.94
26.02
27.10
28.17
20.25
30.32
31.39
32.46
33.53
38.86
44.17
54.72
65.23
75.69
86.12
96.52
106.9

1.642
3.219
4.642
5.989
7.289
8.558
9.803
11.03
12.24
13.44
14.63
15.81
16.99
18.15
19.31
20.47
21.62
22.76
23.90
25.04
26.17
27.30
28.43
29.55
30.68
31.80
32.91
34.03
35.14
36.25
41.78
47.27
58.16
68.97
79.72
90.41
101.1
111.7

2.706
4.605
6.251
7.779
9.236
10.65
12.02
13.36
14.68
15.99
17.28
18.55
19.81
21.06
22.31
23.54
24.77
25.99
27.20
28.41
29.62
30.81
32.01
33.20
34.38
35.56
36.74
37.92
39.09
40.26
46.06
51.81
63.17
74.40
85.53
96.58
107.6
118.5

3.841
5.991
7.815
9.488
11.07
12.59
14.07
15.51
16.92
18.31
19.68
21.03
22.36
23.69
25.00
26.30
27.59
28.87
30.14
31.41
32.67
33.92
35.17
36.42
37.65
38.89
40.11
41.34
42.56
43.77
49.80
55.76
67.51
79.08
90.53
101.9
113.1
124.3

5.024
7.378
9.348
11.14
12.83
14.45
16.01
17.54
19.02
20.48
21.92
23.34
24.74
26.12
27.49
28.85
30.19
31.53
32.85
34.17
35.48
38.78
38.08
39.36
40.85
41.92
43.19
44.46
45.72
46.98
53.20
59.34
71.42
83.30
95.02
106.6
118.1
129.6

6.635
9.210
11.35
13.28
15.09
16.81
18.48
20.09
21.67
23.21
24.73
26.22
27.69
29.14
30.58
32.00
33.41
34.81
36.19
37.57
38.93
40.29
41.64
42.98
44.31
45.64
46.96
48.28
49.59
50.89
57.34
63.69
76.15
88.38
100.4
112.3
124.1

135.8

7.879
10.60
12.84
14.86
16.75
18.55
20.29
21.96
23.59
25.19
26.76
28.30
29.82
31.32
32.80
34.27
35.72
37.16
38.58
40.00
41.40
42.80
44.18
45.56
46.93
48.29
49.65
50.99
52.34
53.67
60.28
66.77
79.49
91.95
104.2
116.3
128.3
140.2

10.83
13.82
16.27
18.47
20.52
22.46
24.32
26.13
27.88
29.59
31.26
32.91
34.53
36.12
37.70
39.25
40.79
42.31
43.82
45.32
46.80
48.27
49.73
51.18
52,62
54.05
55.48
56.89
5830
59.70
66.62
73.40
86.66
99.61
112.3
124.8
137.2
149.4
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[NPEAMETHBI YKA3ATEIDb

abcomoTunlifi Mmoment 91, 97
— nopaaka k 100

aKCHMOMDLI TEOPUMU BEPOATHOC-
TCh 45

anrebpa 43

o-anrebpa 44

ovmom HnoTona 12

6uHOMVANIBHbIE KOD(dUIMEH-
Th1 12

Bapuatnonusii pan 137

BEPOATHOCTHOE TIPOCTPAHCT-

- Bo 45

BEPOATHOCTL 40

— reoMmerpuveckan 32

— owmbxu nepsoro poxa 187

— — BTOpOro ponma 187

cobwpiTus 24

— ycaosuaia 35, 49

BBIGopouHaa aucrnepcua 162

~ KBaHTUNb nopsaxa p 159

— Kopapnrauusa 167

Mmemuana 159

— xapakrepucTura 159

BeiSopoutoe cpenuece 161

BhIGOpOUHLIA MOMEHT
nopanxa k 165

— KOP(PPUIMEHT KOD peaauuu
167

— HEHTpaJibHbIA MOMEHT IO-
panka k 165

raMma-¢ysxuma 191

ructorpamma 157

AETEPMUHNPOBAHHAHA BeJNUM-
Ha 94

avicnepcus 94, 98

JOBEpPUTENbHAA BEPOATHOCTD
174

JOBEDUTEbHbIA uHTepBan 174

sanada Banaxa 63

3aKO0H DousbLvx uuces 135

— pacnpenenenns 74, 76

- — cOBMECTHRIA 83

3aMmevaTeNLHLIA npenen 66,145

UHAVKATOD MHOXecTRa 91

MHGOPMANMOHHOE KOJMUYECTBO
Dunmiepa 182

ucxox cayuatiHoro sxcnepu-
MmeHTa 16

KapAMHAALHCE YUCHO MHO-
wecTpa 24

KBAHTHNL mopaaxa p 159

ropapuanma 100

Koppenanmonnnit Mmoment 100

koo Punment koppenmum 100

KNaccuyecKan cxema 24

kpuTepuit 186

kpuTepuit cornacua Konmoro-
poBa 188

— — IInpcona(xn-xsagpar)i9l

MaTCMATHYESCKOE O/KUIAIHUE
90, 97

Mmexnada 159

METOA MaKCUMANLHOIO NpaB-
nonomobusa 203

MHOXECTBO 3aHyMepoOBaHHOE T

— cyetnoe 7

—~ ynopsapnoueHHoe 7

MoMeHT mopanka £ 100

Habop 7

HaMBepoATHEMIllee UMCTIO Ha-
crynnennii cobpitiia 61

Haynauy 24

HEPABEHCTBO
Komu—Byusaxonckoro 100
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- Pao- Kpamepa 181

— Yebnimena 133

HecopMecTHhle cobnrrua 19

He3anucumbie ciyJyalHete Be-
auyumitnl 8H, 86

- cobmtusn 38

~ B COBOKY!IIOCTH COOBITHUA
38

— BKclICpUMeHTLI 59

HEKOPPCJUPOBAHUEIE BETH-
umnbl 101

obmad ¢popmyna CloKEeHUA
BeposithocTeit 47

— = yMHOKCenm
Beposrtiocreit 36, 50

OlIEHKA &CUMIITOTHYECKA HOP-
manbHad 171

- — appexTurHan 184

— MHBAPUAHTHAA OTHOCUTEINh-
Ho casmra 161

~ MaKCUMAaJbLHOI'0 IpaBAOIO-
nobusa 204, 206

— HecmeuleHHan 161

— IO METOAY HaMMEHLIIMX
KBanpaTtos 196

— cocToATensHan 161

~- adpdexTunHan 182

TepecTaHOBKMA T

IAOTHOCTb pacnpeneierus 78

—~ — coBMecTHad 87

~ — sMnupnueckad 157

NOoNHaA rpynna cobriTuit 55

nonapHo He3aBHCUMEIE cobm-
™A 39

nopankosada crarucruka 150

npasuiao “30”123

IIpou3Be/CHNE ABYX COORITHH
17

npousBoasian pyrkuma 106

npocTas auHeliHan
perpeccua 200

MPOCTPAHCTBO BAEMEHTAPHEIX
cobrituit 16

nponeaypa peKyppeHTHOro
oneHmMBanua 210

pPaBHOMEPHO paclpelelieHHaA
BeJsuuuHa 99

pasMeniesuda 9

pa3HOCTb ABYX cobmiTuit 18

pacrnpenenetve 76

— BunoMuannHoe 115

- rayccoBeckoe 121

— reoMmerpuueckoe 117

— JByMepHoe HopMaljnHoe 124

— Koum 81

— HopMaJbHoe 120

— oTpa)KeHHOe HOpMaJlbHOoe
121

— moka3aTenabHoe 119

— IMupcona 191

— Ilyaccona 116

~ paBHoMepHoe 118

— CTaHZApTHOE HOPMAJILHOE
121

— Creionenta 177

— TpeyroasHoe 113

peanusaiyda ciaydaiHoi
BEJIMUYMHK 73

CBepTKa pacupenenenuit 126

— pynxumit 128

CUMMeTpPHYECKaA Pa3HOCTh
IBYX cobriTuii 18

cayyvaitnasa BenumuuHa 73, 76

— — IACKpeTHaA 74

— Bu6opka o6wvema n 150,
167

cay4aineiit pektop 86

— sKcnepumMeHT 16
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cayd4aitHelM obpa3om 24

cobpiTHEe 16

— JoToNHWATENLHoe 18

— nocToBepHoe 18

~ Hactynuio 16

— HeBO3MOxHOe 19

~ He3aBUCUMOE OT APYTOro
cobrrrna 38

— IpOTHBONOJIOKHOE 18

— conepxkurcda 19

coverauns 10

cpenuee 3nayenme 91

CTaTUGTUYECKUH KpuTepuit
186

cratucTvka 150

— Koamoroposa 187

— IInpcona 191

— xu-xBagpat 191

cyMma nByX cobbrtuit 17

cxema Bepnyanu 59

CXOOVMMOCTb B CPEIHEM KBaJ-
paTtuyHoM 135

-~ 110 BepoATHOCTH 135

— C BEPOATHOCTBIO €JMHUITA
135

Teopema ['nmuBenko 154

— nHTerpaabnHasa Myaspa-
Jlannaca 69

— Kosamoropora 156

— noxanbHaA Myaspa—Jlan-
naca 67

— IImpcona 191

— ITyaccona 65

Tpeyroapuuk llackana 12

YPpaBHEHUE MAKCUMAILHOIO
npasnornonobusa 204, 206

— JnHeliHoit perpeccun 201

yPOBEHb 3HAUMMOCTH KpUTeE-
pua 187

dopmyna Baitieca 56

— Bepuynan 59

— obpamenmsa 111

— IOJIHOI BEpOATHOCTH 55

— Crtupaunra 12

— CJIOXEHUA BePOATHOCTEM
27, 46

— — YCIJIOBHEIX BEPOATHOCTEMR
36, 50

— YMHOMEHUA BEPOATHOCTEH
36, 50

— Diinepa 113

¢yuruua Faycca 70

— Jlannaca 70

— MHOXecTB 45

— npaBaonocaobua 203, 206

— pacnpeneneHdsa 76

— — Kosamoropona 156

— — ciayd4aiiHoro BekTopa 86

— — coBMecTHadA 85

— — pMmMpmyeckad 152

XapaxTepUcTUUeCcKad GyHK-
g 108

LeHTpalibHaA NpenenbHad
TeopeMa 145

L(EHTpaJIbHbLIA MOMEHT
nopanka k 100

YyacToTa INoABJeHuit coburtud
23

yucyo komM6unanmit 13

— IepecTaHOBOK 8

~ pa3melnexnui 9

— coueranuii 10
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